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Abstract

We introduce a new family of subdivision schemes called jet subdivision schemes. Jet subdivision schemes are a natural general-
ization of the commonly used subdivision schemes for free-form surface modeling. In an order r jet subdivision scheme, rth order
Taylor expansions, or r-jets, of functions are the essential objects being generated in a coarse-to-fine fashion. Standard subdivision
surface methods correspond to the case r = 0. Just as the standard free-form subdivision surface schemes, jet subdivision schemes
are based on combining (i) a symmetric subdivision scheme in the shift-invariant setting with (ii) an extraordinary vertex rule. We
formulate the notions of stationarity, symmetry, and smoothness for jet subdivision schemes. We then extend some well-known
results in the theory of subdivision surfaces to the setting of jet subdivision schemes.

By incorporating high order data into the subdivision rules, jet subdivision schemes offer more degrees of freedom for the design
of extraordinary vertex rules than do standard subdivision schemes. Using a simple 2-point stencil, we construct an order 1 jet
subdivision scheme, which is interpolatory, C1 everywhere, and free from polar artifacts at extraordinary vertices of any valence. It
is similar to the popular butterfly scheme, but unlike the butterfly scheme, it produces surfaces that can be explicitly parameterized
by spline functions. In addition, our jet subdivision scheme allows for explicit control of gradient information on the resulting
surface.

We address the problem of constructing curvature continuous subdivision schemes at extraordinary vertices by giving an example
of a ‘flexible C2 scheme’ for extraordinary vertex of valence k = 3. The stencils for this subdivision scheme coincide with those
of the popular Loop scheme. We discuss the mathematical structure of this example of a C2 scheme.
 2006 Published by Elsevier B.V.
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1. Introduction

Background. The simplicity and ease of use of free-form subdivision surfaces make them ideally suited for appli-
cations of geometric modeling in the graphics community. Subdivision surfaces are now used routinely in geometric
modeling by practicing computer animators, even those with little mathematical knowledge. Subdivision algorithms
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have been incorporated into geometric modeling software such as MAYA and LIGHTWAVE; and subdivision methods,
specifically the Catmull–Clark scheme, are now an integral part of the geometric modeling system of PIXAR.

Despite their success in computer graphics, subdivision methods have not made a similar impact in the engineering
community, where the requirements for surface quality are more demanding than those of the entertainment and
marketing communities. In particular, both the automobile industry and the aircraft industry need to be able to control
the curvature properties of surfaces, yet all existing subdivision surface schemes (Catmull and Clark, 1978; Doo and
Sabin, 1978; Loop, 1987; Dyn et al., 1990; Zorin et al., 1996; Peters and Reif, 1997; Kobbelt, 2000; Velho and Zorin,
2001) generate surfaces that are either flat or have curvature singularities at extraordinary vertices. (Recall that in the
triangle mesh setting an extraordinary vertex is a vertex whose edge valence is not equal to 6.)

A new methodology: jet subdivision. Partly motivated by the aforementioned situation, we introduce here a new
methodology for constructing free form surfaces, based on a new class of subdivision schemes, called jet subdivision
schemes. Ordinary subdivision schemes start with an initial polyhedral surface, called a base mesh, and construct
a sequence of refined meshes converging to a smooth surface. The initial mesh is determined by the positions of
the vertices of the base mesh, while the later meshes are formed by a two-step process of subdivision: a “topological
refinement” followed by an averaging step. Jet subdivision schemes generalize ordinary subdivision schemes by incor-
porating higher order data at each vertex of the base mesh. This higher order data may be viewed as an approximation
of the r th order Taylor approximation (or “r-jet”) of the limiting surface. From this perspective, ordinary subdivision
schemes use 0th order Taylor approximations of the limiting surface, and are therefore jet subdivision schemes of
order r = 0. Because jet subdivision schemes are based on higher order information have the potential to give users
direct control of higher order surface properties, such as curvature.

Away from extraordinary vertices, standard subdivision schemes are based on applying a regular subdivision
scheme in the shift-invariant setting (Dyn and Levin, 2002). Similarly, away from extraordinary vertices, order r

jet subdivision schemes are based on applying an order r Hermite subdivision scheme in the shift-invariant setting.
Univariate interpolatory Hermite subdivision schemes were first proposed by Merrien (1992), and were generalized
to the multivariate and non-interpolatory settings in (Han et al., 2003, 2004, 2005; Han, 2004; Xue, 2005).

The goal of this paper is to develop the mathematical infrastructure of jet subdivision in the neighborhood of a
single extraordinary vertex and to present two conceptually interesting jet subdivision schemes. The extension to the
more general context of free-form subdivision surfaces for general triangle meshes, together with applications, will be
given in a forthcoming paper. In the present paper, we formulate the notion of jet subdivision scheme on the k-regular
complex (defined below). The extension to the general case proceeds roughly by replacing the k-regular complex by
a general simplicial surface. Some initial experiments were published in the conference paper (Yu, 2001); additional
examples can be found at the following website: http://www.math.drexel.edu/~tyu/JetSubdivision.

1.1. An intrinsic view of subdivision surfaces

Subdivision schemes in the shift-invariant setting are based on regular tilings of Euclidean space. For simplicity,
in this paper we restrict the discussion to triangle-based subdivision schemes. In the shift-invariance setting, then we
need only consider the regular hexagonal tiling of R

2 (see Fig. 8). In this context we interpret “order r data” at a
vertex x0 ∈ R

2 of the tiling as the order r Taylor expansion at x0 of a function f ∈ Cr(R2).
The underlying “higher order data” for jet subdivision schemes is the generalization of Taylor expansion to arbitrary

free-form surfaces. It is based on two fundamental properties of Taylor polynomials:

(i) By its very definition, the Taylor polynomial of a function requires a coordinate system in which one can compute
derivatives. Let x = (x1, x2) denote the standard Euclidean coordinates on R

2. The Taylor polynomial of f (x)

at x0 is completely determined by the mixed partial derivatives of f (x) at x0 up to order r . Specifically, let
Λr := {(ν1, ν2) ∈ N

2
0: |ν| � r} be ordered lexicographically. Then the Taylor polynomial of f is completely

determined by

∂�rf (x0) ∈ R
1×#Λr ,

the row vector of length #Λr with entries ∂
µ1
x ∂

µ2
x f (x0), µ = (µ1,µ2) ∈ Λr .
1 2
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(ii) The test that two functions have the same Taylor polynomial at a point is independent of the choice of coordinate
system used to make the test. More precisely, let x = ψ(y) be any Cr change of coordinates1 with x0 = ψ(y0).
By the chain rule ∂�rg(x0) = ∂�rf (x0) if and only if ∂�rg ◦ ψ(y0) = ∂�rf ◦ ψ(y0).

Recall that our goal is to generalize shift-invariant Hermite subdivision schemes on R
2 to jet subdivision schemes

on arbitrary simplicial surfaces. Let K be a simplicial surface.2 To define order r data at each point of K , we need
sufficiently many coordinate charts. For each point p0 ∈ K , we must have a homeomorphism ϕ :U → R

2, p0 ∈
U ⊂ K open, in which to compute. Then if f :K → R is a sufficiently smooth function, we can define its “Taylor
expansion” to be the Taylor expansion of f ◦ϕ−1 at x0 = ϕ(p0). By “sufficiently smooth” we mean that f ◦ϕ−1 must
be Cr . But to consistently define smoothness of f , the coordinate charts must be Cr -compatible. That is, if ϕ and
ϕ′ are two coordinate charts whose domains intersect, then the composition ϕ′ ◦ ϕ−1 must be a Cr diffeomorphism
between open subsets of R

2.
A collection of coordinate charts ϕ satisfying the conditions of the previous paragraph is called a Cr -atlas for K .

In this case, K is said to be a Cr -surface. Clearly, having such an atlas is the minimal requirement for being able to
define jet subdivision.

By virtue of (ii), we may view the order r Taylor expansion of a function as an equivalence class of functions: two
functions f and g are said to be equivalent up to order r at the point x0 if they have the same order r Taylor expansion
at x0. The equivalence class of a function f is called its r-jet at x0 and is denoted by the symbol j rf (x0). Although
the notion of polynomial function does not apply to functions on a manifold, the notation of r-jet does.

For the convenience of the reader, we give formal definitions of smooth manifold and jets in Appendix A.
In addition to forming a Cr -atlas, it is natural to insist that the notion of smoothness be compatible with our usual

notion of smoothness on each triangle of K , across common edges of adjacent triangles, and in a neighborhood of
each vertex of valence 6 (where a neighborhood of each vertex can be identified with a vertex in the regular hexagonal
tiling of the plane). Such atlases can be constructed and are discussed first in G. Arden’s thesis (Arden, 2001) and in
(Duchamp and Stuetzle, 2003). These ideas apply as well to jet subdivision schemes.

1.2. Organization

In Section 1.3, we introduce the notational conventions used throughout the paper. In Section 2 we recall the
combinatorial structure called the k-regular complex by some authors. In Section 2.2 we show how to endow the
k-regular complex with a differentiable structure suitable for the study of jet subdivision. Sections 2.3–2.5 discuss
refinement of the k-regular complex and how bases for the jet spaces defined at the vertices of the refined complexes
can be chosen in a consistent way.

The necessary background material from differential geometry used throughout this paper, in particular the con-
cepts of jet and jet bundle, is reviewed in Appendix A. Those who are not familiar with these concepts may find it
helpful to read Appendix A before Section 2.

The derivations in Sections 2.3–2.5 are important for the precise definition of stationary and symmetric jet subdivi-
sion schemes to be presented in Section 3. We review Hermite subdivision schemes in Section 3.1, and in Section 3.2
we address the notion of compatibility of jet subdivision schemes with Hermite subdivision schemes. We also point
out in Section 3.1 that every jet subdivision scheme reduces to a Hermite subdivision scheme in the case k = 6, where
the k-regular complex coincides with the regular hexagonal tiling of the plane.

In Section 4 we generalize some of the well-known smoothness results in the theory of scalar subdivision surfaces
to the context of jet subdivision and give sufficient conditions for C1 and C2 smoothness.

We use the machinery developed in Sections 4 in 5, where we give two examples of jet subdivision schemes. In
Section 5.1 we use a two-point stencil Hermite subdivision scheme to build a two-point stencil jet subdivision scheme
for extraordinary vertices of any valence k. We present an analysis of this scheme and compare it with the Butterfly
scheme. Finally, in Section 5.2 we present an example, in the special case k = 3, of a C2 jet subdivision scheme that
may shed some light on the difficult problem of constructing C2 subdivision surfaces.

1 Recall that a change of coordinates is a Cr -map x = ψ(y) from R
2 to itself with Cr -inverse. This condition is essential to the present argument.

2 Roughly speaking, a simplicial surface is a topological surface formed by the union of triangles such that any two triangles intersect either in a
single vertex or along an entire common edge.
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Proofs of some technical lemmas and assorted technical details are recorded in Appendix B.

1.3. Notation

For any set V (typically countable) define �(V ) := {v :V → R} and [�(V )]m×n := {v : V → R
m×n}. Equip V with

the counting measure, the Banach spaces �p(V ) and [�p(V )]m×n are defined in the usual way for p ∈ [1,∞]; �0(V )

(resp. [�0(V )]m×n) denotes the subspace of �(V ) (resp. [�(V )]m×n) of finitely supported elements, i.e. v ∈ �0(V ) if
and only if supp(v) := {α ∈ V : v(α) �= 0} is a finite set.

Throughout this paper the letter ‘k’ is reserved for the valence of the k-regular complex (defined in Section 2),
which is an integer no less than 3. We also define the following unit vector

ω�
k :=

[
cos

(
2π�

k

)
, sin

(
2π�

k

)]T

. (1.1)

We shall frequently encounter abstract vector spaces over the reals R. When we specify a basis for an N -
dimensional abstract vector space W over R, we will usually identify W with R

N and identify linear operators on W

with N × N matrices without mention. When it is necessary to make the distinction, we will refer to corresponding
objects on R

N as numerical vectors and numerical operators to emphasize that a vector consists of actual numerical
values or that an operator takes numerical values as input and generates numerical values as output.

If u, v are two linearly independent vectors in R
2, we define

D�r
u,vf (x) ∈ R

1×#Λr (1.2)

to be the row vector of length #Λr with entries D
µ1
u D

µ2
v f (x), µ ∈ Λr . Here Du is the directional derivative operator

in the direction u. With these notational conventions,

∂�rf (x) = D
�r

[1,0]T,[0,1]Tf (x).

The chain rule yields a formula for how Hermite data changes under a linear map E : R2 → R
2: There is a unique

#Λr × #Λr matrix J (E,Λr) satisfying the equation

∀f ∈ Cr(R2), g = f (E·) 
⇒ ∂�rg = ∂�rf (E·)J (E,Λr). (1.3)

It is easy to see that J (E1E2,Λr) = J (E1,Λr)J (E2,Λr) and J (E−1,Λr) = [J (E,Λr)]−1, provided that E is
invertible. From the chain rule, we also have

D�r
u,vf (x) = ∂�rf (x) ·J ([u,v],Λr

)
. (1.4)

When it is clear from the context, we write J (E) instead of J (E,Λr). Note that

J (E,Λ1) = 1 ⊕ E :=
[

1 0
0 E

]
. (1.5)

2. Differential geometry on the k-regular complex

2.1. Combinatorics

Let k � 3 be an integer and u� := ω�
k . The k-regular complex Kk (or simply K) is the simplicial complex with

vertex set

V := Vk := {α1u� + α2u�+1: 0 � � < k, α1 > 0, α2 � 0, �,αi ∈ Z} ∪ {[0,0]T}, (2.1)

and with edges and triangles as shown in Fig. 1. We adopt here the standard notion of simplicial complex in mathe-
matics and think of Kk as a union of vertices, (open) edges and (open) triangles glued together in a structured way.
(See, for example, (Singer and Thorpe, 1976, Chapter 4) for a precise definition.)

Notice that the central vertex of K has valence k and every other vertex has valence 6. We shall invariably refer to
the central vertex 0 := (0,0) of V as the extraordinary vertex.

We can of course also view the k-regular complex as a graph and define the distance dist(v,w) between two vertices
v and w in the usual graph-theoretic sense, namely, dist(v,w) := the smallest number of edges needed to connect v
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Fig. 1. k-regular complex, k = 3,5,6,8 (only a finite sub-complex is shown in each case).

and w. If v is vertex, e is an edge with bounding vertices v1 and v2, and f is a triangle with bounding vertices v1, v2,
v3, then

dist(v, e) := max
{
dist(v, vi): i = 1,2

}
,

dist(v, f ) := max
{
dist(v, vi): i = 1,2,3

}
.

For any vertex p ∈ Vk and integer n � 0, we also define

N (p,n) := N (p,n;Kk) := interior
(⋃{

s ∈ Kk: dist(p, s) � n
})

. (2.2)

Later we will find the following fact useful:

N (p,n) =
⋃

{v: dist(v,p)<n}
N (p,1). (2.3)

For later purposes, it will also be useful to partition the set of vertices V (2.1) into the rings

Rn := {
v ∈ V : dist(v,0) = n

}
, (2.4)

so that V is the disjoint union of Rn, n = 0,1, . . . .
When the context requires, we impose an ordering on V by the ring number n and, within each ring, by a counter-

clockwise enumeration, starting from the vertex [n,0]T. It will also be useful to define the spokes3 of V :

Vsp := {αu�: 0 � � < k, α ∈ Z
+}.

Assume p ∈ Rn, n > 0. If p ∈ Vsp, then, among the 6 neighbors of p, one, two and three of them belong to Rn−1, Rn

and Rn+1, respectively; on the other hand, if p /∈ Vsp, then the distribution becomes two, two and two.
Notice that the symmetry group of the k-regular complex is the dihedral group of the regular k-gon:

Dk := {
Oi

k,FOi
k: i = 0, . . . , k − 1

}
, where Ok :=

[
cos( 2π

k
) − sin( 2π

k
)

sin( 2π
k

) cos( 2π
k

)

]
and F :=

[
1 0
0 −1

]
,

that is every linear transformation E ∈Dk puts V in a one-to-one correspondence with itself.

2.2. The differentiable structure of K

In order to construct jet subdivision schemes on the k-regular complex, we need a notion of differentiability. To
accomplish this, we endow Kk with a differentiable structure, making it into a differentiable manifold, which we

3 The lines on which these vertices lie are referred to as ‘radial edges’ or ‘rays’ of the k-regular complex by some authors.
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Fig. 2. K3 as a differentiable manifold: some of the charts used to define a differential structure are shown. This differentiable structure is used to
define jet spaces on K.

denote by Kk , or simply K when there is no source of confusion.4 This differentiable structure is given by an atlas
with charts of the form

ϕp :Wp → R
2

where Wp := N (p,1). (Recall (2.2) and see Fig. 2.)
We first consider the case p �= 0. As we mentioned in the introduction, jet subdivision schemes are (by definition)

compatible with Hermite subdivision schemes, which operate on the regular hexagonal tiling of the plane. This sug-
gests that away from the extraordinary vertex, we should identify the triangles of K with the equilateral triangles of
the regular hexagonal tiling of the plane. We therefore let

ϕp :Wp → X (2.5)

denote a piecewise linear isomorphism where X ⊂ R
2 is the open regular hexagon with vertices ω�

6, for � = 0, . . . ,5.
(There are exactly #D6 = 12 choices for ϕp—choose any one, any other choice is C∞-compatible.) Notice that
if Wp ∩ Wq �= ∅ and p,q ∈ V \{0}, then (Wp,ϕp), (Wq,ϕq) are C∞-compatible—the composition ϕq ◦ ϕ−1

p is a

Euclidean isometry of R
2.

Notice that⋃
p∈V \{0}

Wp = K\{0},
⋃
p∈V

Wp = K.

Therefore to complete the construction of the atlas, we need only consider the case p = 0. We assume the existence
of a chart

ϕ0 :W0 → Y := ϕ0(W0)
open⊂ R

2

with the following properties:

Cr -compatible (for some r � 1) with the other charts (Wp,ϕp), (2.6)

ϕ0(u�) = u�, � = 0, . . . , k − 1, (2.7a)

4 As a point set, K is of course the same as R
2; K and R

2 are also homeomorphic as topological spaces. It is important, however, that we do not
write K = R

2, as the differentiable structure on K is very different from the usual Euclidean differentiable structure of R
2; thus, for instance, later

when we write

f ∈ Cs(Kk),

it is to be understood that it means something different from f ∈ Cs(R2), unless k = 6.
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Fig. 3. Left: A, right (filled quadrilateral): Ω . Note that A is made up of 3k triangles in the refined complex K1 (to be precisely defined later in
Section 2.3), and Ω is made up of ‘one and a half’ of these 3k triangles. This is consistent with the fact that #Dk = 2k = 3k/(1.5).

ϕ0 ◦ E = E ◦ ϕ0, ∀E ∈ Dk, and (2.7b)

∃λ ∈ (0,1) s.t. ϕ0(x/2) = λϕ0(x), ∀x ∈ W0. (2.7c)

Eq. (2.7b) implies that E(Y) = Y for all E ∈ Dk . We shall refer to such a map ϕ0 as a Cr -characteristic chart or
simply a characteristic chart.

Remark 2.1. It may seem technically incorrect to write (2.7a), as u� /∈ W0; however the scaling property (2.7c) of a
characteristic chart means that on the one hand the domain of ϕ0 can be uniquely extended to the whole of K while
preserving the fundamental properties (2.6)–(2.7c), on the other hand, by (2.7c), ϕ0 is uniquely determined by its
values on the annulus

A := W0 \ 2−1W0. (2.8)

Furthermore, by (2.7b), ϕ0 is uniquely determined by its values on

Ω := A∩ {
(u1, u2): arctan(u2/u1) ∈ (0,π/k)

}
. (2.9)

See Fig. 3 for the case of k = 5.

Remark 2.2. If dist(p,0) = n > 0, there is a unique continuous extension of ϕp from Wp = N (p,1,Kk) to
N (p,n,Kk) = ⋃

{q: dist(p,q)<n} Wq so that the extended ϕp is such that for each q ∈ Vk with dist(p, q) < n, ϕp|Wq is
still piecewise linear, i.e. it differs from ϕq by just an element of D6.

Summarizing, {(Wp,ϕp): p ∈ V } gives a Cr -compatible atlas for K, and hence determines a differentiable struc-
ture on K. Because the differentiable structure on Kk depends only on the central chart ϕ0, when necessary we signify
this dependence by writing

Kk(ϕ0), or K(ϕ0).

We shall use this atlas to define a notion of a symmetric order r jet subdivision scheme S and show that, in an
appropriate sense, the definition does not depend on the choice of ϕ0, as long as ϕ0 satisfies the aforementioned
conditions. However, the smoothness of S does depend on the chart ϕ0. Indeed, we shall have to choose a specific
chart, called the characteristic map of S, which is defined in terms of the subdivision scheme S itself.

2.3. Multiscale refinement of K

Define V j := 2−jV , then there is an increasing sequence

V 0 = V ⊂ V 1 ⊂ V 2 ⊂ · · · ⊂
∞⋃

j=0

V j dense⊂ K.

Moreover, V j defines in an obvious way a simplicial complex Kj (see Fig. 4). For each j > 0 and any j ′ < j , Kj is
a simplicial subdivision of Kj ′

on the one hand. On the other hand, the map

p �→ 2−jp
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Fig. 4. Kj , j = 0,1,2.

puts V and V j in a one-to-one correspondence and induces an isomorphism between K and Kj ′
.

We define the refined atlas (W
j
q ,ϕ

j
q )q∈V j by:

ϕ
j
q :Wj

q →
{

X, q �= 0,

Y, q = 0,
W

j

2−j p
:= 2−jWp, ϕ

j

2−j p
:= ϕp(2j ·), (2.10)

where (Wp,ϕp)p∈V 0 is the atlas defined in Section 2.2. We recall that there are #Dn = 2n, n = valence(p), choices for

each ϕp , hence also for each ϕ
j
q in (2.10). We refer to any one of the 2n charts of the form (2.10) a level j simplicial

chart around q .

Lemma 2.3. The charts in {(Wj
q ,ϕ

j
q ): j � 0, q ∈ V j } are Cr -compatible.

Proof. See Appendix B.2. �
2.4. Jets on K

Endowed with a differentiable structure, K is formally a differentiable manifold and we can now define jets on it
in the usual way as described in Appendix A. Recall from Section A.3 that one can specify a basis Br

p(ϕ,u, v) for
J r

p(K) by specifying a frame (p,ϕ,u, v) at p.
For implementing and analyzing jet subdivision schemes, we only need bases for J r

q (K) for dyadic points q ∈ V j ,
and for ϕ being one of the 2 × valence(q) level j simplicial charts around q , and u and v being unit vectors in the
directions of the vertices of the unit hexagon (q �= 0) or k-gon (q = 0). Under these assumptions, there are only a
finite number of possible bases associated with a dyadic point q in level j . Such a basis can be specified graphically
by edge tags. Note that edge tags are shown below using arrows; as such, the actual lengths of these arrows have no
meaning.

• (Graphical Convention I) Under this convention we specify a basis for J r
q (K), q ∈ V j , by using an ‘oriented edge’

(e, o) and two edges e1, e2 in Kj emanating from the vertex q . By an ‘oriented edge’ (e, o), we mean an edge
e in Kj together with an orientation o ∈ {‘clockwise’, ‘counterclockwise’}. See Fig. 5. The oriented edge (e, o)

specifies in the way depicted by Fig. 5 one of the 2n level j simplicial chart ϕ around q , and the two edges e1, e2

specify two unit vectors of the form ωi
n, ω

j
n, here n = valence(q). So all together these edge tags specify the basis

Br
q(ϕ,ωi

n,ω
j
n) of J r

q (K).

Of course, the two edges e1, e2 emanating from q have to be chosen such that the resulted vectors ωi
n, ω

j
n are not

collinear.
• (Graphical Convention II) The second convention is simply a special case of the first: we specify a basis for J r

q (K)

by specifying two consecutive edges e1, e2 in Kj emanating from q . See Fig. 6. Notice that once we specify two
consecutive edges emanating from q then there is a unique level j simplicial chart ϕ around q that maps the edge
ei to the line segment 0ωi

n on the plane for both i = 1 and 2. Then under our convention, the basis specified by
e1, e2 is the basis Br

q(ϕ,ω0
n,ω

1
n).
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Fig. 5. Graphical convention I for specifying a basis of J r
q (K), q ∈ V j .

Fig. 6. Graphical convention II for specifying a basis of J r
q (K), q ∈ V j .

2.5. Identification of Γ (V j ;J r(K)) with [�(V )]1×#Λr

We assume from now on that a pair of linearly independent vectors (up, vp) in R
2 is chosen for each vertex p in V .

For q = 2−jp ∈ V j , let

Bj
q := B(ϕ

j
q , up, vp) (2.11)

be the basis of J r
q (K) as defined in (A.8).

With a basis specified for J r
q (K) for any q ∈ V j for any j , one can then identify Γ (V j ;J r(K)) with [�(V )]1×#Λr .

Notice that this identification is uniquely specified by the family of frames

(p,up, vp,ϕp), p ∈ V. (2.12)

We recall that ϕ0 is a certain unspecified characteristic chart (to be determined by a subdivision scheme in study);
for ϕp , p ∈ V \ {0}, and up , vp , p ∈ V , we recommend the specific choices in (B.5) and (B.7), such choices facilitate
certain linear algebraic calculations in Section 5. See also Fig. 7.

2.6. Jet-sampling and symmetry

To analyze the symmetry properties of jet subdivision schemes, we need to understand the action of the dihedral
group on jets.

We begin with some elementary definitions and observations. For j = 0,1, . . . , define the jet-sampler Hj :Cr(K) →
Γ (V j ;J r(K)) by

f �→ θ, θ(p) = j r
pf, p ∈ V j . (2.13)

The following basic fact is proved in the appendix:

Lemma 2.4. For any E ∈Dk , E :K →K is a Cr -diffeomorphism.

By the above lemma, there is a (linear) map

CE :Cr(K) → Cr(K), f �→ f ◦ E

for each E ∈ D. Moreover, for each p ∈ K, E induces a map

J rE :J r (K) → J r
p(K), J rE(jr f ) = j r

p(f ◦ E).
E(p) Ep
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Fig. 7. Bases used to identify Γ (V j ;J r (K)) with numerical sequence space [�(V )]1×#Λr . These bases are specified graphically above (via
Graphical Convention I, Fig. 5) or, equivalently, by (2.11), (B.5), (B.7).

called the pullback; and because E leaves V j invariant, the linear map

TE,j :Γ
(
V j ;J r(K)

) → Γ
(
V j ;J r(K)

)
,

(
TE,j (θ)

)
(p) = (J rE)

(
θ
(
E(p)

))
(2.14)

satisfies the identity

Hj ◦ CE = TE,j ◦ Hj . (2.15)

Lemma 2.5. Let ϕp , p ∈ V \ {0}, and up , vp , p ∈ V in (2.12) be arbitrarily fixed, and Γ (V j ;J r(K(ϕ0))) is identified
with [�(V )]1×#Λr as in Section 2.5, then the numerical operator

TE,j :
[
�(V )

]1×#Λr → [
�(V )

]1×#Λr

is independent of j and of ϕ0.

Proof. See Appendix B.3. �
By virtue of this lemma, we can drop the subscript j and write

TE :
[
�(V )

]1×#Λr → [
�(V )

]1×#Λr . (2.16)

We re-emphasize the important invariance property that TE is only dependent on ϕp , p ∈ V \ {0}, up , vp , p ∈ V , and
is independent of ϕ0.

With the choices of ϕp , p ∈ V \ {0}, up , vp , p ∈ V in (B.5) and (B.7) (see also Fig. 7), we can further express TE

in the following form:

(TEv)(p) =


v(Ep)J (U−1

type(p) · diag([1,det(E)]) · Utype(p),Λr), type(p) = sp;
v(Ep)J (U−1

type(p)
· diag([det(E),1]) · Utype(p),Λr), type(p) = non-sp;

v(0)J (U−1
0 · E · U0,Λr), p = 0.

(2.17)

(See again Appendix B.3 for proof.) In the rest of the paper TE refers to the linear operator as presented in (2.17).
This derivation of (2.17) is presented right after the proof of Lemma 2.5 in Appendix B.3.

3. Jet subdivision schemes on K

Definition 3.1. A jet subdivision scheme of order r on K is a family of local linear operators {Sj : j = 0,1, . . .} such
that Sj :Γ (V j ;J r(K)) → Γ (V j+1;J r(K)).
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1. We say that a jet subdivision scheme {Sj : j = 0,1, . . .} is Dk-symmetric if

TE,j+1 ◦ Sj = Sj ◦ TE,j , ∀E ∈Dk, j � 0. (3.1)

2. A jet subdivision scheme {Sj : j = 0,1, . . .} is stationary if, for each j , when Sj is viewed as a linear opera-
tor on [�(V )]1×#Λr under the identification of Γ r(K,V j ) with [�(V )]1×#Λr in Section 2.5, Sj : [�(V )]1×#Λr →
[�(V )]1×#Λr is independent of j . In this case, we drop the subscript and write

S :
[
�(V )

]1×#Λr → [
�(V )

]1×#Λr . (3.2)

We refer to S as the numerical realization of the stationary jet subdivision scheme {Sj }.

Note: The definition of stationarity of a jet subdivision scheme {Sj } is independent of the choice of frames in
(2.12) used to identify Γ (V j ;J r(K)) with [�(V )]1×#Λr , for the identifications at each level j > 0 is induced by the
identification at level j = 0. However, we always assume that the choices in (2.12) are fixed for identifying Sj and
TE,j , j = 0,1,2, . . . , as (numerical) operators on [�(V )]1×#Λr . Under this assumption and that {Sj } is also symmetric,
we can write

S ◦ TE = TE ◦ S, ∀E ∈ Dk. (3.3)

Definition 3.2. A jet subdivision scheme {Sj : j = 0,1, . . .} is interpolatory if

Sjσ (2p) = σ(p), ∀p ∈ V j , ∀j, ∀σ ∈ Γ
(
V j ;J r(K)

)
. (3.4)

3.1. Hermite subdivision scheme

We recall, and adapt to the present context, the concept of Hermite subdivision schemes in the shift-invariant setting
(Han et al., 2004, 2005). For concreteness, we begin with the simplest example—a two-point interpolatory Hermite
subdivision scheme (Han et al., 2004, Section 3.2): For any initial data (v0,α)α∈Z2 , v0,α ∈ R

1×3, the subdivision
scheme recursively produces data (vj,α)α∈Z2 for j = 1,2,3, . . . as follows

vj+1,(2α1,2α2) = vj,(α1,α2)a(0,0),

vj+1,(2α1+1,2α2) = vj,(α1,α2)a(1,0) + vj,(α1+1,α2)a(−1,0),

vj+1,(2α1,2α2+1) = vj,(α1,α2)a(0,1) + vj,(α1,α2+1)a(0,−1),

vj+1,(2α1+1,2α2+1) = vj,(α1,α2)a(1,1) + vj,(α1+1,α2+1)a(−1,−1), (3.5)

where a(α1, α2) are certain carefully constructed 3 × 3 matrices such that, as j → ∞, the data (vj,α) converges to a
function f in the sense that

vj,α =
[
f (2−jα),2−j ∂f

∂x1
(2−jα),2−j ∂f

∂x2
(2−j α)

]
, ∀j = 0,1,2, . . . , α ∈ Z

2.

One set of a(α1, α2) is given by

a(0,0) =
[1 0 0

0 1/2 0
0 0 1/2

]
, a(1,1) =

[1/2 −1/2 −1/2
1/8 0 −1/4
1/8 −1/4 0

]
,

and the other a(α1, α2)’s are determined by the following similarity relation:

a
(
E(1,1)T) = J

(
M−1EM,Λ1

)
a(1,1)J

(
E−1,Λ1

)
, E ∈ D6, M = diag([2,2]);

D6 :=
{
±
[

1 0
0 1

]
,±

[
0 −1
1 −1

]
,±

[−1 1
−1 0

]
,±

[
0 1
1 0

]
,±

[
1 −1
0 −1

]
,±

[−1 0
−1 1

]}
. (3.6)

Recall from (1.5) that J (E,Λ1) = [1] ⊕ E.
Following the language in (Han et al., 2004, 2005; Han, 2004; Xue, 2005), the above subdivision scheme is a

vertex-based interpolatory Hermite type subdivision scheme of order r = 1 with dilation matrix M = diag([2,2]) and
symmetry group G = D6.
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Fig. 8. V6 = T (Z2).

More generally, an order r Hermite subdivision operator (Han et al., 2005, Definition 1.1) is an operator of the
form

Sa :
[
�(Z2)

]1×#Λr → [
�(Z2)

]1×#Λr , Sav(α) =
∑
β∈Zs

v(β)a(α − 2β), (3.7)

where a ∈ [�0(Z2)]#Λr×#Λr is called the mask of the subdivision operator, moreover for any v ∈ [�0(Z2)]1×#Λr there
exists fv ∈ Cr(R2) such that

lim
j→∞ sup

α∈Z2, ν∈Λr

∣∣Dνfv(2
−jα) − 2j |ν|(Sj

a v(α)
)
ν

∣∣ = 0, (3.8)

and fv �= 0 for some v �= 0. If such a Cr limit function exists, it is unique; in this case, we write

fv = S∞
a (v).

If fv ∈ Cm (m � r) for all data v, we say Sa is Cm smooth.
When r = 1, (3.8) means, writing informally,

S
j
a v(α) ≈

[
fv(2

−jα),2−j ∂fv

∂x1
(2−jα),2−j ∂fv

∂x2
(2−jα)

]
, j large;

for a general integer r � 0,

S
j
a v(α) ≈ [

2−j |ν|Dνfv(2
−jα)

]
ν∈Λr

, j large

= D
�r

2−j e1,2−j e2
fv(2

−jα), (3.9)

where the latter notation is defined in (1.2), with e1 = [1,0]T, e2 = [0,1]T.
For an interpolatory scheme such as (3.5) and those in (Han et al., 2004), ‘≈’ and ‘j large’ above are replaced by

‘=’ and ‘∀j ’, respectively.
Following (Han et al., 2004, 2005), we say that Sa is D6-symmetric if

a(Eα) = J
(
M−1EM,Λr

)
a(α)J

(
E−1,Λr

)
, E ∈ D6, α ∈ Z

2. (3.10)

Note that

D6 = {
T −1ET : E ∈D6

}
, T =

[
1 −1/2

0
√

3/2

]
; (3.11)

and A puts Z
2 and V6 in a one-to-one correspondence.

3.1.1. Hermite subdivision schemes as jet subdivision schemes
A Hermite subdivision operator can be translated to a what we here call stationary jet subdivision scheme on K6

which also shares the same smoothness properties as the original Hermite subdivision scheme. In view of (3.9), we
identify the numerical vector S

j
a v(α) as a jet in J r

2−j α
(R2) via the basis Br

2−j α
(id.,2−j e1,2−j e2). With this identifi-

cation, we can then regard a Hermite subdivision operator Sa as a jet subdivision scheme {H̃j } on R
2

H̃j :Γ
(
2−j

Z
2;J r(R2)

) → Γ
(
2−(j+1)

Z
2;J r(R2)

)
.
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Fig. 9. Vertex-rule and edge-rule of two-point scheme.

Since T : R2 → K6 puts 2−j
Z

2 and V
j

6 in a one-to-one correspondence, using (A.4) we have the isomorphism

Ij :Γ (V
j

6 ;J r(K6)) → Γ (2−j
Z

2;J r(R2)) defined by θ �→ θ̃ where

θ̃ (p) = J rT
(
θ(Tp)

)
.

Then we define Hj :Γ (V
j

6 ;J rK6) → Γ (V
j+1
6 ;J rK6) by

Hj := I−1
j+1 ◦ H̃j ◦ Ij . (3.12)

{Hj } is a stationary jet subdivision scheme on K6. Moreover, Sa is D6-symmetric if and only if {Hj } is D6-symmetric.

3.1.2. Example
Based on what we just described, the order 1 D6-symmetric Hermite subdivision operator in (3.5) can be trans-

formed into a stationary D6-symmetric jet subdivision scheme {Sj } on K6. Here we further describe this jet subdivi-
sion scheme by a concrete algorithm.

Let θ ∈ Γ (V 0
6 ;J 1K6) be the initial jet data, denote by θj the jet data produced by {Sj }, i.e. θj = Sj−1 . . . S0θ .

Assume we have an edge e = q1q2 at the level j complex Kj , denote the midpoint of e by q ∈ V j+1. For i = 1,2,
assume that the jet θj (qi) is represented by the 1×3 vector vi via the basis of J 1

qi
(K6) specified by the arrows in Fig. 9

(recall the convention described in Fig. 6). (In a typical implementation, θ(qi) ∈ J 1
qi

(K6) is usually already specified
through a different basis, so a change of basis is required.) We identify the jet θj+1(q) is identified with a 1 × 3 vector
via the basis of J 1

q (K6) specified by the arrows in Fig. 9. (In using our graphical convention for specifying bases for

J 1
q1

, J 1
q2

and J 1
q , we regard q1 and q2 as vertices in Kj and q as a vertex in Kj+1.) Under these identifications (i.e.

choice of bases), we have, by calculations based on (3.5), (A.4), (3.12),

θj+1(q) = θj (q1)A1 + θj (q2)A2, A1 =


1
2 −1 − 1

2
1
8 − 1

4 − 1
4

0 0 1
4

 , A2 =


1
2 1 1

2
1
8

1
4

1
4

0 0 − 1
4

 . (3.13)

For p ∈ V j , represent θj (p) in the basis specified by any pair of consecutive edges e1, e2 in Kj emanating from p,
when we regard p as a vertex in Kj+1, represent θj+1(p) in the basis specified by the consecutive pair of edges e′

1,
e′

2 in ∈ Kj+1 with e′
i := p(midpointof ei), i = 1,2. Then, regardless of the choice of ei ,

θj+1(p) = θj (p)A, A =
1 0 0

0 1
2 0

0 0 1
2

 . (3.14)

This completely describes a stationary D6-symmetric jet subdivision scheme {Sj }. Notice that in (3.13)-(3.14), the
3 × 3 matrices are independent of j , independent of the location of the edge e in Kj , independent of the order of
which we list the two end points of a given edge e, and independent of the choice of ei , these are attributable to the
stationarity, rotational symmetry and reflectional symmetry of the Hermite subdivision scheme (3.5).

In general, (3.12) translates any D6-symmetric Hermite subdivision scheme to a stationary D6-symmetric jet sub-
division scheme on K6, and such a jet subdivision scheme can be specified by a vertex rule and an edge rule. We shall
see another example later in Section 5.2.
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3.1.3. Size of invariant neighborhood N∗(Sa)

Let {Hj } be the jet subdivision scheme on K6 derived from a D6-symmetric Hermite subdivision operator Sa. We
observe that there exists an integer N∗ = N∗(Sa) such that for any v ∈ Γ (V6;J rK6), if we write v0 := v, vj+1 =
Hjvj , j � 0, and denote by fv the (Cr -smooth) limit function obtained by applying {Hj } to v, then the level j jet
subdivision data restricted to X and the limit function restricted to X, i.e.

vj (p), p ∈ X ∩ V
j

6 , j = 0,1,2,3, . . . and fv|X
are uniquely determined by the coarse scale jet data at the first N∗ rings, i.e.

v(p), p ∈ D∗ := {
q ∈ V6: dist(q,0) � N∗}.

We assume N∗ is chosen to be the smallest such integer.
For example, N∗ = 1 for the 2-point scheme in the previous section, and N∗ = 2 for the Hermite subdivision

scheme used in the loop-like jet subdivision scheme in Section 5.2.
To avoid additional notation, if β ∈ Γ (D∗,K6) we simply use the notation βj to denote the section of J r(K6) over

X ∩ V
j

6 uniquely determined by β and {Hj } as described above.

3.2. Compatibility of jet subdivision schemes with Hermite subdivision schemes

Away from extraordinary vertices, any standard subdivision scheme is based on a stationary subdivision scheme
on the regular grid. A similar concept can be defined for a jet subdivision scheme {Sj } on K. Informally speaking,
we say that a jet subdivision scheme on Kk is compatible with a D6-symmetric Hermite subdivision scheme if the jet
subdivision scheme coincides with a Hermite subdivision scheme away from the extraordinary vertex. The rationale
for this compatibility requirement is to ensure that the limit functions of a jet subdivision scheme possess the regularity
of a Hermite subdivision scheme away from the extraordinary vertex.

To give a precise definition, let Sa be a Hermite subdivision operator and let N∗ := N∗(Sa) be as defined in
Section 3.1.3. We write:

Dp := {
q ∈ Vk: dist(p, q) � N∗},

D∗ := {
q ∈ V6: dist(0, q) � N∗}. (3.15)

If p is far enough from the central vertex of Kk , then one can use the chart ϕp around p to transfer any section of
J r(Kk) over Dp to a section of J r(K6) over D∗. This transfer is done using the pullback J rϕ−1

p with the domain of
ϕp extended from Wp = N (p,1,Kk) to N (p,N∗ + 1,Kk). (See Remark 2.2.)

Definition 3.3. Let Sa be a D6-symmetric Hermite subdivision operator and {Hj } be the associated jet subdivi-
sion scheme on K6. A jet subdivision scheme {Sj } on Kk is compatible with Sa if there exists a constant integer
M � N∗(Sa) + 1 such that for any p ∈ Vk with dist(p,0) � M and any θ ∈ Γ (V 0

k ;J r(Kk)), we have the following
condition:

Let θ0 := θ , θj+1 := Sj θj for j = 0,1,2, . . . . Then for any v ∈ Wp ∩V
j
k , θj (v) is uniquely determined by θ(w) for

w ∈ Dp . Moreover, if we transfer the section θ |Vp ∈ Γ (Vp;Kk) to a section β ∈ Γ (D∗;K6) by the pullback operator

J rϕ−1
p , then apply {Hj } to β to generate the sections βj of J r(K6) over V

j

6 ∩ X (as described in Section 3.1.3), then

J rϕp

(
βj

(
ϕp(q)

)) = θj (q), ∀q ∈ Wp ∩ V
j
k .

Note: Recall that there are #D6 = 12 possible choices of the chart ϕp , but the above definition is independent of
this choice, thanks to the D6-symmetry of Sa.

We summarize the above condition by the following diagram:

θ |Dp

{Sj }

V J rϕ−1
p

θj |Wp∩V
j
k

. . . fβ ◦ ϕp

β
{Hj }

βj · · ·
J rϕp

fβ.

◦ϕpAA
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4. Convergence and smoothness

In the previous section, we defined the notion of jet subdivision scheme on K = K(ϕ0). The observant reader
may notice that we are faced with a convoluted situation: as we mentioned, the characteristic chart ϕ0 cannot be pre-
specified, as—for analysis reasons—it has to be chosen adapted to the jet subdivision scheme whose definition seems
to require one to first specify ϕ0! We shall see in this section how this vicious circle gets broken—a key idea is the
invariance property of Lemma 2.5.

4.1. Jet subdivision operator and jet subdivision function

In this section we addresses the convergence issues of a jet subdivision scheme away from the extraordinary vertex.
Consider a jet subdivision scheme

Γ
(
V 0;J r(K)

) S0→ Γ
(
V 1;J r(K)

) S1→ ·· ·Γ (
V j ;J r(K)

) Sj→ ·· · . (4.1)

Assume that the jet subdivision scheme is: (i) stationary, (ii) Dk-symmetric on K, and (iii) compatible with a D6-
symmetric order r Hermite subdivision scheme.

Recall that in Section 2.5 we showed that for each j � 0, the bases Bj
p , p ∈ V j defined in (2.11) permit us to

identify Γ (V j ;J r(K)) with [�(V )]1×#Λr . Consequently, the scheme has a numerical realization of the form (3.2).

Definition 4.1. An operator S : [�(V )]1×#Λr → [�(V )]1×#Λr associated to a jet subdivision scheme satisfying condi-
tions (i)–(iii) is called a jet subdivision operator of order r .

Notice that the operator S can be analyzed without mention of the characteristic chart ϕ0. For the only role played
by ϕ0 is in the identification of the r-jet at the extraordinary vertex of K with numerical data. This observation allows
us to define the smoothness properties of S independent of ϕ0, thus breaking the vicious circle. In fact, more it true:
we must use the subdivision operator to construct the characteristic chart!

Remark 4.2. If Sa in Definition 3.3 is Ct smooth, then the compatibility condition alone can guarantee that for any
initial data v the jet subdivision scheme {Sj } has a limit function fv that is well-defined on Kk with a certain disk
around the center removed, and on this subset of Kk , fv is Ct smooth. If we further assume that {Sj } is stationary
then fv is well-defined on Kk \ {0} and is Ct smooth away from 0.

Let S be a jet subdivision operator which is compatible with a Ct smooth Hermite subdivision scheme (m � r). If
we assume that ‖Sj‖�∞→�∞ is uniformly bounded for all j (this is equivalent to saying that the subdivision matrix of
S (see Section 4.2) has spectral radius � 1), then for any bounded initial data v ∈ [�∞(V )]1×#Λr , there is a unique Cm

smooth function fv defined on K \ {0} such that

lim
j→∞ sup

p∈V \{0}

∣∣fv

(
2−jp

)− (
(Sj v)(p)

)
1

∣∣ = 0.5 (4.2)

Notice that this condition does not rely on the existence of a characteristic chart. The function fv is called a jet
subdivision function. Notice that for every dyadic point u �= 0,

fv(u) = lim
j→∞

(
(Sj v)(2j u)

)
1.

The next definition extends the notation of smoothness to include the extraordinary vertex.

Definition 4.3. Let S be an order r jet subdivision operator which is compatible with a Ct smooth Hermite subdivision
scheme. For s � t , S is Ct smooth if the following conditions are satisfied:

5 Here ((Sj v)(p))1 refers to the first component of the length #Λr row vector (Sj v)(p). In this article we avoid discussing the convergence
properties of the higher order jet data. Strong convergence of Hermite subdivision schemes (in the regular setting), on the other hand, is quite
well-studied, recall (3.8) and see (Han et al., 2004, 2005; Han, 2004; Xue, 2005).
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(i) There exists initial data v1, v2 ∈ [�(V )]1×#Λr and a characteristic chart ϕ0 = (ϕ1
0 , ϕ2

0) such that ϕ
j

0 = fvj ,
j = 1,2.

(ii) For any bounded initial data v ∈ [�∞(V )]1×#Λr , the subdivision function fv extends to a Cs function on all of
K(ϕ0), where ϕ0 is the chart of part (i).

In this case, we also say that the jet subdivision scheme associated to S is Cs smooth.

Note. There are three integers of interests pertaining to a jet subdivision operator S: r—jet order, t—smoothness
of the Hermite scheme of which S is compatible to, and s—smoothness of the overall jet subdivision scheme on
the k-regular complex. These three integers must satisfy: r � t , s � t . If S is compatible with a Ct smooth Hermite
subdivision scheme, then the characteristic chart ϕ0 in part (i) of Definition 4.3 defines a Ct differentiable structure
on Kk , allowing us to define smoothness for functions on Kk(ϕ0) up to order t , hence the condition s � t .

We wish to give conditions for a jet subdivision operator to be Cs for s = 0,1,2. We accomplish this by an analysis
based on the characteristic maps of Reif (see (Reif, 1995; Prautzsch, 1998; Zorin, 2000b)). To get started, we need the
following easy lemma.

Lemma 4.4. Let S be a jet subdivision operator. Then the map

v �→ fv

is linear. Every jet subdivision function fv satisfies the scaling relation

fv(u/2) = fSv(u) for all u �= 0.

Proof. Linearity is an immediate consequence of linearity of S. The scaling relation follows from Remark 4.2, as the
computation

fv(u/2) = lim
j→∞(Sj v)(2j u/2) = lim

j→∞(Sj+1v)(2j u) = lim
j→∞(SjSv)(2j u) = fSv(u)

shows. �
4.2. The subdivision matrix

To define the characteristic map we first need to define the subdivision matrix of a jet subdivision operator. Recall
that jet subdivision schemes are assumed to be local. Consequently, for any jet subdivision scheme Sj with subdivision
operator S, there is an integer L � 1 with the following two properties:

(i) There is an integer L � 1 such that the jet data generated by the subdivision scheme at all dyadic points of the
central k-gon W0 are uniquely determined by initial jet data on

N :=
L⋃

n=0

Rn ⊂ V. (4.3)

(ii) There is a linear operator SN : [�(N )]1×#Λr → [�(N )]1×#Λr such that for all θ ∈ [�(V )]1×#Λr

SN (θ|�(N ))(p) = (Sθ)(p)

for all p ∈ N . Here θ|�(N ) denotes the restriction of θ to N .

We choose L to be the minimum such integer.
By virtue of property (i), for any v ∈ [�(V )]1×#Λr the restriction to N determines the values of fv at all points of

the central k-gon W0. We therefore abuse notation and write

fv :W0 → R

for the corresponding limit function.
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The ordering on N defined in Section 2.1, together with the lexicographic ordering of Λr , give an ordering on
N × Λr , defined by: (p, ν) > (q,µ) if p > q , or p = q and ν > µ. This, in turn, defines an ordered basis {vp,ν ∈
[�(V )]1×#Λr : p ∈N , ν ∈ Λr} for [�(N )]1×Λr , where(

vp,ν(q)
)
µ

= δq,pδν,µ; (4.4)

this ordered basis then gives an identification of[
�(N )

]1×Λr with R
N×1, (4.5)

where

N = #N · #Λr.

We then define the subdivision matrix of S, denoted by MS , or just M , to be the N ×N matrix representing SN under
this identification.

4.3. The characteristic map

Recall that S is, by definition, compatible with an order r , D6-symmetric, Hermite subdivision scheme which,
again by definition, is at least Cs smooth for s � r . It follows that S is Cs smooth away from the extraordinary vertex,
and the smoothness analysis of the subdivision scheme reduces to an analysis at the extraordinary vertex.

Let vp,ν ∈ [�(V )]1×#Λr be defined by (4.4), and consider the continuous map

Φ :W0 → R
1×N, Φ(u) = [

fvp,ν (u)
]
p∈N ,ν∈Λr

. (4.6)

In the subdivision literature, the components of Φ are sometimes called the basis functions of the subdivision scheme.
By Lemma 4.4,

fv = Φ · v, ∀v ∈ R
N×1 (4.7)

and

Φ(u/2) = Φ(u)M, u ∈ W0. (4.8)

In particular, if w is an eigenvector of M associated with eigenvalue µ then fw is referred to as an eigenfunction of S

and satisfies the following scaling property:

fw(u/2) = µfw(u). (4.9)

It is easy to see that if 1 is a simple, dominant eigenvalue of MS with eigenvector

e = [1,0, . . . ,0,1,0, . . . ,0, . . . , . . . ,1,0, . . . ,0]T (4.10)

then S is C0 and moreover, the eigenfunction associated with e is fe ≡ 1. Henceforth, we assume that MS has 1 as a
simple dominant eigenvalue with eigenvector (4.10).

Now assume, for simplicity, that the subdivision matrix M has a real subdominant eigenvalue 0 < λ < 1 with
geometric multiplicity equal to 2. Choosing v1, v2 to be two independent (right-)eigenvectors of M associated with λ

gives rise to a map

χ :W0 → R
2, χ(u) = (

χ1(u),χ2(u)
) := (

fv1(u), fv2(u)
) = (

Φ(u) · v1,Φ(u) · v2).
Eq. (4.9) and a straightforward argument involving the action of the dihedral group on W0, then shows that v1 and v2
can be chosen so that χ satisfies conditions (2.7). For this reason, χ is called the characteristic map of S associated
with v1 and v2.

4.4. Conditions for C1 and C2

Recall that under the assumption that S is compatible with a Cm smooth Hermite subdivision scheme, the charac-
teristic map χ is Cm smooth on all of W0 \ {0}. We say that χ is regular if its derivative is non-singular at all points
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of W0 \ {0}. By the inverse function theorem, if χ is regular then it is locally one-to-one. However, χ may or may not
be globally injective.

The next two theorems can be proved using the techniques of (Reif, 1995; Prautzsch, 1998; Zorin, 2000b). See Ap-
pendix B.4 for complete proofs.

Theorem 4.5. Let S be a jet subdivision operator of order r that is compatible with a Cm smooth order r Hermite
subdivision scheme, with m � max(1, r). If the characteristic map χ of S is injective and regular, then S defines a C1

jet subdivision scheme with Cm characteristic chart χ .

Theorem 4.6. Assume that the conditions in Theorem 4.5 are satisfied with m � 2. Suppose also that all sub-sub-
dominant eigenvalues of M are bounded above by λ2 in modulus. Then S is C2 smooth if either of the following
conditions holds:

(i) All sub-sub-dominant eigenvalues have modulus strictly less than λ2.
(ii) For any eigenvector w ∈ R

N×1 associated with an eigenvalue of M with modulus λ2, fw ◦χ−1 is a homogeneous
quadratic polynomial.

In case (i), S is called a flat C2 scheme because (undesirably) fv ◦χ−1 has vanishing second order derivatives at the
origin regardless of what the initial data v is. In case (ii), if span{fw ◦χ−1: Mw = λ2w} contains all the homogeneous
quadratics, then the scheme is capable of producing surfaces with arbitrary principal curvatures at the extraordinary
vertex. Such a C2 scheme is called a flexible C2 scheme. Flexible C2 schemes are considered as the most desirable for
the purpose of surface modeling for they allow the user to specify arbitrary curvature data at extraordinary vertices.

Examples of such flexible C2 subdivision scheme are rare in the literature; and these schemes are hard to obtain for
good reasons (Reif, 1996; Prautzsch and Reif, 1999). In Section 5.2, we present an example of a flexible C2-scheme
in the special case of an extraordinary vertex of valence k = 3.

5. Examples

Before presenting examples of jet subdivision schemes, we summarize our jet subdivision framework. Recall that
a jet subdivision scheme is a family of operators{Sj } that map jets at level j dyadic points to jets as level j + 1 dyadic
points in the k-regular complex. The stationarity assumptions, together with our graphical convention illustrated in
Fig. 5 for specifying a basis for the jet space J r

q (Kk), q ∈ V j , allow us to represent the subdivision scheme by a single
numerical operator S. We assume that the subdivision scheme has Dk symmetry around the extraordinary vertex and
that away from the extraordinary vertex it is compatible with a Hermite subdivision scheme that has an hexagonal
(D6) symmetry. Under these assumptions, we call S a jet subdivision operator. Finally, recall that the smoothness
properties of the jet subdivision scheme is defined in terms of the characteristic chart ϕ0, which in turn is defined in
terms of the characteristic map χ of the subdivision scheme, itself.

5.1. A two-point interpolatory jet subdivision scheme

Our first example of jet subdivision scheme on Kk is based on the 2-point interpolatory Hermite subdivision
scheme presented in (3.5). Similar to the butterfly scheme (Dyn et al., 1990; Zorin et al., 1996), this jet subdivision
scheme is interpolatory, is C1 everywhere and is free of polar artifacts at extraordinary vertices of any valence—
the subdominant eigenvalue of the subdivision matrix is 1/2 and has geometric multiplicity 2 for all valences. But
unlike the butterfly scheme, our jet subdivision scheme produces surfaces made of piecewise quadratic spline patches
away from extraordinary vertices. Related to this, the characteristic map of this scheme can also be given in closed
form, see, in particular, the closed form expressions in Fig. 13. Explicit closed-form parameterizations are preferable
in applications such as texture mapping and surface intersection computations. Another feature of this order 1 jet
subdivision scheme is that, when applied to the geometric setting, it allows for explicit control of gradient information
of the resulted surface.

We now define the two-point interpolatory jet subdivision scheme:
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Fig. 10. Extraordinary edge rule of our two-point scheme.

• For an ordinary vertex p ∈ V j \ {0}, use the rule specified by (3.14) and Fig. 9 (left) to produce the jet data of p

at level j + 1 for the jet data of p at level j .
• For an ordinary edge e = q1q2 ∈ Kj , i.e. qi ∈ V j \ {0}, use the rule specified by (3.13) and Fig. 9 (right) to

produce the jet data at q ∈ V j+1, where q is the midpoint of e.
• For the extraordinary vertex, use the same rule as in (3.14) to produce the jet data of the extraordinary vertex at

level j + 1 for the jet data of p at level j .
• For an extraordinary edge e = q1q2 ∈ Kj with q1 = 0, again use the level j jet data at q1 and q2 to produce the

level j + 1 jet data at the midpoint of e, i.e. a rule of the form as shown Fig. 10. A hasty proposal would be
to set the matrices P and Q in Fig. 10 to be the same A0 and A1 as in (3.13) and Fig. 9 (right), but this rule
lacks a reflectional symmetry, although the resulted jet subdivision scheme still enjoys a rotational symmetry.
Denote by Li the linear map from J r

qi
(Kk) to J r

q (Kk) represented by the matrix Ai . It suffices to assume that the
extraordinary edge e is aligned with the horizontal axis of K, and then the lack of reflectional symmetry can be
expressed as:

L1(j
1
q1

f ) + L2(j
1
q2

f ) = j1
q g � L1

(
j1
q1

(f ◦ F)
)+ L2

(
j1
q2

(f ◦ F)
) = j1

q (g ◦ F) (5.1)

for F = diag[1,−1]. (By assumption, F leaves the points q1, q2 and q unchanged.)
Notice that only reflectional symmetry is lacking. A simple way to restore full Dk symmetry is, therefore, to take
the average of the above scheme with a reflected version of it: consider Lave.

i :J r
qi

(Kk) → J r
q (Kk) defined by:

Lave.
i (j1

qi
f ) := 1

2

[
Li(j

1
qi

f ) + (J 1F)Li

(
j1
qi

(f ◦ F)
)]

, i = 1,2.

In the previous formula, J 1F is viewed as a map from J r
q (Kk) to itself, defined by (A.4). Replacing the map Li

by Lave.
i restores reflectional, and therefore full Dk , symmetry. With this averaging rule and the bases specified in

Fig. 10, the subdivision masks become:

P =
[1/2 −1 −1/2

1/8 −1/4 −1/8 − 1/4 cos(2π/k)

0 0 1/4

]
, Q = A2. (5.2)

A ‘faking operator’. There is a different way to interpret the matrix P above: note that

P = FA1 (5.3)

where

F := 1

2

(
I3 +J

([ω0
k,ω

1
k]−1[ω0

k,ω
−1
k ][ω0

6,ω
−1
6 ]−1[ω0

6,ω
1
6]
))

(5.4)

can be thought of as a ‘faking operator’: since vP = (vF)A1, we think of our subdivision rule for an extraordinary
edge as first faking the jet data at the extraordinary vertex as a jet at an ordinary vertex, and then ‘pretend’ that
the extraordinary edge is an ordinary edge and simply apply the two-point rule from the regular setting. A key
point is that this ‘faking operation’ is done in a reflection invariant way, so that overall the resulted jet subdivision
scheme has the desired Dk symmetry.
As there is no fundamental reason to choose P and Q based on A0 and A1 from the regular rule, we may as well
consider all possible P and Q in such a way that the resulted scheme has the desired Dk symmetry and satisfies
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the basic C0 condition. This can be done easily, as those are just linear conditions on the entries of P and Q.
Setting up these conditions, we found the following 8-parameter family of solutions:

P =
[1 − q1 −q3 −q3/2

p1 2p2 + 2p3 cos(2π/k) p2
0 0 p3

]
, Q =

[
q1 q3 q3/2
q2 2q4 + q5 q4
0 0 q5

]
. (5.5)

In any case, the invariant neighborhood of the scheme is given by L = 1 in (4.3), and, using the bases in Fig. 7, its
subdivision matrix is the following matrix of size N = 3(k + 1):

M =


A 0 0 0 . . . 0

P̃ T0 Q̃ 0 0 . . . 0

P̃ T1 0 Q̃ 0 . . . 0
... . . . . . . . . .

. . .
...

P̃ Tk−1 0 0 0 0 Q̃

 (5.6)

where

A = diag[1,1/2,1/2], P̃ = (
PJ

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

,

Q̃ = (
J
([ω2

6,ω
4
6]−1[ω3

6,ω
4
6]
)
QJ

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

,

and

Tl = J
([ω0

k,ω
1
k]−1[ωl

k,ω
l+1
k ])T

.

Being block diagonal, we have

spectrum(M) = [
1,1/2,1/2, (2k) copies of spectrum(Q̃)

]
.

If the eigenvalues of Q̃ are less than 1/2, then M has a pair of real subdominant eigenvalues of 1/2. It is the case if
the P and Q matrices are the ones in (5.2), as in this case

spectrum(Q̃) = [1/4,1/4,0]. (5.7)

For the more general extraordinary edge rule (5.5):

[SI] If we set (q1, q2, q5) = (2q4, q4(8q4 − 1)/(2q3),−1/4), then (5.7) holds and consequently we have a 5-
parameter family of schemes with subdivision matrices all of same spectrum:

spectrum(M) = [1,1/2,1/2,1/4, . . . ,1/4︸ ︷︷ ︸
2k′s

,0, . . . ,0︸ ︷︷ ︸
k′s

]. (5.8)

[SII] If we set (q1, q2, q5) = (2q4 − 1/4, (1 − 16q4 + 64q2
4 )/(16q3),−1/4), then we have instead spectrum(Q̃) =

[1/4,0,0] and

spectrum(M) = [1,1/2,1/2,1/4, . . . ,1/4︸ ︷︷ ︸
k′s

,0, . . . ,0︸ ︷︷ ︸
2k′s

]. (5.9)

After we make sure that 1/2 is the subdominant eigenvalue, the subdominant eigenvectors can be easily derived as
follows:

M


e

s0
s1
...

sk−1

 = 1

2


e

s0
s1
...

sk−1

 
⇒ Ae = 1

2
e, sl =

(
1

2
I3 − Q̃

)−1

P̃ Tle. (5.10)

In order for the characteristic map to possess the symmetry and normalization properties (2.7a) and (2.7b), we have
to choose

e = ck

[
0,1, cos(2π/k)

]T and e = ck

[
0,0, sin(2π/k)

]T
, (5.11)
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Fig. 11. Characteristic maps χ :W0 → R
2 of our two-point scheme with different parameters and valences. The vertices in the plots are χ(p),

p ∈ K4
k

∩ W0. (W0 = the closed unit k-gon.) It is clear visually that the characteristic maps on the top row are injective, while the ones on the
bottom row “fold into itself” and are therefore non-injective.

where ck is an appropriate normalization constant. For the P and Q in (5.2), ck = 1. In this case, the characteristic
maps given by these two subdominant eigenvectors are shown in the first row of Fig. 11 for k = 3,5,8,10.

Note that the scheme with P and Q as in (5.2) corresponds to [SI] above with (p1,p2,p3, q3, q4) = (1/8,−1/8−
cos(2π/k)/4, 1/4,1,1/4). In this case one can actually show:

Proposition 5.1. For any valence k, the characteristic map of the two-point interpolatory jet subdivision operator,
with the P and Q in (5.2), is injective and regular, hence by Theorem 4.5 the scheme is C1.

The proof is facilitated by the fact the jet subdivision operator is compatible with the 2-point Hermite subdivision
scheme (3.5) which has an intimate connection to Powell–Sabin splines (Han et al., 2004, Proposition 3.3). See Ap-
pendix B.5.

One can find many other sets of parameters (pi) of which the scheme is also C1, but can also easily find many sets
of parameters of which the scheme fails to have an injective characteristic map, one choice is (p1,p2,p3, q3, q4) =
(1,1,−1,1,1/4) in [SI], of which the characteristic maps for several different valences are shown in the second row
of Fig. 11.

Remark. After the completion of this work, we received the technical report (Vanraes and Bultheel, 2004) which
considers also the use of the two-point Hermite subdivision scheme (3.5) in the free-form surface setting. The specific
scheme proposed in (Vanraes and Bultheel, 2004) seems to lack reflection symmetry, akin to the situation of choosing
P = A1 and Q = A2 in our extraordinary edge rule above.

5.2. Flexible C2 jet subdivision schemes on K3

The sole purpose of this section is to demonstrate a rare example of an explicit construction of subdivision rule
on K3 that can be proved to satisfy the flexible C2 conditions as required by Theorem 4.6. (Flat C2 rules, on the
other hand, are not difficult to obtain even with standard scalar schemes (Prautzsch and Umlauf, 1998); we will not
consider them here.) While this seems like the first explicit example ever constructed (see discussions below), we have
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to confess the limitation of our ‘success’ here—we shall pinpoint a fundamental reason why a trivial generalization
of our C2 construction here would cease to work in the case of k > 3.

The problem of constructing flexible C2 subdivision schemes at extraordinary vertices is difficult, and is speculated
by some to be impossible. (Caveat: There are a number of creative solutions for freeform C2 surfaces based on
splines, but we know of no explicit solution under the ‘pure’ subdivision setting.) While the quadratic condition for
C2 in Theorem 4.6 may seem natural to those familiar with standard approximation theory, the theorem, as it stands,
says almost nothing about how one should go about constructing such C2 schemes. There are claims without detailed
explanations that the C2 surfaces produced by Reif’s TURBS (Reif, 1998) and Prautzsch’s freeform spline (Prautzsch,
1997; Prautzsch and Umlauf, 1999) methods are somehow ‘subdividable’, but the constructions in these three papers
are entirely based on spline patches and the connection with subdivision schemes is unclear to us.

Perhaps a more problematic issue with these methods is that, while they produce C2 surfaces, the visual qual-
ity/fairness of these surfaces are rather unsatisfactory (Reif, 2004; Prautzsch, 2004). Of course, these pioneering
works aim to address the fundamental structure of the difficult C2 problem, and practical surface modeling is not a
key concern of these papers.

Both Reif’s TURBS scheme and Prautzsch’s free-form spline scheme are based on tensor product bisixtic C2

splines away from extraordinary vertices. In the regular setting, tensor product bisixtic C2 splines in dimension 2 can
be computed using a vector subdivision scheme of multiplicity 42 = 16. (However, in an actual implementation one
can capitalize on the tensor product structure to avoid computing with 16 × 16 mask matrices.) The jet subdivision
scheme to be presented below, on the other hand, is based on a vector subdivision scheme of multiplicity 3 with no
tensor product structure.

We consider an order 1 jet subdivision scheme on Kk with the same stencils as those in Loop’s scheme (Loop,
1987). Our jet subdivision scheme is based on a D6-symmetric order 1 Hermite subdivision scheme constructed
in (Han et al., 2005, Section 3.3). (Note: two schemes are presented in that section, we use the second one.) This
Hermite scheme has the same stencil as that of the 3-directional box spline subdivision scheme of which Loop’s
scheme is based on, and has an accuracy order of 5, meaning that the associated shift-invariant space can reproduce
all polynomials of total degree up to 4. The 3-direction box spline used in Loop’s scheme, on the other hand, has one
less accuracy order.

The subdivision rules are shown as follows. Note: when a stencil touches the extraordinary vertex, the correspond-
ing mask matrix is ‘corrected’ by the ‘faking operator’ (5.4) as in (5.3).

D0 =
2t3 + 9

32 −8t3 −4t3

t3 − 10
3 t3 + 3

16 − 2
3 t3

0 0 −2t3 + 3
16

 , D1 = D0J
([ω3

6,ω
4
6]−1[ω0

6,ω
1
6]
)
,

D2 =
−2t3 + 7

32 0 4t3

− t3
3 + 1

32
2
3 t3 − 1

16
4
3 t3 − 1

16

− t3
3 + 1

32 − 2
3 t3 + 1

16
2
3 t3

 , D3 = D2J
([ω3

6,ω
4
6]−1[ω0

6,ω
1
6]
)
.

H0 = diag
([6t3 + 11/32,1/2 − 24t2 − 24t1,1/2 − 24t2 − 24t1]

)
,

H1 =
−t3 + 7

64 8t2 4t2

− t3
3 + 1

32 4t1 + t3
3 + 5t2 − 1

16 − 1
16 + 8t1 + t3

3 + 5t2

0 0 1
16 − 12t1 − t3

3 − 5t2

 ,

H� = H1J
([ω�−1

6 ,ω�
6]−1[ω0

6,ω
1
6]
)
, � = 2,3, . . . ,6.

E0 = diag
([1 − ks1, s6, s6]

)
, E1 =

 s1 s3 s3 cos( 2π
k

)

s2 s4 s5

0 0 2s4 cos( 2π
k

) − 2s5

 ,

E� = E1J
([ω�−1

k ,ω�
k]−1[ω0

k,ω
1
k]
)
, � = 2,3, . . . , k.

The matrices Di and Hi in the ordinary vertex and ordinary edge masks are derived from the mask in (Han et al.,
2005, Section 3.3) via (3.12). Note that the three parameters t1, t2, t3 belong to the Hermite subdivision scheme in the
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regular setting (Han et al., 2005, Section 3.3). Regardless of the values of these three parameters, the subdivision mask
of satisfies the sum rules of order 5, meaning that as long as ti are chosen reasonably the associated refinable function
vector would exists and generate a shift-invariant space that contains all polynomials of total degree less than 5. We
found in (Han et al., 2005, Section 3.3) that the choice

(t1, t2, t3) = (−0.0043,0.0191,0.0603) (5.12)

gives a scheme which is at least C3 smooth.
On the other hand, there are six parameters si , i = 1, . . . ,6, in the extraordinary vertex rule. The parametric mask is

obtained by solving for the linear conditions of Dk symmetry and the basic C0 conditions. We leave these parameters
unspecified at the moment.

The invariant neighborhood of this scheme is given by L = 2 in (4.3), i.e. N = ⋃2
i=0 Ri . Note that #R0 = 1,

#R1 = k and #R2 = 2k. The subdivision matrix has size N = 3(3k + 1) and is of the following form:

M =
[

M11 0
M12 M22

]

=



Ẽ0 Ẽ1 Ẽ2 Ẽ3 . . . 0 Ẽk

D̃0T0 D̃1 D̃2 0 . . . 0 D̃3

D̃0T1 D̃3 D̃1 D̃2 . . . 0 0
...

...
...

...
. . .

...
...

D̃0Tk−1 D̃2 0 0 . . . D̃3 D̃1

0

H̃4T0 H̃0 H̃3 0 . . . 0 H̃5˜̃D3T0
˜̃D1

˜̃D0 0 . . . 0 0

H̃4T1 H̃5 H̃0 H̃3 . . . 0 0˜̃D3T1 0 ˜̃D1
˜̃D0 . . . 0 0

...
...

...
...

. . .
...

...
...

...
...

...
. . .

...
...

H̃4Tk−1 H̃3 0 0 . . . H̃5 H̃0˜̃D3Tk−1
˜̃D0 0 0 . . . 0 ˜̃D1

H̃1 H̃2 0 0 . . . 0 0 H̃6

0 ˜̃D2 0 0 . . . 0 0 0

0 H̃6 H̃1 H̃2 . . . 0 0 0

0 0 0 ˜̃D2 . . . 0 0 0
...

...
...

...
. . .

...
...

...
...

...
...

...
. . .

...
...

...

0 0 0 0 . . . H̃6 H̃1 H̃2

0 0 0 . . . 0 0 0 ˜̃D2



(5.13)

where D̃l , ˜̃Dl H̃l , Ẽl are appropriately transformed versions of Dl Hl , El based on the bases specified in Fig. 7.
See Appendix B.6.

Notice that M22, of size 6k × 6k, is independent of the extraordinary vertex rule, so is only dependent on the
parameters ti , i = 1,2,3; with the choice in (5.12), spectrum(M22) = k copies of 6 eigenvalues, the largest magnitude
of which equals 0.04696 · · · < 1/16.

Notice also that M11 involves the parameter t3 coming from the ordinary edge rule (as we use our ‘faking procedure’
to apply the ordinary edge rule to subdivide an extraordinary edge).

By construction M11 and M always have 1 as an eigenvalue with eigenvector (4.10).
When k = 3, by setting

s3 = −4s5, (5.14)

M11 has λ = 1/4 as an eigenvalue with the following two independent eigenvectors

v1 = [0,0,0,1,−1,−1,−1/2,−1,2,−1/2,2,−1]T,

v2 = [0,0,0,0,
√

3,−√
3,

√
3/2,−√

3,0,−√
3/2,0,

√
3 ]T (5.15)

regardless of the values of the remaining parameters. By setting

s4 = −3s5
, and s2 = 63 − 288s1 − 1152t3 + 6144s1t3 + 4096t2

3 , (5.16)

2 12288t3
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M11 has the eigenvalue 1/16 with the following three independent eigenvectors

w1 = [α,0,0, β,0,0, γ,1,0, γ,0,1]T,

w2 = [α,0,0, γ,0,1, β,0,0, γ,1,0]T,

w3 = [α,0,0, γ,1,0, γ,0,1, β,0,0]T, (5.17)

where

α = −63 + 1152t3 − 4096t2
3

5760t3
, β = 27 + 192t3 − 4096t2

3

5760t3
, γ = 27 − 1248t3 − 4096t2

3

5760t3
.

By choosing the remaining parameters s1, s5, s6 appropriately, we can make all the remaining eigenvalues of M11 to
be less than 1/16; one choice is

(s1, s5, s6) = (0.1828,0.01054,−0.05823). (5.18)

Thus we now know how to set the parameters so that the subdivision matrix M has leading eigenvalues
1, λ,λ,λ2, λ2, λ2 with λ = 1/4.

Notice that if v is an eigenvector of M11 associated with an eigenvalue µ /∈ spectrum(M22), then

v =
[

v

−(M22 − µI)−1M21v

]
(5.19)

is an eigenvector of M associated with the same eigenvalue. So we can obtain the sub-dominant and sub-sub-dominant
eigenvectors of M from (5.15) and (5.17). We denote the eigenvectors of M corresponding to (5.15) and (5.17) by vi ,
i = 1,2, and wi , i = 1,2,3.

Proposition 5.2. By setting s2, s3, s4 as in (5.14) and (5.16), then, regardless of the values of t1, t2, t3, s1, s5, s6 above,
we have

χ(u1, u2) = (
fv1

(u1, u2), fv2
(u1, u2)

) = (
u2

1 + 4u1u2/
√

3 + u2
2/3,2u1u2 + 4u2

2/
√

3
)

(5.20)

for u in the first sector of K3, i.e. arctan(u2/u1) ∈ [0,2π/3) and the property χ ◦ E = E ◦ χ , ∀ E ∈ D3, defines χ in
the other two sectors. Moreover,

fw1
(u1, u2) =

(
1

6
− 1

32t3

)
χ2

1 (u1, u2) −
(

1

6
+ 1

32t3

)
χ2

2 (u1, u2),

fw2
(u1, u2) =

(
− 1

12
− 1

32t3

)
χ2

1 (u1, u2) −
√

3

6
χ1(u1, u2)χ2(u1, u2) +

(
1

12
− 1

32t3

)
χ2

2 (u1, u2),

fw3
(u1, u2) =

(
− 1

12
− 1

32t3

)
χ2

1 (u1, u2) +
√

3

6
χ1(u1, u2)χ2(u1, u2) +

(
1

12
− 1

32t3

)
χ2

2 (u1, u2). (5.21)

The map χ := (fv1 , fv2) :W0 → R
2 above is a C∞-characteristic chart and is regular and injective. Therefore by

Theorems 4.5 and 4.6, if t1, t2, t3, s1, s5, s6 are chosen appropriately (e.g. as in (5.12) and (5.18)), then the resulted
jet subdivision operator is a flexible C2 scheme.

A key ingredient for checking this proposition is the use of a polynomial reproduction result for refinable function
vectors by (Chen et al., 2002). See Appendix B.7 for details.

Discussion. In view of the wide interests in C2 subdivision surfaces and the fundamental difficulties in their con-
struction, a natural question here is whether the above C2 construction in valence k = 3 can be extended to k > 3. We
note that a trivial generalization is impossible, if ‘trivial generalization’ means to come up, for each k, a scheme given
by the stencils and masks as shown in Fig. 12 such that, as in our k = 3 scheme above,

(I) Each component function of the characteristic map is a single homogeneous quadratic function in the (u1, u2)

coordinates when (u1, u2) is restricted to each of the k sectors of Kk , as in (5.20). This in particular means we
must choose the subdominant eigenvalue of subdivision matrix to be 1/4.
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Fig. 12. Subdivision rules for our loop-like order 1 jet subdivision scheme.

(II) The sub-sub-dominant eigenfunctions are homogeneous quadratics in the characteristic coordinates, meaning that
the sub-sub-dominant eigenvalue must be 1/16 and that the sub-sub-dominant eigenfunctions are homogeneous
quartics in the (u1, u2) coordinates within each sector of Kk .

The problem is not so much about choosing the free parameters to achieve the spectrum

{1, λ,λ,λ2, λ2, λ2, . . .} (5.22)

with λ = 1/4 in the subdivision matrix—this can be done by a certain use of block Fourier transform of the subdivision
matrix. The problem is that (I) above is simply impossible for k > 3. Through formulating certain necessary conditions
of a characteristic chart (recall (2.6)–(2.7c)), we can show that the only way a characteristic map can exist in the simple
quadratic form as described in (I) above is when k = 3 and when χ is the map in (5.20). As mentioned in the proof
of Proposition 5.2, a construction of what we can call (analytic) characteristic charts is given by Bers (1958) (see also
(Duchamp et al., 1997)); this construction works for each valence k � 3, and if we denote the associated chart by
χk :W0(= unit k-gon) → R

2, then χk satisfies

χk(u/2) = (1/2)6/kχk(u)

and within each wedge of the unit k-gon, χk behaves as an appropriately rotated version of z6/k , where the complex
variable z is here identified with the variable u on the k-regular plane.

When k = 3, Bers’ χk happens to be exactly our characteristic map (5.20).
Given the last connection, one would be tempted to try to set the parameters in our loop-like jet subdivision scheme

to achieve the spectrum (5.22) in the subdivision matrix with λ = λk = (1/2)6/k , and hope that the characteristic map
would somehow magically work out to be Bers’ characteristic chart χk as in the case of k = 3. The former can be done
easily, but the hope-for ‘magic’ would not happen according to our computation. Recall that the proof of Proposition
5.2 relies on the polynomial reproduction properties of the Hermite subdivision operator of which the jet subdivision
scheme is compatible with. However, Bers’ characteristic chart is no longer piecewise polynomial when k > 3, but
only ‘piecewise z6/k’—the only k � 3 that makes 6/k an integer is k = 3.

After all, characteristic maps coming from subdivision are almost never as simple in structure as Bers’ characteristic
chart; recall, for example, the ones coming from our earlier two-point jet subdivision scheme, which are of the form
of “union of an infinite number of spline rings”. It is unclear at this point if our ‘success’ here in k = 3 may have a
certain nontrivial generalization to k � 3. A natural idea here is to explore jet subdivision schemes based on 2-jets. We
believe that further investigations on these issues will lead to a deeper understanding of the structure of subdivision
surfaces at extraordinary vertices.
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Appendix A. Differential geometry

We review some basic notions in differential geometry used throughout this paper. We restrict ourselves to 2-
manifolds, although all the concepts in this section apply to manifolds of any dimension.

A.1. Differentiable structure

The usual way that differential geometers characterize differentiable functions is in terms of an atlas of coordinate
charts, see, for example (Boothby, 2002; Singer and Thorpe, 1976). More precisely, let M be any 2-dimensional
topological manifold. An atlas on M is a collection A = {ϕα} of homeomorphisms, called coordinate charts, or
simply charts,

ϕα :Uα → ϕα(Uα) ⊂ R
2,

onto open subsets of M, where {Uα} is an open cover of M. The atlas is said to be a Cr -atlas (or simply a smooth
atlas when r is understood) if the transition maps

ϕβ ◦ ϕ−1
α :ϕα(Uα ∩ Uβ) → ϕβ(Uα ∩ Uβ) (A.1)

are of class Cr for all α, β , in which case we also say that the pair (M,A) is a Cr -surface. We say two charts ϕα , ϕβ

are Cr -compatible if the transition map (A.1) is of class Cr .
A function f :M→ R on a smooth surface M is said to be a Cs function for s � r if each of the functions f ◦ϕ−1

α

is of class Cs in the usual sense.
Similarly, a map F :M1 → M2 between the Cr surfaces (Mj ,Aj ), j = 1,2, is said to be a Cs -map if the

following condition holds: for any two charts ϕj :Uj → R
2 in Aj , j = 1,2, such that U1 ∩ F−1(U2) �= ∅, the map

ϕ2 ◦ F ◦ ϕ−1
1 :ϕ1

(
U1 ∩ F−1(U2)

) → R
2

is a Cr map in the usual sense. A homeomorphism F :M1 → M2 between two surfaces is said to be a Cs -
diffeomorphism if both F and F−1 are Cs -maps.

Since an atlas A on M allows one to talk about differentiability of functions defined on M, it is customary to
say that A endows M with a differentiable structure, and then (M,A), or just M, is called a (Cr -)differentiable
manifold.

Remark. The notion of differentiability of a function depends on the atlas; a function that is differentiable with respect
to one atlas could very well fail to be smooth with respect to another atlas.

A.2. The bundle of jets

Let r � 0 be fixed integer. For p ∈M, Cr(p) denotes the collection of Cr smooth real-valued functions defined in
a neighborhood of p. Define the equivalence relation ∼p on Cr(p) by:

f ∼p g if Dν(f ◦ ϕ−1)
(
ϕ(p)

) = Dν(g ◦ ϕ−1)
(
ϕ(p)

)
, |ν| � r

for any chart (W,ϕ) of M with p ∈ W . A simple application of the chain rule shows that this definition is independent
of the choice of coordinate chart.

Given f ∈ Cr(p), the r-jet of f , written j r
pf , is the equivalence class of f , and we define the order r jet space of

M at p to be the set of all r-jets:

J r
p(M) := Cr(p)/ ∼p . (A.2)

It is not difficult to see that J r
p(M) inherits the structure of a vector space from that of Cr(p). Unlike Cr(p), which

has an infinite dimension, J r
p(M) has dimension

(
r+2).
2
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The bundle of r-jets of M is defined to be the set

J r(M) :=
⋃

p∈M
J r

p(M). (A.3)

Let V ⊂ M denote a (discrete) set of points in M. The space of sections of J r(M) over V is the vector space

Γ
(
V ;J r(M)

) := {
θ :V → J r(M) | θ(p) ∈ J r

p(M), ∀p ∈ V
}
.

One can identify Γ (V ;J r(M)) with [�(V )]1×#Λr through specifying a basis for each J r
p(M), p ∈ V . (See below.)

Let M1, M2 be Cr -surfaces. A Cr -map F :M1 → M2 induces a linear map, called the pullback, between jet
spaces:

J rF :J r
F(p)(M2) → J r

p(M1), j r
F (p)f �→ j r

p(f ◦ F). (A.4)

In the special case where F :M1 → M2 is a diffeomorphism (i.e. a bijection with Cr -inverse), we can use F is
transfer jet data between M1 and M2. Let V2 = F(V1), and let Γ F be the linear map

Γ F :Γ
(
V2, J

r (M2)
) → Γ

(
V1, J

r (M1)
)
, θ �→ J rF ◦ θ ◦ F. (A.5)

It is not difficult to show that if F1 :M1 → M2 and F2 :M2 → M3 are two such diffeomorphisms then

Γ (F2 ◦ F1) = Γ F1 ◦ Γ F2. (A.6)

A.3. Basis Br
p(ϕ,u, v) for J r

p(M)

A frame at a point p ∈ M is a tuple of the form Fp: (p,ϕ,u, v) where ϕ :U(� p) → R
2 is a chart around p and u,

v are a pair of linearly independent 2-vectors. As we now show, a frame at p defines a basis for the jet space J r
p(M).

It is not difficult to show that the following linear functionals on J r
p(M)

j r
pf �→ Dν1

u Dν2
v (f ◦ ϕ−1)

(
ϕ(p)

)
, |ν| = ν1 + ν2 � r, (A.7)

are well-defined and form a basis for the space J r
p(M)∗ of linear functionals on J r

p(M). In particular, J r
p(M) has

dimension

dim
(
J r

p(M)
) = #Λr =

(
r + 2

2

)
,

where Λr := {(ν1, ν2) ∈ N
2
0: |ν| � r}. Br

p(ϕ,u, v) is then defined as the basis of J r
p(M) dual to the above basis of

J r
p(M)∗, i.e.

Br
p(ϕ,u, v) = {j r

pfµ: µ ∈ Λr} (A.8)

where

Dν1
u Dν2

v (fµ ◦ ϕ−1)
(
ϕ(p)

) = δν,µ, ν,µ ∈ Λr.

Change of basis formula. Let M1, M2 be Cr -surfaces, F :M1 →M2 be a Cr -map, p1 ∈ M1, p2 := F(p1), and
(ϕi, ui, vi) be a frame at pi for i = 1,2. We make the restrictive assumption that

E := ϕ2 ◦ F ◦ ϕ−1
1 (A.9)

is linear; this is the only case needed in this paper, and will lead to simple formulas.
Our goal is to derive the matrix representation of the pullback operator J rF :J r

p2
(M2) → J r

p1
(M1) when J r

pi
(Mi )

is coordinatized by the frame (pi, ϕi, ui, vi), i = 1,2. To simplify notation, we write Bi := Br
pi

(ϕi, ui, vi), i = 1,2,
in the following derivation.

Let f ∈ Cr(p2). We have[
j r
p1

(f ◦ F)
]
B1

= D�r
u1,v1

(f ◦ F ◦ ϕ−1
2 )

(
ϕ1(p1)

)
= ∂�r (f ◦ F ◦ ϕ−1

1 )
(
ϕ1(p1)

)
J
([u1, v1],Λr

)
= ∂�r (f ◦ ϕ−1 ◦ E)

(
ϕ1(p1)

)
J
([u1, v1],Λr

)
(E defined by (A.9))
2



388 Y. Xue et al. / Computer Aided Geometric Design 23 (2006) 361–396
= ∂�r (f ◦ ϕ−1
2 )

(
Eϕ1(p1)

)
J (E,Λr)J

([u1, v1],Λr

)
= D�r

u2,v2
(f ◦ ϕ−1

2 )
(
ϕ2(p2)

)
J
([u2, v2]−1,Λr

)
J (E,Λr)J

([u1, v1],Λr

)
= [

j r
p2

(f )
]
B2
J
([u2, v2]−1 · E · [u1, v1],Λr

)
.

Hence, we conclude that

[J rF ]B2,B1 = J
([u2, v2]−1 · E · [u1, v1],Λr

)
. (A.10)

Caution: In above, we assume that the basis Bi identifies J r
pi

(Mi ) with R
1×#Λr , and the matrix in (A.10) is meant

to be multiplied to row vectors of length #Λr from the right.
In the special case when M1 = M2 =: M, p1 = p2 =: p and F is the identity map, B1 and B2 are two bases for

J r
p(M), and (A.10) gives the change of basis formula

[j r
pf ]B1 = [j r

pf ]B2J
([u2, v2]−1 · (ϕ2 ◦ ϕ−1

1 ) · [u1, v1],Λr

)
. (A.11)

Here ϕ2 ◦ ϕ−1
1 is, as in (A.9), assumed to be a 2 × 2 matrix.

Appendix B. Proofs

B.1. Proof of Lemma 2.4

For any q ∈K\{0}, q ∈ Wp for some p ∈ V \{0}, then E(Wp) = WE(p) and, in particular, E(q) ∈ WE(p); moreover

X ← X :ϕE(p) ◦ E ◦ ϕ−1
p = F, for some F ∈ D6, (B.1)

which is clearly a C∞ map from the regular hexagon X to itself. Therefore E is smooth at any q �= 0. If q = 0 ∈ W0,
then E(q) = 0 ∈ W0 and

Y ← Y :ϕ0 ◦ E ◦ ϕ−1
0

(2.7b)= E, (B.2)

which is again C∞.
So if the atlas (Wp,ϕp) is Cr -compatible, E is Cr . Since E−1 ∈ Dk , E−1 is also Cr , thus E is a Cr -

diffeomorphism. �
B.2. Proof of Lemma 2.3

We check that (W 0
0 = W0, ϕ

0
0 = ϕ0) and (W

j

0 , ϕ
j

0 ) are C∞-compatible, the other cases are either similar or trivial.

Since W
j

0 ⊆ W0, it suffices to check that ϕ
j

0 ◦ ϕ−1
0 :ϕ0(W

j

0 ) → Y is a diffeomorphism. For y ∈ Y ,

ϕ0 ◦ (ϕ
j

0 )−1(y) = ϕ0
(
2−j ϕ−1

0 (y)
) (2.7c)= λjy.

So ϕ0 ◦ (ϕ
j

0 )−1 = λj · id and ϕ
j

0 ◦ ϕ−1
0 = λ−j · id are C∞. �

B.3. Proof of Lemma 2.5 and an explicit form of TE

The lemma is equivalent to saying that, for each q ∈ V j , the matrix representation of the pullback J rE : J r
Eq(K) →

J r
q (K)

[J rE]Bj
Eq ,Bj

q

is independent of j and of ϕ0. Similar to what we had seen in the proof of Lemma 2.4,

X ← X

Y ← Y

}
: ϕ

j
Eq ◦ E ◦ (ϕ

j
q )−1 =

{
Fq ∈ D6, q �= 0;
E, q = 0.

(B.3)
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The key fact is that, in above, Fq depends only on 2j q ∈ V but not on j . By (A.10),

[J rE]Bj
Eq ,Bj

q
=

{
J ([uEq, vEq ]−1 · Fq · [uq, vq ],Λr), q �= 0,

J ([u0, v0]−1 · E · [u0, v0],Λr), q = 0,
(B.4)

which is independent of j and of ϕ0. �
In virtue of Lemma 2.5, we can drop the subscript j and write

TE :
[
�(V )

]1×#Λr → [
�(V )

]1×#Λr .

Be reminded that, for each p �= 0, the basis Bj

2−j p
of J r

2−j p
(K) is dependent on the choice of up , vp and ϕp . For

later purposes (see Section 5), we shall make choice of (up, vp):

[up, vp] =


[ω0

k,ω
1
k], p = 0;

[ω2
6,ω

4
6], p ∈ Vsp;

[ω1
6,ω

2
6], otherwise.

 =: Utype(p) ∈ R
2×2, (B.5)

where type(p) is defined to be equal to one of the three labels

‘0’, ‘sp’, ‘non-sp’

distinguishing the three cases: p = 0, p ∈ Vsp, p /∈ Vsp ∪ {0}, respectively. Notice the simple fact that

type(p) = type(Ep), ∀E ∈ Dk, p ∈ V. (B.6)

For ϕp :Wp → X, recall that there are #D6 = 12 choices for each p �= 0. We choose the ϕp such that (i) ϕp is
orientation preserving, i.e. if the 6 vertices of Wp are enumerated in a counter-clockwise fashion as ql , l = 1, . . . ,6,
then ϕp(ql), l = 1, . . . ,6, enumerate the 6 vertices of X again in a counter-clockwise fashion, and (ii)

ϕ−1
p

([1,0]T) =
{

(α + 1)ωl
k, if p = αωl

k (i.e. p ∈ Vsp);
(α1 + 1)ωl

k + (α2 − 1)ωl+1
k , if p = α1ω

l
k + α2ω

l+1
k , α1 > 0 (i.e. p /∈ Vsp).

(B.7)

Note that (i) and (ii) uniquely specify ϕp for each p ∈ V \ {0}. Under this choice of ϕp , we have, for any E ∈Dk ,

ϕ
j
Eq ◦ E ◦ (ϕ

j
q )−1 =

{
diag([1,det(E)]), type(p) = sp;
diag([det(E),1]), type(p) = non-sp.

(B.8)

Combining (B.5), (B.6) and (B.8) we can write TE : [�(V )]1×#Λr → [�(V )]1×#Λr in the following format

(TEv)(p) =


v(Ep)J (U−1

type(p)
· diag([1,det(E)]) · Utype(p),Λr), type(p) = sp;

v(Ep)J (U−1
type(p) · diag([det(E),1]) · Utype(p),Λr), type(p) = non-sp;

v(0)J (U−1
0 · E · U0,Λr), p = 0.

B.4. Proofs of Theorems 4.5 and 4.6

Both theorems boil down to a smoothness analysis of jet subdivision functions at the extraordinary vertex. Before
giving formal proofs, we recall some implications of the hypotheses of the theorems and define convenient coordinate
systems in which to compute.

By hypothesis, the subdivision operator defines a characteristic map χ :W0 → R
2 of the form

χ :W0 → R
2, χ(u) = (

χ1(u),χ2(u)
) := (

fv1(u), fv2(u)
) = (

Φ(u) · v1,Φ(u) · v2),
which is assumed to be injective, and both Ct , t � 1, and regular away from the extraordinary vertex 0. But the
jet subdivision scheme associated to S is also assumed to be compatible with a Ct Hermite subdivision scheme.
Consequently, smoothness of jet subdivision functions away from the extraordinary vertex 0 is automatic. Moreover,
χ is a characteristic chart and K = K(χ). In other words, to prove that a subdivision function f is Cs smooth, we
need only prove that the function

f̃ := f ◦ χ−1
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is Cs at the origin.
Since we need only prove continuity of derivatives at (0,0), it suffices to restrict our analysis to a single triangle

of W0. We may identify it with the closed unit triangle U with vertices (0,0), (1,0), (0,1) in the u = (u1, u2)-plane,
with 0 = (0,0). Let x = (x1, x2) denote Euclidean coordinates on the image of χ , and write

x = (x1, x2) = χ(u1, u2).

By the above comments, f is automatically Cs on the set U \ {0}, where U denotes the closure of U . Hence, to
prove that f is Cs on K(χ), it suffices to show that the limit

lim
(x1,x2)→(0,0)

∂r1+r2 f̃ (x1, x2)

∂x
r1
1 xr2

2

(B.9)

exists for all r1 + r2 � s.
We conclude our preliminary remarks with a final observation: Because every jet subdivision function on U is of

the form

fv(u) = Φ(u) · v for v ∈ R
N,

where Φ is defined by Eq. (4.6), we need only prove smoothness for the components of Φ .
We can do this in any basis for R

N . A convenient basis is the one given by the Jordan decomposition of the
subdivision matrix M = MS . Thus, it suffices to consider the case where v is a generalized eigenvector of M . This
observation is at the heart of the methods of (Peters and Reif, 1998; Umlauf, 2000; Zorin, 2000a), and our analysis
here is essentially contained in these papers.

Consider a generalized eigenvector vm associated to an eigenvalue µ of M . We call the corresponding jet subdivi-
sion function a (generalized) eigenfunction of the subdivision operator S. Then there exist vectors vj , j = 0,1, . . . ,m,
such that

Mv0 = µv0, Mvj = µvj + vj−1, for j = 1, . . . ,m.

Let fj denote the corresponding generalized eigenfunctions. Iterating the scaling relation yields the identity

fm(2−qu) = Φ(u)Mqvm = µq

m∑
j=0

µ−j (mj )fm−j (2
−j u), for all q > m. (B.10a)

Differentiating with respect to u1 and u2 gives the following scaling relations for derivatives

∂fm(2−qu)

∂ui

= (2µ)q
m∑

j=0

(2µ)−j (mj )
∂fm−j (2−j u)

∂ui

, i = 1,2. (B.10b)

Differentiating again gives

∂2fm(2−qu)

∂ui∂uk

= (4µ)q
m∑

j=0

(4µ)−j (mj )
∂2fm−j (2−j u)

∂ui∂uk

, i, k = 1,2. (B.10c)

These relations show that the values of fm and its derivatives on U are determined by the values of the Cs functions
fj on the compact set

Um = {
(u1, u2) ∈ U : u1 + u2 � 2−(m+1)

}
. (B.11)

B.4.1. Proof of Theorem 4.5
Eq. (B.10a) immediately proves that fm is continuous on W0, with fm(0) = 0. By our previous remarks, we need

only prove that f̃m is C1 for vm a generalized eigenvector of M . By hypothesis the spectrum of M has the form

λ0 = 1 > λ1 = λ > λ2 � · · · ,
where λ0 = 1 has multiplicity 1 and eigenvector [1,0, . . . ,0,1,0, . . . ,0, . . . ,1,0, . . . ,0]T and λ1 has multiplicity 2.
In the first case, the eigenfunction is constant and, therefore, smooth. The subdivision functions associated to λ1 are
the components of χ , and χ̃ (x1, x2) = (x1, x2), which are obviously smooth.



Y. Xue et al. / Computer Aided Geometric Design 23 (2006) 361–396 391
We claim that fm is C1 on U , with ∂f̃m(0)
∂xj

= 0 for j = 1,2. By the chain rule we have the identity

∂f (2−qu)

∂ui

=
2∑

j=1

∂f̃ (χ(2−qu))

∂xj

∂xj (2−qu)

∂ui

. (B.12a)

Applying this to fm and using the scaling rules (B.10b) gives

2∑
j=1

∂f̃ (χ(2−qu))

∂xj

∂xj (u)

∂ui

= (µ/λ)q
m∑

k=0

(2µ)−k (mk )
∂fm−k(2−ku)

∂ui

. (B.12b)

Since the Jacobian matrix

J (u) =
( ∂x1

∂u1

∂x1
∂u2

∂x2
∂u1

∂x2
∂u2

)
.

Because J is invertible and µ < λ, we have

lim
q→∞

∂f̃m(χ(2−qu))

∂xi

= 0.

A standard continuity argument using compactness of the set Um (see (B.11)) and the equality

U \ {0} =
∞⋃

q=0

2−qUm,

shows that the function f̃ is C1 at (0,0), with vanishing first derivatives at x = (0,0).

Remark B.1. An argument similar to the one just given shows that the characteristic chart ϕ0 must in fact be χ if the
jet subdivision scheme defines G1-surfaces (i.e. a 1-flexible scheme).

To see this, note that for control data to define an embedded surface in R
3 for generic initial data, the function

χ ◦ ϕ−1
0 : R

2 → R
2 must be non-singular at the origin. Let λ′ be the scaling parameter for ϕ0 and let λ be the

eigenvalue associated to χ . Let ϕ̃0 := ϕ ◦ χ−1. Flexibility implies that it is C1 and non-singular at the origin. Now
apply the chain rule, and use the scaling relations for χ and ϕ to obtain the identity

2∑
j=1

∂ϕ̃0(χ(2−qu))

∂xj

∂xj (u)

∂ui

= (λ′/λ)q
∂ϕ0(u)

∂ui

.

Solving for ∂ϕ̃0(χ(2−qu))
∂xj

and letting q → ∞, shows that if the map ϕ̃0 is non-singular at the origin, then λ = λ′.

But the point u was an arbitrary point in U0. Consequently,
∂ϕ̃i

0(x)

∂xj
must be constant. This implies that ϕ = χ , up to

composition with an element of the dihedral group.

Since λ1 = λ is the subdominant eigenvalue, for generic initial data v, the tangent plane to a jet subdivision surface at
the extraordinary vertex (provided one exists) is determined by the eigenfunctions χj , j = 1,2.

B.4.2. Theorem 4.6
The proof of Theorem 4.6 is similar. We now assume that M has spectrum of the form

λ0 = 1 > λ1 = λ > λ2 < · · ·
where λ has multiplicity 2.

It again suffices to verify smoothness for f a generalized eigenfunction. The formulae get rather messy in the
general case, so we only present the special case where f is an actual eigenfunction, leaving to the reader the case
where f is a generalized eigenfunction.

Suppose, therefore that f is an eigenfunction associated to an eigenvector µ < λ.
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First apply the chain rule to get

∂2f (2−qu)

∂ui∂uj

=
2∑

k,�=1

∂2f̃ (χ(2−qu))

∂xk∂x�

∂xk(2−qu)

∂ui

∂x�(2−qu)

∂uj

+
∑

k

∂f̃ (χ(2−qu))

∂xk

∂2xk(2−qu)

∂ui∂uj

. (B.13a)

Using the scaling rules for first and second derivatives (B.10b), (B.10c) gives(
µ

λ2

)q
∂2f (u)

∂ui∂uj

=
2∑

k,�=1

∂2f̃ (χ(2−qu))

∂xk∂x�

∂xk(u)

∂ui

∂x�(u)

∂uj

+
(

µ

λ

)q ∑
k

∂f̃ (χ(u))

∂xk

∂2xk(u)

∂ui∂uj

. (B.13b)

Invertibility of the Jacobian matrix J show that

lim
q→∞

∂2f̃ (χ(2−qu))

∂xk∂x�

= 0

for µ > λ2. And compactness of U0 proved that f̃ has continuous second partials and is therefore C2.
Finally, consider the case µ = λ2 = λ2. In this case

∂2f (u)

∂ui∂uj

=
2∑

k,�=1

lim
q→∞

∂2f̃ (χ(2−qu))

∂xk∂x�

∂xk(u)

∂ui

∂x�(u)

∂uj

. (B.14a)

If f̃ is C2, then the partial derivatives ∂2f̃ (χ(u)
∂xi∂xj

are independent of u, hence constant. It follows that

f (u) = aχ1(u)2 + 2bχ1(u)χ2(u) + cχ2(u)2 (B.14b)

for some constants a, b, and c. In other words, if f is C2 then

f̃ (x1, x2) = ax2
1 + 2bx1x2 + cx2

2 , (B.14c)

concluding the proof of the theorem. �
B.5. Proof of Proposition 5.1

We denoted by χk :W0 → R
2 the characteristic map of the two-point jet subdivision operator. Our goal is to

show that it is globally injective and is regular in the interior of each of the sectors of W0. To simplify our task, we
use the fact that χ satisfies, by construction, the scaling property χ(u/2) = 1/2 · χ(u) and the symmetry property
χ(Eu) = E · χ(u), ∀ E ∈ Dk , we also use the fact that the jet subdivision operator is compatible with the 2-point
Hermite subdivision scheme (3.5) which is shown in (Han et al., 2004, Proposition 3.3) to produce Powell–Sabin
splines.

Recall that due to symmetry and scaling properties, χ is specified by its values on the quadrilateral Ω as defined
in (2.9), see also Fig. 8.

The structure of the 2-point scheme and the structure of Powell–Sabin splines imply that χ |Ω is given by 9 quadratic
patches blended together in a C1 fashion, and these 9 quadratic patches can be specified by a total of 26 Bézier control
points on the plane. See Fig. 14. To see where the number 9 comes from, recall from Fig. 3 that the annulus (2.8) A is
the union of 3k triangles from K1. By (Han et al., 2004, Proposition 3.3), χ restricted to each of these 3k triangles is
a ‘Powell–Sabin patch’, which, in turn, is made up of 6 quadratic ‘micro-patches’ blended together in a C1 fashion;
then, since Ω is just ‘one and a half’ of the 3k triangles that make up A, χ |Ω is given by 6 + 6/2 = 9 quadratic
patches.

The Powell–Sabin spline connection, together with (5.10) and (5.11), gives closed form expressions for the 26
Bézier control points that specify χ |Ω . See Fig. 13. The image of the Powell–Sabin split lines of Ω under χ is a
network of quadratic curves which are the boundary of the 9 quadratic patches that make up χ |Ω , see Fig. 14.

Armed with these closed form expressions, it is not hard to verify injectivity and regularity. Before we proceed we
mention that there are papers devoted entirely to the problem of checking regularity and injectivity of characteristic
maps arising from scalar subdivision schemes, e.g. (Peters and Reif, 1998; Umlauf, 2000; Zorin, 2000a). Although
our characteristic map here comes from a jet subdivision scheme of order r = 1, the author believes that some of the
results in these paper can be applied almost directly. However, we choose to present a self-contained proof below.

Our method of proof relies on the following fact borrowed from (Taylor, 1996, Proposition 3.2, Chapter 1):
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Fig. 13. Closed form expressions for the 26 Bézier control points that specify χ |Ω .

Fig. 14. Bernstein–Bézier (B-net) representation of χ |Ω , consists of 9 quadratic patches specified by the formulas in Fig. 13. Notice that these
points all lie in the cone C := {u: arctan(u2/u1) = [0,π/k]}.

Lemma B.2. If Ω ⊂ R
n is open and convex, F :Ω → R

n is C1, and the symmetric part of DF(u) is positive-definite
for each u ∈ Ω , then F is injective on Ω .

Note also: For an n × n real matrix A (not necessarily symmetric),

wTAw > 0, ∀w ∈ R
n, w �= 0 ⇐⇒ (A + AT) has positive eigenvalues.

One way to check that our characteristic map is injective and regular for arbitrary k is as follows:

(A) Check that the 26 Bézier control points lie inside the cone C := {u: arctan(u2/u1) = [0,π/k]}. Note that we
only need to check 16 of them: By the Dk symmetry property, χ must leave the lines {u: arctan(u2/u1) = 0} and
{u: arctan(u2/u1) = π/k} invariant; 2 sides of Ω lie on these two lines, so for those 10 Bézier control points
associated with these two radial lines the condition is satisfied automatically.
Once we check (A), we can conclude from the convex hull property of Bernstein–Bézier form that χ leaves the
cone C—a convex set—invariant. Then, combined with symmetry, we only need to prove that χ is injective and
regular within the cone.

(B) Notice that det(Dχ(u)) is a quadratic polynomial within each of the 9 Powell–Sabin split triangles of Ω , write
down the 6 Bézier coordinates of each of these 9 quadratic polynomials, and check that they are all positive.
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By the convex hull property of Bernstein–Bézier form this implies that det(Dχ(u)) > 0 for all u ∈ Ω . Together
with scaling property, we conclude that χ is regular.
So it remains to show that χ is injective within the cone.

(C) Notice that (B) would also imply that χ |Ω , and also χ |C∩W0 by scaling property, is locally injective. By (A) and
symmetry, it suffices to check that χ is injective on the convex open set int(C) ∩ W0, but, by Lemma B.2, this
will be a consequence of the following (sufficient) condition:

wT(Dχ(u)
)
w > 0, ∀u ∈ int(C) ∩ W0, w ∈ R

2 \ {0}. (B.15)

But the latter condition is equivalent to saying that the symmetric part of the 2 × 2 matrix Dχ(u) is positive
definite, so all we have to do is:
(a) Same as (B) but with det(Dχ(u)) replaced by (the piecewise quadratic) det(Dχ(u) + Dχ(u)T).
(b) Similar to (B) but with det(Dχ(u)) replaced by (the piecewise linear) trace(Dχ(u) + Dχ(u)T).

Note that (B.15) clearly implies that Dχ(u) is invertible, so all we need to complete the proof is to check the finite
number of elementary algebraic inequalities given by (A) and (C) above, each of which can be verified using the
closed form formulas in Fig. 13. �
B.6. Subdivision matrix of our loop-like order 1 jet subdivision scheme

The blocks of the subdivision matrix (5.13) are given below. Notice that the ‘faking operator’ F appears three times,
this is because the ordinary edge stencil can touch the extraordinary vertex in two different ways (modulo rotational
symmetry), whereas the ordinary vertex stencil can touch the extraordinary vertex in one way (again modulo rotational
symmetry).

Ẽ0 = ET
0 , Ẽ� = (

J
([ω−1

6 ,ω1
6]−1[ω0

6,ω
1
6]
)
E�

)T
, � = 1,2, . . . , k.

D̃0 = (
FD0J

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

,

D̃� = (
J
([ω−1

6 ,ω1
6]−1[ω0

6,ω
1
6]
)
D�J

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

, � = 1,2,

D̃3 = (
J
([ω−1

6 ,ω1
6]−1[ω−1

6 ,ω0
6]
)
D3J

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

.

H̃0 = (
J
([ω2

6,ω
4
6]−1[ω0

6,ω
1
6]
)
H0J

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

,

H̃1 = (
J
([ω−1

6 ,ω1
6]−1[ω0

6,ω
1
6]
)
H1J

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

,

H̃2 = (
J
([ω2

6,ω
3
6]−1[ω0

6,ω
1
6]
)
H2J

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

,

H̃3 = (
J
([ω−1

6 ,ω1
6]−1[ω1

6,ω
2
6]
)
H3J

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

,

H̃4 = (
FH4J

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

,

H̃5 = (
J
([ω−1

6 ,ω1
6]−1[ω−1

6 ,ω0
6]
)
H5J

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

,

H̃6 = (
J
([ω−1

6 ,ω0
6]−1[ω2

6,ω
3
6]
)
H6J

([ω0
6,ω

1
6]−1[ω2

6,ω
4
6]
))T

.

˜̃D0 = (
J
([ω4

6,ω
0
6]−1[ω0

6,ω
1
6]
)
D0J

([ω0
6,ω

1
6]−1[ω1

6,ω
2
6]
))T

,˜̃D1 = (
J
([ω4

6,ω
0
6]−1[ω4

6,ω
5
6]
)
D1J

([ω0
6,ω

1
6]−1[ω1

6,ω
2
6]
))T

,˜̃D2 = (
J
([ω1

6,ω
2
6]−1[ω4

6,ω
5
6]
)
D2J

([ω0
6,ω

1
6]−1[ω1

6,ω
2
6]
))T

,˜̃D3 = (
FD3J

([ω0
6,ω

1
6]−1[ω1

6,ω
2
6]
))T

.

B.7. Proof of Proposition 5.2

We provide the principles behind the proof of this fact, and omit computational details. We first explain how to
verify that fv , i = 1,2, are the homogeneous quadratics in (5.20), and that fw , i = 1,2,3, are the homogeneous
i i
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Fig. 15. Proof of (5.20) and (5.21): It suffices to verify (5.20) and (5.21) on the filled trapezoid T as shown in (a). Notice that while T̃ maps T
injectively onto T̃ (T ), it does not map the ‘control points’ of T̃ in a 1–1 fashion to those of T̃ (T ).

quartics in (5.21) on each of the sectors of K3. It is a trivial task to check that the right-hand sides of (5.20) and (5.21)
indeed satisfy fv

i
(u/2) = (1/4)fv

i
(u) and fw

i
(u/2) = (1/16)fw

i
(u). By comments around Fig. 3, it suffices to check

(5.20) and (5.21) on the trapezoid T ⊂ A as defined by Fig. 15(a).
By locality of the scheme, the jets at the points (belonging to V 1) marked by the red dots (for colors see the web

version of this article) in Fig. 15(a) determines the limit function on the trapezoid T . Since our jet subdivision scheme
is, by construction, compatible with the Hermite subdivision scheme in (Han et al., 2005, Section 3.3), we can map the
jets at these points on K3 to jets at the corresponding points on R

2 via the map J 1(T̃ −1), where T̃ maps a neighborhood
of T into R

2 (see Fig. 15)) and J 1(T̃ −1) is defined by (A.4). Then, any subdivision function f restricted to T can be
written in the following form:

f (T̃ −1x) =: f̃ (x) =
∑
α

dαφ(2x − α), x ∈ T̃ (T ),

where α ranges over the points in 1
2Z

2 as marked by the dots in Fig. 15(b), and φ is the refinable function vector of
the Hermite subdivision of which the jet subdivision operator is compatible with.

With this observation, verifying (5.20) and (5.21) is just a matter of applying a polynomial reproduction result of
vector subdivision scheme provided in (Chen et al., 2002, Section 2). We recall that the Hermite subdivision operator
Sa of which our jet subdivision scheme is compatible with can reproduce all polynomials of total degree less than or
equal to 4. More precisely, by results in (Chen et al., 2002, Section 2), for each µ ∈ Λ4, we have

(·)µ = S∞
a
(
(cµ

α )α∈Z2

) =
∑
α∈Z2

cµ
α φ(· − α),

where c
µ
α = ∑

ν�µ

(
µ
ν

)
ανBµ−ν, B(0,0) = [1,0,0], Bµ = ∑

0�=ν�µ

(
µ
ν

)
2|µ−ν|Bµ−ν(−iD)ν â(0)(I3 − 2|µ| â(0))−1, for

µ > (0,0), and â(ω) = ∑
α∈Z2 a(α)e−iα·ω/4. Thus verifying (5.20) and (5.21) on T boils down to solving a finite set

of linear equations. We omit the computational details.
Having a simple piecewise quadratic polynomial representation, it is a trivial matter to verify that χ is regular and

injective. Coming from a C3-smooth Hermite subdivision scheme, χ is at least a C3-characteristic chart. In fact much
more is true: the specific chart (5.20) is a special case of what is found in (Bers, 1958; Duchamp et al., 1997) and
endows K3 with a complex analytic structure, so saying that χ is a C∞-characteristic chart is actually a bit of an
understatement. �
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Remark. The Hermite subdivision scheme in use here has no known connection to spline functions, meaning that for
general initial data, the scheme may not produce a piecewise polynomial limit function. This is to ‘blame’ for forcing
us to use the relatively technical polynomial reproduction result from (Chen et al., 2002) in the proof.
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