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Abstract

We consider nonnegatively curved 4-manifolds that admit effective isometric actions by finite groups and from that
draw topological conclusions about the manifold. Our first main theorem shows that if the manifolds admits an isometric
Z, x Zp for plarge enough that the manifold has euler characteristic less than or equal to five. Our second theorem requires
no hypothesis on the structure of the group other then that it be large but it does require the manifdid panisbed, in
which case we can then again conclude that the euler characteristic is less than or equal to five.

1 Introduction

Little is known about the topology of positively or nonnegatively curved 4-manifolds. The only known simply-connected
examples with positive curvature a8 andCP?. For nonnegative curvature we have in additnx S and--CP?4CP?,

these last two examples being due to Cheeger [Ch]. Also, few topological obstructions to having positive or nonnegative
sectional curvature are known (we will discuss this in more detail later). Our starting point is a theorem of Hsiang and
Kleiner, which states that a positively curved 4-manifold admitting an effective isontaction must be homeomorphic

to S* or CP2. In this thesis we examine what could be said if there is a finite group of isometries acting on a nonnegatively
curved manifold, but not necessarily an entire circle acting on the manifold.

Theorem 1 Let M be a compact 4-dimensional manifold with nonnegative sectional curvature . Then there exists a positive
integer N such that if p is a prime with>p N and Z, x Z,, acts on M isometrically and effectively, thg(M) < 5.

The numbeN can in principle be calculated from the methods of the proof. For the proof of this theorem to work the
numberp must be a prime, although the theorem might be true without this assumption.

If we do not make any assumption about the structure of the group, we are able to prove a general theorem under the
assumption of a fixed pinching:

Theorem 2 Let M be a compact 4-dimensional manifold with nonnegative sectional curvature. Then fodevérthere
exists a positive integer N N(9) such ifl > sedM) > & > O and|IsomM)| > N, thenx(M) < 5.

Again, it is conceivable that the theorem is true in generasénfM) > 0, i.e. thatN does not depend a¥ but the methods

of our proof do not work in that situation. The main method in proving the above two theorems is to gain control over the
number of fixed points of the group action. These methods hold for groups and manifolds more general than the ones above,
but only have topological implications in the above situations.

Theorem 3 Let M be a 4-dimensional manifold with nonnegative sectional curvature and let G be a finite abelian group
acting isometrically and effectively on M. Then there exists a positive integer N such that if for every prime p that divides
the order of G it is the case that>p N, then the fixed point set of G can contain at moisblated fixed points.



Theorem 4 Let M be a 4-dimensional manifold with nonnegative sectional curvature and let G be a finite group acting
isometrically and effectively on M. Then there is a positive integer N such that-iNnand G contains a subgroup
isomorphic to 4 x Z,, then G can act with at moSstfixed points. In particular, all of the fixed points must be isolated.

Notice that in theorem 3 we control only the number of isolated fixed points and say nothing about the non-isolated ones,
which would have to be embedd&s or RP”’s. The smallest number of fixed points of the actions in theorems 3 and 4
maybe 4. One can easily construct an actiodpf Z, on S x S with 4 fixed points. No examples are known with 5 fixed
points.

Observe that it follows from the work of Friedman thaMfis simply connected arg(M) < 5 then we may conclude that

M is homeomorphic to one of the seven manifolds

S & x ,CP?, £CP?HCP?, +CP?HCP?#CP?.

The proof makes use of a new metric invariant, thextent, introduced in [GM], and an associated inequality . The
motivation for this work comes from a long series of results that relate the geometry and topology of nonnegatively and
positively curved manifolds.

The first such result, the theorem of Gauss-Bonnet, answers most questions about the topology and geometry of surfaces. In
particular, it gives a classification of all positively and nonnegatively curved surfaces up to diffeomorphism. Unfortunately
in higher dimensions the generalization of the Gauss-Bonnet theorem does not solve the problem.

Lichnerowicz [L] proved in 1963 that a 4k-dimensional compact spin manifold with non&(genus does not admit a

metric of positive scalar curvature. This, for example, forbids a metric a positive scalar curvature on the K3 surface.

If one is considering positively curved manifolds, the situation splits up into two pieces rather nicely: the compact and
non-compact case. In the non-compact case we have the theorem of Gromoll and Meyer [GrM], which says that a complete,
positively curved non-compact n-manifold is diffeomorphid®b Thus the topology of such spaces is completely under-
stood. For positively curved compact manifolds the situation is much more complicated. Since these manifolds are compact
their curvature is bounded away from 0. The theorem of Bonnet-Myers [BM] then gives some topological information by
saying that every complete Riemannian manifold with Ricci curvagu;é > 0 is compact, hadiam(M) < 1r and has a

finite fundamental group.

For nonnegative curvature there are some theorems analogous to the above. The soul theorem of Cheeger and Gromoll
[CG] says that ifM" is a complete noncompact manifold of nonnegative curvakiréhen there is a compact totally
geodesic submanifol8in M such thatM is diffeomorphic to the normal bundigS) of S. As for the fundamental group

in nonnegative curvature, it is known to be almost Bieberbach, i.e. it has a subgroup of finite index isomorphic to discrete
group of isometries that act freely &% [CE]. Also, information about the homology is known due to a result of Gromov

[G], who showed that there is a constant in each dimension that bounds the sum of the betti numbers of any nonnegatively
curved manifold.

Another point of view in the classification program for positively curved manifolds is to classify positively curved manifolds
according to the size of their isometry groups. (This is the viewpoint taken in the theorems of this paper.) The first result
in this direction was the classification of homogeneous spaces of positive curvature by Berger, Berard-Bergery and Wallach
([B], [BB] and [W]). One way of looking at the meaning of the homogeneity assumption is that the dimension of the orbit

of a point is the same as the dimension of the manifold. One could consider the situation where the dimension of the orbit
was smaller than the dimension of the manifold. Some of this theory has been worked out by Grove and Searle (see [GS]
and [S]).

The above results are statements about positive and nonnegatively curved manifolds in all dimensions . But if one restricts
the dimension to 3 there is an amazing result due to Hamilton [H] which says that every 3-dimensional, compact, positively
curved manifold is diffeomorphic to a 3-dimensional spherical space form. Since all three dimensional spherical spaces
forms have been classified, we obtain a complete classification of compact positively curved manifolds in dimension 3.
This brings us to the result of Hsiang and Kleiner [HK], which is a statement about 4-manifold® beta compact
positively curved 4-manifold. Then ¥ admits an effective isometrig-action,M is homeomorphic t&*, RP* or CP2.

Here it is important to notice that we are combining the assumptions about dimension and the amount of symmetry. Itis also
interesting in light of the fact that the only known examples of simply connected 4-dimensional compact positively curved
manifolds areS* andCP?. In particular it is unknown whethé®® x S carries a metric of positive curvature. An analogous
theorem for nonnegative curvature does exist and was proved independently by Kleiner [K], Yang and Searle [SY], that a
compact simply connected, nonnegatively curved 4-manifold admitting an effective isoStetrition is homeomorphic

to S, CP?, +CP?#CP? or & x . These last two results rely on the understanding of 4-manifolds due the the work of



Friedman [F], so the techniques do not work in higher dimensions. But a hypothesis common to both theorems is that the
4-manifold has some continuous symmetry. A natural question to ask at this point is what results if one assumes only that
the symmetry group is finite. Working in that direction and using an idea from [GM] the author proved theorems 3 and 4.
In the mean time Yang [Y] showed thatVf is a compact, positively curved 4-manifold admitting an effective isomggic

action for p sufficiently large, thex(M) < 7 . Finally, using a trick from [Y], the author showed theorem 1 to be true.

2 Background

To prove the theorems stated in the introduction we first need to develop some foundatioMé.alfe subsets of a metric
spaceZ, then the Hausdorff distance between them is defined as

d4 (V,W) = inf{e |V is contained in as—neighborhood ofV andW is contained in as—neighborhood o¥/ }.
If X,Y are metric spaces we define the Gromov-Hausdorff distance beXvardY as
der(X,Y) =inf{d5(X,Y) | X,Y are isometrically imbedded @}.

If Gis a closed subgroup @(n+ 1) thenG acts isometrically 018" andX = S'/G may be viewed as a collection of orbits
in 3" equipped with the orbital distance metril, which is defined as

do(Gx,Gy) = min{d(gx hy) | g,h € G}.

for orbitsGxandGy, whered denotes the usual spherical distance&Sy). It is not hard to see that this distance is the same

as the Hausdorff distance between the orbits, dg.Gx, Gy) = dff(Gx, Gy). Let K(S") be the collection of all compact
subsets of". Then(K(S"),dﬁ“) is a metric space and there is a natural inclusioX d@fto K(S"), since a point irX is an

orbit in S, which is compact. AdditionallyX can be considered to be isometrically imbeddeH {8"), because, as noted
above, these two metrics will be equal on any two orbits of the given group.

In several places we will need to consider metric spaces which are quotieitby finite group. In general these spaces

will not be Riemannian manifolds but nevertheless we will need to consider their geometry and to do that we need the
following definitions. Suppose théX,d) is a metric space and lgt [a,b] — X be a path inX. Then the arclength ofis

well defined (though it may be infinite). We then say tiais aLength spacéf for any two pointsx,y in the same path
component the distance betweeandy is equal to the infinum of the arclengths of all paths connectiagdy. X is an
Alexandrov spac#itis a locally compact length space and locally has curvature bounded below in the sense of Toponogov,
i.e. there exists a numbé&rsuch thatX locally satisfies the conclusion of Toponogov’s comparison theoremkalitiing

the curvature of the comparison space.

The g-extent was introduced in [GM] and a number of applications to Alexandrov and Riemannian geometry are given.
One application is a necessary condition &to act isometrically and effectively on a positively curvedimensional
Riemannian manifold such that the action has1 fixed points.

If (X,d) is a compact metric space then we defibg: X4 — Ras

-1
Xtq(X1, ..., Xq) = (g) _Zd(Xi,Xj)

i<

Theg-extent ofX, xtg(X), is then defined as the maximumaf on X9. It is easy to see that

diam(X) = xta(X) > xtz(X) > ... > %diam(X).

Now we will consider a sample calculation which we will need later, namely, we will computgé¢xéent of the interval
[a,b]. Suppose that we hawgpointsxy, ..., Xq that actually achieve thg-extent of{a,b]. Then we claim that some pair of
these points must lie at opposite endgab]. If not then we could construct a configuration that had a grepétent as
follows. We may without loss of generality assume that for gl a. Then we can create a new configuration by replacing
the smallesk; with a point ata. Then clearly the-extent of this new configuration is larger then thextent of the original
configuration, which is a contradiction. Therefore let us assume&thata andx, = b.

We next claim thaks, ..., X achieves thé¢q — 2)-extent of{a, b]. We have that



(g> Xtg(Xa, -, Xq) = (nj) Xlg-2(¥s, -, %g) + (N —1)(b—2)

If x3,...,Xq did not achieve théq— 2)-extent we could replace it witlh — 2 points that did, say('g,...,x;. But then
Xtq_2(Xa, ..., Xq) < Xtq_2(X, ...,x:]) and so it follows from the above equation that

! /!
Xtq (X1, X2, -+, Xq) < Xtq(X1, X2, X3, -+, Xq)

which is a contradiction sincey, ...,Xq achieves the-extent of[a,b]. Therefore we conclude thag, ..., xq achieves the

(q— 2)-extent offa,b]. Continuing this procedure of removing endpoints will eventually leave no points or a single point
placed at some point of the interval. Therefore we conclude tligisieven therxy, ..., X4 consists of pairs of points placed

at the endpoints of the interval, andjis odd it consists off— 1 points paired off at the endpoints of the interval plus one
other point, whose position is easily seen to be arbitrary. A simple calculation then gives that

Xtan([a,b]) = - (b-a)
and n+1
Xtans1([a,b]) = i@

Assume thaG acts isometrically and effectively on an n-dimensional Riemannian mabldf p is a fixed point of the
action then we have thisotropy representationf G in the isometry group of the tangent spacgaG — IsomTpM),

g — dgp. Since this action is effective we may viéd/as acting isometrically on the unit sphere in the tangent spage at
S If pis an isolated fixed point, the@ acts onS; without fixed points (otherwis& would fix an entire geodesic).

Next consider the situation where the fixed point s& cbntains at leasj+ 1 fixed pointsp, ..., pg andM" has nonnegative
curvature.M /G is not necessarily a Riemannian manifold but it is an Alexandrov space of curvatiwréet po, ..., pq be

the images of, ..., pg under the quotient map. Conne®, ..., py with geodesics and consider the sum of all the angles,
Y /, between the geodesics at the poipds..., pg. We will estimate this sum in two ways to derive the desired inequality.

On one hand we havéq; 1) triangles formed by the geodesics, each with the sum of its apglesThus

g+1
L2 ( 3 )”
On the other hand we may estimate the sum of the angles by estimating the sum at eaph poiptwe have a space of

directions,S;, /G which is an Alexandrov space of curvaturel. The angle between two geodesicgais equal to the
distance between their corresponding directions in the space of directions. Thus the sum of the angleélseasum of all

distances betweempoints inS[; /G, which is< (g) Xtq(Sy /G). Therefore

q
) 5 X4(S}/G)> 5 ¢
=
Combining these two inequalities yields
1 4 i
ﬁ_ZOth(gﬁi /G) > 3 1)
=l

The above argument is due to K. Grove and S. Markvorsen (see [GM] for the statement of the inequality) and is the main
tool of this paper. Observe that if the curvatureMit is positive then the sum of the angles in any triangle is greaterrthan
and so the above argument gives

L G) > 2
ﬁi;th(gﬁi/ )>§ 2



3 Lemmas

Lemmal If X and Y are compact metric spaces widhdX,Y) < € then|xtq(X) — xtg(Y)| < 2¢.

Proof. Assume thaX andY are isometrically embedded in a third spagesuch thad,?| (X,Y) < € and letdx anddy be
their respective metrics. Choogg@oints inX, xy, ...Xq, that achieve thg-extent ofX. X andY each lie in arz-neighborhood
of each other, so for each poigtin the chosen collection choose a pojnin Y that has distance less thafrom x;. Then

(g) Xtq(X) = (g) Xtg(x1, - %g) = ¥ o (%)

i<

< Z dy (yi,yj) +2e < (g) xtq(Y) + (g) 2€.

i<

Thereforexty(X) — xtq(Y) < 2¢ and so by symmetry the result follows.

In the next two lemmas we consideom(S") as a subset R™Y? and we measure the distance between two isometries
in Isom(S") with the usual euclidean metric &™),

Lemma 2 If G,H c IsomS") and cﬁ(m)z(G,H) < £ then
don(S/G, ' /H) < .

n+e1)2
Proof. In [M] it is shown that ifG,H C IsomS") anddf " (G,H) < & thend("(S"/G,S"/H) < &. But, as noted above,
ann-dimensional spherical space form lies isometricalli(g").

Lemma 3 Suppose that K is a compact Lie Group with a bi-invariant metric. Then for ever there is an N= N(g,K)
such that if L is a subgroup of K witl.| > N, then L has an elementge with dg,e) < €.

Proof. ChooseN > \\//(;I((gg)) whereB is the metric ball of radius about the identity elemerg, of G. If |L| > N, K must have
two elementsg, h within € of each other, or else we could put an epsilon ball around every elem&ngwth that any two
would be disjoint . Then the total volume of all the balls would be greater than the volukewdiich is a contradiction.
Therefore we have two elemerggh within € of each other, and sgh* will be within € of e.

Lemma 4 If S acts isometrically onBwithout fixed points then xtS*/St) = 3%

Proof. Any isometricSt action onS® is orthogonally equivalent to the action
@ :Stx C? - C?

d%zw) = (¢'%2,w).

wherek,| > 0, (k,I) = 1. If the action has no fixed points th&rl > 0. If k > 1 then the isotropy group at every point of
the orbitz= 0 will be Z,. Similarly if | > 1 then the isotropy group of any point of the orlsit= 0 is Z,. Let X, denote the
quotient space. Ik,| > 0 then this space will be homeomorphic to a 2-sphere and have diafneXgi will not be smooth
at the points corresponding to orbits with isotropy (there will be at most =1 = 1 then we have the Hopf fibration

and soXy 1 is isometric to a round sphere of diameterin [HK] a distance non-decreasing map is constructed fi@m

to X1,1. This implies thaitg(Xe i) < Xtq(X11) = Xtq(S(3)). But we know from [GM] thatxtyg.1(S'(r)) = %ﬁlr so that
xts(S?/Sh) < %. This value can actually be attained by placing 3 points at one pole and 2 at the other. Therefore equality
holds.

Lemma5 LetGc R be a group of matrices and I¢f),. be the usual inner product orfR which we restrict to G. Then
(, )iz 1s bi-invariant with respect to the multiplication of G, i.e.

(d(La)eX,d(La)gY: )iz = (X, Y)ie = (d(Ra)gX,d(Ra)gY; )i
where AB € G,LaA(X) = AX and R(X) = XA.



Proof. SincelLa and Ra are linear onR¢ we have thatd(La)g = La andd(Ra)g = Ra Thus we need to show that
(AX,AY) 2 = (X,Y)2 = (XA YA)2. To see this writeX = (x1...X),Y = (Y1...Yk) where thex’s andy;’s are column vec-
tors. Ther{AX,AY) 2 = ((Ax1...AX), (AY1...A¥K) )2 = (A1, AV )y + - + (A% A | = (XL Y1)+ -+ (o Yok = (X, Y )2,
where(, ), is the usual inner product d®‘. The proof for right multiplication is similar.

Lemma 6 Let p: X — X be a covering of Riemannian manifolds. IEAX then ¢ (A, X) = dX (p~1(A), X).

Proof. We will first show thatd{ (A, X) < d¥(p~1(A),X) and then show that (A, X) > dX (p~1(A), X).

For the first part it suffices to show that a neighborhood of radfii®~1(A), X) of A covers all ofX. Fix x € X. We will
exhibit an elemena € A such thatd(x,a) < dX(p~1(A),X). Choose anx & p~1(x). By the definition ofd}(p~(A),X)
there exist® € p~1(A) such that(%,8) < di(p~1(A),X) . Thenp(&) € Aandd(x, p(d)) < di(p~1(A),X) because s a
distance decreasing map. Therefore the first part is proved.

Next pickX € X. We need to show that there is an elemenf p~1(A) such thad(& %) < d (A, X). Pick a pathy in X
from p(X) to a pointa in A. Lety be a lift of y such thatxis one endpoint of and leta’be the other endpoint, which lies
in p~1(A) . Sincep preserves arclenths, the lengthyadndy are the same. Consequend$é, %) < di¥ (A, X), proving the
lemma.

4 Proofs of Theorems 1, 3 and 4

Proof of Theorem 3: Suppose that the fixed point set®fcontains 6 isolated fixed point®, ..., ps. At each such poinp;
let G; be the image o6 under the isotropy representationTigM and IetSf;i denote the unit sphere ifp, M. From (1) it
follows that

5
éi;xtg,(% /Gi) > g 3)

We will show that ifG satisfies the hypothesis of the theorem wvittsufficiently large ther)<t5(Sf)i /Gi) < 3, for eachi,
causing the violation of (3). This leads us to conclude that an action of the group described in the theorem cannot have 6
isolated fixed points.
SinceG; is abelian it lies in a maximal torus &Q(4). We then consideBQ(4) as a group of 4« 4 matrices lying inR'®.
Equip SQO(4) with the Riemannian metric that it inherits froR1® as a submanifold. By lemma 5 this metric is bi-invariant.
Restricting this metric to the maximal torus containfBggives rise to a distance metuig2 on the torus. Observe that for
X,y € T?
dr2(X,y) > dris(X,Y)

wheredgs is the usual euclidean metric &i°.

Apply lemma 3 toT 2 with £ = %(g - %)(3—13) = 521 and the bi-invariant metric described above to obiiTherefore if

G satisfies the hypothesis of the theorem then there exist&; with g # e andd2(g,€) < €. Consider the 1-parameter
subgroup ofT?, S<1g>, that containg and whose length frore to g is dr2(g,€) . Observe thadﬁz(s%gw (9)) < § and so
dﬁle(s%w, (9)) < 5. Now we consider two cases; one whS}s is a circle that does not fix points and the other, where it is
a circle that does fix points.

If S<1g> acts without fixed points, then we know by lemma 4 bkt@(Sf)i/S%w) = %‘. By lemma 2 we have that

Tt

don (S5 /S S5/19) < 125
and so by lemma 1
|Xt5(33i/s<lg>) ~X5(S5/(9))] < 6%

Sincexts(S}, /S<19>) = 3T it follows thatxts(S5, /(9)) < § and saxts(S}, /Gi) < §. This violates the inequality (3). Therefore
such an action cannot exist .



If S<1g> acts with fixed points then we will use a similar id€g.cannot be contained 'ﬁ%g) because if it were it would have
fixed points, which is impossible because if it did thgmvould no longer be an isolated fixed point. Therefdre- G; mS%g

is not equal to all of5; and soG;/H is not trivial. Thus we can writ&;/H = {hiH,...,h,H} wherer > N (recall that all

of the prime divisors of5; are> N, sor > N). Consider the open balB:(hy),...,Be(h;). These neighborhoods cannot

all be disjoint because by our choice Nfin lemma 3,Vol(T?) < NVol(B¢(e)). So suppose tha(ha) N Be(hy) is not
empty. Thendrz(ha, hy) < 2¢, s0drz(hahy,*,€) < 2¢. hahy* does not lie inS;; because if it did theinahy* would lie
inH=G N S<1g>, which is impossible sinch, andh, were chosen as two distinct coset representatives and so cannot be
congruent moduléi. LetL = (hahgl,g> and letp : RZ2 — T2 be the universal cover df? equipped with the lifted metric of

T2 Thenp-1(L) is a lattice inR2 with d}"(p~(L),R?) < 12 It follows then from lemma 6 thad}” (L, T2) < 5. We
then have that

o (Sn /L, S/ T%) < 55

so that by lemma 1

Xis(Sp /L) — Xts(Sp /T2 < 5.

But S*/T2 is isometric to[0, 3] andxts([0, 5]) = 3. Thusxts(Sy /L) < 3. It follows thatxts(Sy, /Gi) < §. Again, (3) is
violated, so such an action cannot exist.

Remarks: The hypothesis in theorem 1 concerning the primes dividing the order of the group is necessary. If we only
assume that the order of the group is large then the group may not be hausdorff close to a circle that act without fixed points
and it may not be Hausdorff close to the entire torus. To see this coridembedded as a subgroup of a circle that wraps
once around the torus in one direction arfdithes in the other direction. The quotient$¥ by this group does not have
small enough 5-extent to violate (1).

A variation on this, to show that difficulties arise for non-cyclic groups, is the gmupZx embedded in the torus in the
obvious way. Again, the quotient & does not have small enough 5-extent to violate (1).

Proof of Theorem 4: As above apply lemma 3 {62 with its natural bi-invariant metric and talee= a0 Assume that

the fixed point set o6 contains 6 fixed pointgy, ..., ps. At each such poinp; let G; be the image o6 under the isotropy
representation i, M . G; is abelian and therefore lies in a maximal torusS@¥4). Next, suppose that > N. Thus

Zn x Zn has an elemery # e with d(g,e) < €. Let S<1g> be defined as it was in the proof of theorem 3.5215> does not

have any fixed points, then we may argue as we did in the proof of theorem 3 and we are done. So supﬁ@sdabat

have fixed points. Letl =GN S<19>. ThenH is cyclic since it is a finite subgroup of a circle group and also has ctder
because the order of every elemenkptk Z, is at mosn (it is precisely this which allows us to omit the hypothesis that the
fixed points be isolated). Therefore we have at lealistinct coset representatives 8r/H. Write G;/H = {hiH,...,h/H}
wherer > N and conclude the proof exactly as in the end of the proof of theorem 3.

Proof of Theorem 1: To bound the Euler characteristic we use the factyfi&t) = x(F) +X(M,F) where we také to be

the set of points oM that are fixed byG. Then we just apply theorem 2 to see that for sufficiently lgrge consists of no
more than 5 points, so thgtF) < 5. Next we show thay(M,F) = x(M — F). By definition

n
X(M,F) =Y rankHx(M, F)(~1)"
K=1
But the rank oHy(M, F) is equal to the rank dfix(M/F) whereH denotes the augmented homology groups. Thus
n
X(M,F) = 3 rankix(M/F)(-1) = x(M/F) - 1.
K=1
If a triangulation ofM is then chosen so thétis a set of vertices then it is easy to see tf@f — F) = x(M/F) —1, so that
X(M,F) =x(M—F).
Now we use an idea from [Y], tha¢(M) = x(F) + x(M,F) < C4 whereC,4 is Gromov’s upper bound for the sum of the

betti numbers oM. Thus ifx(M,F) is divisible by a prime greater thay it must be 0. To show this and complete the
proof we need the following lemma.



Lemma 7 If a p-group acts isometrically and without fixed points on a closed Riemannian manifold, then p divides the
Euler characteristic of the manifold.

Proof: Choose a triangulatioh of the manifold M, that is preserved by the action of gro@,Let T, be the collection of
n-dimensional simplices of the triangulation. The actiorGodn M induces an action d& on T which in turn induces an

action onT,. This action decomposds into equivalence classes, namely, the orbits of the actionSkef o1, ...,0x} be

a set of representatives from this decomposition, consisting of exactly one simplex for each equivalence class. Then we can
write

Tn:LkJUgoi.

i=1geG
Thus
51U
Tal = > [ U gail.
iZl geG
SinceG is a p—group |Ugec 90i| = p® for somea > 0 and any given. We claim thata > 0. If a= 0 for somei then

G would stabilize a simplex and sin€g is finite this would imply that it fixed a point of the simplex, contradicting the
hypothesis thaG acts fixed point freely. Thereforg divides each term in the above sum and so divides the sum itself.
Therefore, sincg(M) = 31, |Tn| it follows that p[x(M).

To complete the proof of theorem 1 it is tempting toNet= X — F in lemma 7, but theN would not be a closed manifold.

To remedy this difficulty we chood¥ to be the manifold that results from the removal of small open balls about the points
of F, that are stable under the action@f ThenN is closed and has the same homotopy typ#asF. Additionally, G

acts fixed point freely of, so we may apply lemma 7 to conclude thapif- C4 thenp|x(N) = x(M —F) = x(M,F) and
sox(M,F) = 0. Therefore ifp > maxN,C,) thenx(M) < 5. O

5 Proof of Theorem 2

In order to prove theorem 2 we must introduce a few more definitions. XLadY be metric spaces and suppose that

f : X =Y is aLipschitz map. Thedil f = sug(ﬁw is called the dilatation of.

du(X,Y) = inf{|In(dil f )| + |In(dil f ~1)|| f is a bi-Lipschitz homeomorphisin

is the Lipschitz distance betwe&randy, if a bi-Lipschitz homeomorphism exists. If one doesn’t exist welgeX,Y) = co.

With this as a distance function the collection of compact metric spaces becomes a metric space itself. But it is not this space
but a subspace that we are concerned with.@(etd,\,V) be the class of compact n-dimensional Riemannian manifolds

M with diameterdiam(M) < d,volumevol(M) >V, and sectional curvatui&y | < A2. Then the topology on this space
induced by the above distance function is known aslipschitz topology Note that the hypothesis thabl(M) > V

may be replaced byM) > ip, wherei(M) denotes the injectivity radius &ff [CE]. The important fact that we need is the
following theorem of Peters ([P]):

Theorem 5 Let0 < a < 1. Then any sequence in(€d,A,V) contains a subsequence converging with respect to the
Lipschitz topology to an n-dimensional differentiable manifold M with metric g of Holder class C

A useful reformulation of the above theorem (also from [P]) is the following:

Theorem 6 Let{(M, gk} be a sequence of manifolds ifr€d, A,V) and0 < a < 1. There exists a subsequer¢®/,,g;)}
with the following properties:

i. Each M is diffeomorphic to a single fixed manifold M.

ii. There exist diffeomorphisms M — M, such that{(R)*g } converges in €to a C1** metric g on M.

iii. diam(M,) converges to diam(M).



iv. For the injectivity radii we have that lim sup i(M< i(M).

v. If exp denotes the exponential map of,Mxp that of (M,qg), andp = (F)“exp, then &g converges to expuniformly
on compact subsets ofW and exp is Lipschitz.

We now begin the proof the theorem 2, which is by contradiction. If the theorem were not true then there would exist
a numberd such that for ever\N there would be a manifol@My,gn) with 1 > sedMy) > 6 > 0, |Isom(gn)| > N and

X(Mn) > 5. Therefore we have a sequence of manifdldd;, g;)}. We claim that there existh, A,V such thatM;,g) €
C(n,d,A\,V) for alli. Itis clear thad andA can be found because of the curvature bounds. Rather thavi firedlook for

a lower bound on the injectivity radius. For this we use the theorem, due to Klingenberg, that if the sectional curvature of a
compact orientable even dimensional Riemannian manifdldatisfies > K > 0, theni(M) > 1. Applying this theorem to

the orientable double cover if necessary, we obtainitiht) > 7 under our assumptions. Therefore we may apply theorem

6 to extract a convergent subsequencé(®;, gi)} converging to a manifoldM, g) which isC?, has 1> sedg) > &> 0

and by hypothesig(M) > 5. By (ii) of theorem 6 we may assume that we have a single differentiable mahfaldh a
sequence of metrics on{g;} converging tog. Our plan is as follows: we will show that since the order of the isometry
groups of the{g; } are going to infinity, that the isometry group @fs actually infinite. This will imply the existence of an
isometricS'-action on(M, g) and we will then use that action to show tix@M) < 5, a contradiction. Therefore tiin

the statement of the theorem must exist.

For a Riemannian manifold with metrich denote the corresponding distance metrialBy We put a metric oisom(h)

by letting

dgupf(f.9) = supexd™(f(x),9(3)).
Supposef; € Isom(g;). As i approaches infinity fi approaches being an orthogonal map with respect to the ngetric
Thus for anyv andi sufficiently large,|d f(v)| ~ |v|. As a consequendd fj| < L for someL ~ 1. Next, choose a path
between two points iM, p andg. The the length offi oy = fol(fi oy) = fol |dfioy]| < Lfol|y'| = L- (length ofy). Thus
d9(fi(p), fi(q)) < Ld9(p,q), so thef; are an equicontinous collection. Therefore we may extract a convergent subsequence.
Denote this subsequence Byand say that it converges fo By constructionf preserves distances. It follows that (see [KN]
p. 169) thatf is alsoC! and preserves the metric. Our next step is to show that there are infinitely many such isometries of
(M, g) and then we may conclude that the isometry grouf\bfg) contains a circle.

Lemma 8 For every f € Isom(g;) there exists n such thaigy( ", e) > i”‘ég” > 7

Proof. There are two cases to be considered : one whehmas a fixed point and the other where it doesn'’t. First consider
the case wherd doesn’t have a fixed point.

Note that we saw above thiatj(gi) > 7. Choosep € M such thatd% (p, fi(p)) is @ minimum. Ifd% (p, fi(p)) > % then

we are done. Otherwise choose a geodssiconnectingp to fi(p) and observe that becaud@(p, fi(p)) is a minimum,
fi(y) C y. Therefore, since the effect df ony is translation by a distance equaldé (p, fi(p)), the distance betweem

and f"(p) will increase withn as long asf"(p) lies no further tharp then the injectivity radius. Therefore for somge

dd (p, f(p)) > M%) and soddp( ", €) > MG,

If f; does have a fixed point, sgy consided fip. Thend fip is a rotation oSg(%) C TpM and we can chooseso that

df; p” moves some point of Sf;(%) into the hemisphere opposite to it. Then the normal ball abmjtradius% is
convex (see [CE] ) and so we may apply Rauch'’s theorem to show that

0% (expp(v). expp(17(v)) > "19).

We have a hinge with both sides of Iendlﬂli\g‘g’—‘) > 7 and an angle> 7. As a comparison space we use a round sphere of
radius 1. A calculation shows that a hinge on this sphere with ghgled sides of lengtlf has endpoints whose distance

from each other ig; (to see this convert the coordinates of the points into rectangular coordinates and calculate their dot
product, which will be3). Therefored% (exp,(v), exp(f(v)) > T and so again we have thaf( f", e) > %.

Lemma 9 Isom(qg) is infinite.

Proof. Consider the following claim (which is not necessarily true):



Claim 1 For everye > 0 there exist infinitely many natural numbers such that for each such i there exists an eleofent f
Isom(g;), which is different from the identity element e of I$gimand has §,(fi,e) < €

If this statement were not true then there would exist a0 such that for all but finitely manylsom(g;) has the property
thatddl,p( f,h) > e for f # h. Then for any positive integerwe will construcin sequenceght}, ..., {h"} that each converges
to a different element ofsom(g), showing thatisom(g) contains at leash elements . Define the first— 1 terms of
the sequenceghl}, ..., {h"} to be any elements from the groufsom(g;). Isom(g) has at least elements (recall that
llIsom(gi)| > i by hypothesis), so for>n—1 we lethl,....h" be anyn distinct elements ofsom(g;). Then for any two

sequence$h’ }, {hiB} with a # 3 we can extract two convergent subsequences which do not converge to the same element of
Isom(g) as follows: first choose a convergent subsequehfé of {h¥} that converges té € Isom(g). Then consider the

corresponding subsequence{hF}, {hﬁ]}. This subsequence may not converge but it has a convergent subse@ufgkr}ce
(since it is an equicontinous collection) that converges to an isorgetrisom(g). The sequenc@hﬁ]k} then converges to

f, andf # g since for all but finitely many we have thatd), o h ,h, ) > €. This implies thatsom(g) must be have at least
n elements and sinaewas arbitrary it |mpl|es thaisom(g) is infinite. Therefore assume that the claim is true.

Letn be a positive integer and take= £ - We are going to show thzbd;orr(g) contains at least elements. From the above
statement there exists a sequefigé with f.kslson(g.k) such thads n( i, €) < €. We then decompose the isometry groups
into annuli: IetA'k {f elsom(g,)|(j —1)e < deis (f,e) < je}. We know from lemma 8 that for eadf), there exists an

integerr = r(k) such thatigl,kp( e > "”(g'k) > 7. Therefore for soméwith le > 7 we have thalS\;k # @. Thusl > nm, so

in particularl > 2n. This and the fact thaigl,kp( flrk", fm+1) < gimplies thal‘Ajk #* (pfor j=1,....,2n. We then may IehikJ be

any element oA , So that we have sequenceb,k, hﬁ(”, all of which are bounded away from each other since any two
have at least one whole annuli between them. Arguing as above, there is a subsed@arjc®oivhich the corresponding

n subsequences all converge. Since these subsequences are all bounded away from each other they must nonverge to
different elements dfsom(g). Sincen was arbitrary this shows thégom(g) is an infinite group.

It follows from G being infinite thatG must be a Lie group of dimension greater than 0, since the isometry group of a
compact Riemannian manifold is compact. Therefore the limit manifold admB-aation. The Euler characteristic bf

is therefore the Euler characteristic 6f the fixed point set of the action, since bh—F there is a free action dof,, for
everyp and so evenp divides the Euler characteristic bf— F. F is a disjoint union of totally geodesic submanifolds and
since each component Bfmust have even codimension we conclude Eha a union of a finite number of isolated points
and surfaces. It follows from [HK] or [GM] that the number of isolated points is at most three. (In [GM] the hypothesis
is that the manifold is smooth but the proof carries over to our case anyway.) Next we claif ltlagtat most one 2-
dimensional component. This follows from a generalized version of Frankel's theorem proved inHRInd G are two
totally quasigeodesic subsets of an Alexandrov spaegth curvature> 1 and dinH + dimG > dim Z, thenH NG # 0.
ThereforeF can have at most one two-dimensional componerit. tias a two dimensional component it is eitherRi?f

or & since it is positively curved. Therefore the contributioni@) from the 2-dimensional component is at most 2.
Thereforex(M) = x(F) < 5 and a contradiction is achieved.
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