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Abstract

We consider nonnegatively curved 4-manifolds that admit effective isometric actions by finite groups and from that
draw topological conclusions about the manifold. Our first main theorem shows that if the manifolds admits an isometric
Zp×Zp for p large enough that the manifold has euler characteristic less than or equal to five. Our second theorem requires
no hypothesis on the structure of the group other then that itbe large but it does require the manifold to beδ−pinched, in
which case we can then again conclude that the euler characteristic is less than or equal to five.

1 Introduction

Little is known about the topology of positively or nonnegatively curved 4-manifolds. The only known simply-connected
examples with positive curvature areS4 andCP2. For nonnegative curvature we have in additionS2×S2 and±CP2#CP2,
these last two examples being due to Cheeger [Ch]. Also, few topological obstructions to having positive or nonnegative
sectional curvature are known (we will discuss this in more detail later). Our starting point is a theorem of Hsiang and
Kleiner, which states that a positively curved 4-manifold admitting an effective isometricS1 action must be homeomorphic
to S4 or CP2. In this thesis we examine what could be said if there is a finite group of isometries acting on a nonnegatively
curved manifold, but not necessarily an entire circle acting on the manifold.

Theorem 1 Let M be a compact 4-dimensional manifold with nonnegative sectional curvature . Then there exists a positive
integer N such that if p is a prime with p> N and Zp×Zp acts on M isometrically and effectively, thenχ(M) ≤ 5.

The numberN can in principle be calculated from the methods of the proof.For the proof of this theorem to work the
numberp must be a prime, although the theorem might be true without this assumption.
If we do not make any assumption about the structure of the group, we are able to prove a general theorem under the
assumption of a fixed pinching:

Theorem 2 Let M be a compact 4-dimensional manifold with nonnegative sectional curvature. Then for everyδ > 0 there
exists a positive integer N= N(δ) such if1≥ sec(M) ≥ δ > 0 and|Isom(M)| > N, thenχ(M) ≤ 5.

Again, it is conceivable that the theorem is true in general for sec(M) ≥ 0, i.e. thatN does not depend onδ, but the methods
of our proof do not work in that situation. The main method in proving the above two theorems is to gain control over the
number of fixed points of the group action. These methods holdfor groups and manifolds more general than the ones above,
but only have topological implications in the above situations.

Theorem 3 Let M be a 4-dimensional manifold with nonnegative sectional curvature and let G be a finite abelian group
acting isometrically and effectively on M. Then there exists a positive integer N such that if for every prime p that divides
the order of G it is the case that p> N, then the fixed point set of G can contain at most5 isolated fixed points.

Theorem 4 Let M be a 4-dimensional manifold with nonnegative sectional curvature and let G be a finite group acting
isometrically and effectively on M. Then there is a positiveinteger N such that if n> N and G contains a subgroup
isomorphic to Zn×Zn, then G can act with at most5 fixed points. In particular, all of the fixed points must be isolated.



Notice that in theorem 3 we control only the number of isolated fixed points and say nothing about the non-isolated ones,
which would have to be embeddedS2’s or RP2’s. The smallest number of fixed points of the actions in theorems 3 and 4
maybe 4. One can easily construct an action ofZn×Zn onS2×S2 with 4 fixed points. No examples are known with 5 fixed
points.
Observe that it follows from the work of Friedman that ifM is simply connected andχ(M) ≤ 5 then we may conclude that
M is homeomorphic to one of the seven manifolds

S4,S2×S2,CP2,±CP2#CP2,±CP2#CP2#CP2.

The proof makes use of a new metric invariant, theq-extent, introduced in [GM], and an associated inequality .The
motivation for this work comes from a long series of results that relate the geometry and topology of nonnegatively and
positively curved manifolds.
The first such result, the theorem of Gauss-Bonnet, answers most questions about the topology and geometry of surfaces. In
particular, it gives a classification of all positively and nonnegatively curved surfaces up to diffeomorphism. Unfortunately
in higher dimensions the generalization of the Gauss-Bonnet theorem does not solve the problem.
Lichnerowicz [L] proved in 1963 that a 4k-dimensional compact spin manifold with nonzerôA-genus does not admit a
metric of positive scalar curvature. This, for example, forbids a metric a positive scalar curvature on the K3 surface.
If one is considering positively curved manifolds, the situation splits up into two pieces rather nicely: the compact and
non-compact case. In the non-compact case we have the theorem of Gromoll and Meyer [GrM], which says that a complete,
positively curved non-compact n-manifold is diffeomorphic to Rn. Thus the topology of such spaces is completely under-
stood. For positively curved compact manifolds the situation is much more complicated. Since these manifolds are compact
their curvature is bounded away from 0. The theorem of Bonnet-Myers [BM] then gives some topological information by
saying that every complete Riemannian manifold with Ricci curvature≥ 1

r2 > 0 is compact, hasdiam(M) ≤ πr and has a
finite fundamental group.
For nonnegative curvature there are some theorems analogous to the above. The soul theorem of Cheeger and Gromoll
[CG] says that ifMn is a complete noncompact manifold of nonnegative curvatureK, then there is a compact totally
geodesic submanifoldS in M such thatM is diffeomorphic to the normal bundleν(S) of S. As for the fundamental group
in nonnegative curvature, it is known to be almost Bieberbach, i.e. it has a subgroup of finite index isomorphic to discrete
group of isometries that act freely onRn [CE]. Also, information about the homology is known due to a result of Gromov
[G], who showed that there is a constant in each dimension that bounds the sum of the betti numbers of any nonnegatively
curved manifold.
Another point of view in the classification program for positively curved manifolds is to classify positively curved manifolds
according to the size of their isometry groups. (This is the viewpoint taken in the theorems of this paper.) The first result
in this direction was the classification of homogeneous spaces of positive curvature by Berger, Berard-Bergery and Wallach
([B], [BB] and [W]). One way of looking at the meaning of the homogeneity assumption is that the dimension of the orbit
of a point is the same as the dimension of the manifold. One could consider the situation where the dimension of the orbit
was smaller than the dimension of the manifold. Some of this theory has been worked out by Grove and Searle (see [GS]
and [S]).
The above results are statements about positive and nonnegatively curved manifolds in all dimensions . But if one restricts
the dimension to 3 there is an amazing result due to Hamilton [H] which says that every 3-dimensional, compact, positively
curved manifold is diffeomorphic to a 3-dimensional spherical space form. Since all three dimensional spherical spaces
forms have been classified, we obtain a complete classification of compact positively curved manifolds in dimension 3.
This brings us to the result of Hsiang and Kleiner [HK], whichis a statement about 4-manifolds. LetM be a compact
positively curved 4-manifold. Then ifM admits an effective isometricS1-action,M is homeomorphic toS4,RP4 or CP2.
Here it is important to notice that we are combining the assumptions about dimension and the amount of symmetry. It is also
interesting in light of the fact that the only known examplesof simply connected 4-dimensional compact positively curved
manifolds areS4 andCP2. In particular it is unknown whetherS2×S2 carries a metric of positive curvature. An analogous
theorem for nonnegative curvature does exist and was provedindependently by Kleiner [K], Yang and Searle [SY], that a
compact simply connected, nonnegatively curved 4-manifold admitting an effective isometricS1-action is homeomorphic
to S4,CP2, ±CP2#CP2 or S2×S2. These last two results rely on the understanding of 4-manifolds due the the work of
Friedman [F], so the techniques do not work in higher dimensions. But a hypothesis common to both theorems is that the
4-manifold has some continuous symmetry. A natural question to ask at this point is what results if one assumes only that
the symmetry group is finite. Working in that direction and using an idea from [GM] the author proved theorems 3 and 4.



In the mean time Yang [Y] showed that ifM is a compact, positively curved 4-manifold admitting an effective isometricZp

action for p sufficiently large, thenχ(M) ≤ 7 . Finally, using a trick from [Y], the author showed theorem1 to be true.

2 Background

To prove the theorems stated in the introduction we first needto develop some foundations. IfV,W are subsets of a metric
spaceZ, then the Hausdorff distance between them is defined as

dZ
H(V,W) = inf{ε |V is contained in anε−neighborhood ofW andW is contained in anε−neighborhood ofV}.

If X,Y are metric spaces we define the Gromov-Hausdorff distance betweenX andY as

dGH(X,Y) = inf{dZ
H(X,Y) | X,Y are isometrically imbedded inZ}.

If G is a closed subgroup ofO(n+1) thenG acts isometrically onSn andX = Sn/G may be viewed as a collection of orbits
in Sn equipped with the orbital distance metric,dO, which is defined as

dO(Gx,Gy) = min{d(gx,hy) | g,h∈ G}.

for orbitsGxandGy, whered denotes the usual spherical distance onSn(1). It is not hard to see that this distance is the same
as the Hausdorff distance between the orbits, i.e.dO(Gx,Gy) = dSn

H (Gx,Gy). Let K(Sn) be the collection of all compact
subsets ofSn. Then(K(Sn),dSn

H ) is a metric space and there is a natural inclusion ofX into K(Sn), since a point inX is an
orbit in Sn, which is compact. Additionally,X can be considered to be isometrically imbedded inK(Sn), because, as noted
above, these two metrics will be equal on any two orbits of thegiven group.
In several places we will need to consider metric spaces which are quotients ofS3 by a finite group. In general these spaces
will not be Riemannian manifolds but nevertheless we will need to consider their geometry and to do that we need the
following definitions. Suppose that(X,d) is a metric space and letγ : [a,b] → X be a path inX. Then the arclength ofγ is
well defined (though it may be infinite). We then say thatX is aLength spaceif for any two pointsx,y in the same path
component the distance betweenx andy is equal to the infinum of the arclengths of all paths connecting x andy. X is an
Alexandrov spaceif it is a locally compact length space and locally has curvature bounded below in the sense of Toponogov,
i.e. there exists a numberk such thatX locally satisfies the conclusion of Toponogov’s comparisontheorem withk being
the curvature of the comparison space.
The q-extent was introduced in [GM] and a number of applications to Alexandrov and Riemannian geometry are given.
One application is a necessary condition forG to act isometrically and effectively on a positively curvedn-dimensional
Riemannian manifold such that the action hasq+1 fixed points.
If (X,d) is a compact metric space then we definextq : Xq → R as

xtq(x1, ...,xq) =

(

q
2

)−1

∑
i< j

d(xi ,x j)

Theq-extent ofX, xtq(X), is then defined as the maximum ofxtq onXq. It is easy to see that

diam(X) = xt2(X) ≥ xt3(X) ≥ ... ≥
1
2

diam(X).

Now we will consider a sample calculation which we will need later, namely, we will compute theq-extent of the interval
[a,b]. Suppose that we haveq pointsx1, ...,xq that actually achieve theq-extent of[a,b]. Then we claim that some pair of
these points must lie at opposite ends of[a,b]. If not then we could construct a configuration that had a greater q-extent as
follows. We may without loss of generality assume that for all i xi 6= a. Then we can create a new configuration by replacing
the smallestxi with a point ata. Then clearly theq-extent of this new configuration is larger then theq-extent of the original
configuration, which is a contradiction. Therefore let us assume thatx1 = a andx2 = b.
We next claim thatx3, ...,xq achieves the(q−2)-extent of[a,b]. We have that

(

q
2

)

xtq(x1, ...,xq) =

(

n−2
2

)

xtq−2(x3, ...,xq)+ (n−1)(b−a)



If x3, ...,xq did not achieve the(q− 2)-extent we could replace it withq− 2 points that did, sayx
′

3, ...,x
′

q. But then

xtq−2(x3, ...,xq) < xtq−2(x
′

3, ...,x
′

q) and so it follows from the above equation that

xtq(x1,x2, ...,xq) < xtq(x1,x2,x
′

3, ...,x
′

q)

which is a contradiction sincex1, ...,xq achieves theq-extent of[a,b]. Therefore we conclude thatx3, ...,xq achieves the
(q−2)-extent of[a,b]. Continuing this procedure of removing endpoints will eventually leave no points or a single point
placed at some point of the interval. Therefore we conclude that if q is even thenx1, ...,xq consists of pairs of points placed
at the endpoints of the interval, and ifq is odd it consists ofq−1 points paired off at the endpoints of the interval plus one
other point, whose position is easily seen to be arbitrary. Asimple calculation then gives that

xt2n([a,b]) =
n

2n−1
(b−a)

and

xt2n+1([a,b]) =
n+1

(2n+1)
(b−a).

Assume thatG acts isometrically and effectively on an n-dimensional Riemannian manifoldMn. If p is a fixed point of the
action then we have theisotropy representationof G in the isometry group of the tangent space atp, G → Isom(TpM),
g 7→ dgp. Since this action is effective we may viewG as acting isometrically on the unit sphere in the tangent space atp,
Sn

p. If p is an isolated fixed point, thenG acts onSn
p without fixed points (otherwiseG would fix an entire geodesic).

Next consider the situation where the fixed point set ofGcontains at leastq+1 fixed pointsp0, ..., pq andMn has nonnegative
curvature.M/G is not necessarily a Riemannian manifold but it is an Alexandrov space of curvature≥ 0. Let p̄0, ..., p̄q be
the images ofp0, ..., pq under the quotient map. Connect ¯p0, ..., p̄q with geodesics and consider the sum of all the angles,
∑ 6 , between the geodesics at the points ¯p0, ..., p̄q. We will estimate this sum in two ways to derive the desired inequality.

On one hand we have

(

q+1
3

)

triangles formed by the geodesics, each with the sum of its angles≥ π. Thus

∑ 6 ≥

(

q+1
3

)

π

On the other hand we may estimate the sum of the angles by estimating the sum at each point ¯pi . At p̄i we have a space of
directions,Sn

pi
/G which is an Alexandrov space of curvature≥ 1. The angle between two geodesics at ¯pi is equal to the

distance between their corresponding directions in the space of directions. Thus the sum of the angles at ¯pi is the sum of all

distances betweenq points inSn
pi
/G, which is≤

(

q
2

)

xtq(Sn
pi
/G). Therefore

(

q
2

) q

∑
i=0

xtq(S
n
pi
/G) ≥ ∑ 6

Combining these two inequalities yields
1

q+1

q

∑
i=0

xtq(S
n
pi
/G) ≥

π
3

(1)

The above argument is due to K. Grove and S. Markvorsen (see [GM] for the statement of the inequality) and is the main
tool of this paper. Observe that if the curvature ofMn is positive then the sum of the angles in any triangle is greater thanπ
and so the above argument gives

1
q+1

q

∑
i=0

xtq(S
n
pi
/G) >

π
3

(2)

3 Lemmas

Lemma 1 If X and Y are compact metric spaces with dGH(X,Y) < ε then|xtq(X)−xtq(Y)| < 2ε.



Proof. Assume thatX andY are isometrically embedded in a third space,Z, such thatdZ
H(X,Y) < ε and letdX anddY be

their respective metrics. Chooseq points inX, x1, ...xq, that achieve theq-extent ofX. X andY each lie in anε-neighborhood
of each other, so for each pointxi in the chosen collection choose a pointyi in Y that has distance less thanε from xi . Then

(

q
2

)

xtq(X) =

(

q
2

)

xtq(x1, ...,xq) = ∑
i< j

dX(xi ,x j)

≤ ∑
i< j

dY(yi ,y j)+2ε <

(

q
2

)

xtq(Y)+

(

q
2

)

2ε.

Thereforextq(X)−xtq(Y) < 2ε and so by symmetry the result follows.

In the next two lemmas we considerIsom(Sn) as a subset ofR(n+1)2
and we measure the distance between two isometries

in Isom(Sn) with the usual euclidean metric onR(n+1)2
.

Lemma 2 If G,H ⊂ Isom(Sn) and dR(n+1)2

H (G,H) < ε
n3 then

dGH(Sn/G,Sn/H) < ε.

Proof. In [M] it is shown that ifG,H ⊂ Isom(Sn) anddR(n+1)2

H (G,H) < ε
n3 thendKn

H (Sn/G,Sn/H) < ε. But, as noted above,
ann-dimensional spherical space form lies isometrically inK(Sn).

Lemma 3 Suppose that K is a compact Lie Group with a bi-invariant metric. Then for everyε > 0 there is an N= N(ε,K)
such that if L is a subgroup of K with|L| > N, then L has an element g6= e with d(g,e) < ε.

Proof. ChooseN > Vol(K)
Vol(Bε)

whereBε is the metric ball of radiusε about the identity element,e, of G. If |L|> N, K must have
two elements,g,h within ε of each other, or else we could put an epsilon ball around every element ofK such that any two
would be disjoint . Then the total volume of all the balls would be greater than the volume ofK, which is a contradiction.
Therefore we have two elementsg,h within ε of each other, and sogh−1 will be within ε of e.

Lemma 4 If S1 acts isometrically on S3 without fixed points then xt5(S3/S1) = 3π
10.

Proof. Any isometricS1 action onS3 is orthogonally equivalent to the action

φk,l : S1×C2 → C2

eiθ(z,w) = (eil θz,eikθw).

wherek, l ≥ 0, (k, l) = 1. If the action has no fixed points thenk, l > 0. If k > 1 then the isotropy group at every point of
the orbitz= 0 will be Zk. Similarly if l > 1 then the isotropy group of any point of the orbitw = 0 isZl . Let Xk,l denote the
quotient space. Ifk, l > 0 then this space will be homeomorphic to a 2-sphere and have diameterπ

2 . Xk,l will not be smooth
at the points corresponding to orbits with isotropy (there will be at most 2). Ifk = l = 1 then we have the Hopf fibration
and soX1,1 is isometric to a round sphere of diameterπ

2. In [HK] a distance non-decreasing map is constructed fromXk,l

to X1,1. This implies thatxtq(Xk,l ) ≤ xtq(X1,1) = xtq(S2(1
2)). But we know from [GM] thatxt2q+1(Sn(r)) = q+1

2q+1r so that

xt5(S3/S1) ≤ 3π
10. This value can actually be attained by placing 3 points at one pole and 2 at the other. Therefore equality

holds.

Lemma 5 Let G⊂ Rk2
be a group of matrices and let〈,〉k2 be the usual inner product on Rk2

, which we restrict to G. Then
〈,〉k2 is bi-invariant with respect to the multiplication of G, i.e.

〈d(LA)BX,d(LA)BY,〉k2 = 〈X,Y〉k2 = 〈d(RA)BX,d(RA)BY,〉k2

where A,B∈ G,LA(X) = AX and RA(X) = XA.



Proof. SinceLA and RA are linear onRk2
we have thatd(LA)B = LA and d(RA)B = RA Thus we need to show that

〈AX,AY〉k2 = 〈X,Y〉k2 = 〈XA,YA〉k2. To see this writeX = (x1...xk),Y = (y1...yk) where thexi ’s andyi ’s are column vec-
tors. Then〈AX,AY〉k2 = 〈(Ax1...Axk),(Ay1...Ayk)〉k2 = 〈Ax1,Ay1〉k + ...+ 〈Axk,Ayk〉k = 〈x1,y1〉k + ...+ 〈xk,yk〉k = 〈X,Y〉k2,
where〈,〉k is the usual inner product onRK . The proof for right multiplication is similar.

Lemma 6 Let p: X̃ → X be a covering of Riemannian manifolds. If A⊂ X then dXH(A,X) = dX̃
H(p−1(A), X̃).

Proof. We will first show thatdX
H(A,X) ≤ dX̃

H(p−1(A), X̃) and then show thatdX
H(A,X) ≥ dX̃

H(p−1(A), X̃).
For the first part it suffices to show that a neighborhood of radius dX̃

H(p−1(A), X̃) of A covers all ofX. Fix x∈ X. We will
exhibit an elementa∈ A such thatd(x,a) < dX̃

H(p−1(A), X̃). Choose any ˜x ∈ p−1(x). By the definition ofdX̃
H(p−1(A), X̃)

there exists ˜a∈ p−1(A) such thatd(x̃, ã) < dX̃
H(p−1(A), X̃) . Thenp(ã) ∈ A andd(x, p(ã)) < dX̃

H(p−1(A), X̃) becausep is a
distance decreasing map. Therefore the first part is proved.
Next pick x̃ ∈ X̃. We need to show that there is an element ˜a of p−1(A) such thatd(ã, x̃) < dX

H(A,X). Pick a pathγ in X
from p(x̃) to a pointa in A. Let γ̃ be a lift of γ such that ˜x is one endpoint of̃γ and letã be the other endpoint, which lies
in p−1(A) . Sincep preserves arclenths, the length ofγ andγ̃ are the same. Consequentlyd(ã, x̃) < dX

H(A,X), proving the
lemma.

4 Proofs of Theorems 1, 3 and 4

Proof of Theorem 3: Suppose that the fixed point set ofG contains 6 isolated fixed pointsp0, ..., p5. At each such pointpi

let Gi be the image ofG under the isotropy representation inTpi M and letS3
pi

denote the unit sphere inTpi M. From (1) it
follows that

1
6

5

∑
i=0

xt5(S
3
pi
/Gi) ≥

π
3
. (3)

We will show that ifG satisfies the hypothesis of the theorem withN sufficiently large thenxt5(S3
pi
/Gi) < π

3, for eachi,
causing the violation of (3). This leads us to conclude that an action of the group described in the theorem cannot have 6
isolated fixed points.
SinceGi is abelian it lies in a maximal torus ofSO(4). We then considerSO(4) as a group of 4×4 matrices lying inR16.
EquipSO(4) with the Riemannian metric that it inherits fromR16 as a submanifold. By lemma 5 this metric is bi-invariant.
Restricting this metric to the maximal torus containingGi gives rise to a distance metricdT2 on the torus. Observe that for
x,y∈ T2

dT2(x,y) ≥ dR16(x,y)

wheredR16 is the usual euclidean metric onR16.
Apply lemma 3 toT2 with ε = 1

4(π
3 −

3π
10)(

1
33 ) = π

3240 and the bi-invariant metric described above to obtainN. Therefore if
G satisfies the hypothesis of the theorem then there existsg∈ Gi with g 6= e anddT2(g,e) < ε. Consider the 1-parameter

subgroup ofT2, S1
〈g〉, that containsg and whose length frome to g is dT2(g,e) . Observe thatdT2

H (S1
〈g〉,〈g〉) < ε

2 and so

dR16

H (S1
〈g〉,〈g〉) < ε

2. Now we consider two cases; one whereS1
〈g〉 is a circle that does not fix points and the other, where it is

a circle that does fix points.
If S1

〈g〉 acts without fixed points, then we know by lemma 4 thatxt5(S3
pi
/S1

〈g〉) = 3π
10. By lemma 2 we have that

dGH(S3
pi
/S1

〈g〉,S
3
pi
/〈g〉) <

π
120

and so by lemma 1

|xt5(S
3
pi
/S1

〈g〉)−xt5(S
3
pi
/〈g〉)| <

π
60

.

Sincext5(S3
pi
/S1

〈g〉) = 3π
10 it follows thatxt5(S3

pi
/〈g〉) < π

3 and soxt5(S3
pi
/Gi) < π

3 . This violates the inequality (3). Therefore
such an action cannot exist .



If S1
〈g〉 acts with fixed points then we will use a similar idea.Gi cannot be contained inS1

〈g〉 because if it were it would have

fixed points, which is impossible because if it did thenpi would no longer be an isolated fixed point. ThereforeH = Gi ∩S1
〈g〉

is not equal to all ofGi and soGi/H is not trivial. Thus we can writeGi/H = {h1H, ...,hrH} wherer > N (recall that all
of the prime divisors ofGi are> N, so r > N). Consider the open ballsBε(h1), ...,Bε(hr). These neighborhoods cannot
all be disjoint because by our choice ofN in lemma 3,Vol(T2) < NVol(Bε(e)). So suppose thatBε(ha)∩Bε(hb) is not
empty. ThendT2(ha,hb) < 2ε, so dT2(hah−1

b ,e) < 2ε. hah−1
b does not lie inS1

〈g〉 because if it did thenhah−1
b would lie

in H = Gi ∩S1
〈g〉, which is impossible sinceha andhb were chosen as two distinct coset representatives and so cannot be

congruent moduloH. Let L = 〈hah−1
b ,g〉 and letp : R2 → T2 be the universal cover ofT2 equipped with the lifted metric of

T2. Thenp−1(L) is a lattice inR2 with dT2

H (p−1(L),R2) < π
1620. It follows then from lemma 6 thatdT2

H (L,T2) < π
1620. We

then have that

dGH(Spi /L,Spi/T2) <
π
60

so that by lemma 1

|xt5(Spi/L)−xt5(Spi/T2)| <
π
30

.

But S3/T2 is isometric to[0, π
2] andxt5([0, π

2 ]) = 3π
10. Thusxt5(Spi/L) < π

3. It follows thatxt5(Spi/Gi) < π
3 . Again, (3) is

violated, so such an action cannot exist.
Remarks: The hypothesis in theorem 1 concerning the primes dividing the order of the group is necessary. If we only
assume that the order of the group is large then the group may not be hausdorff close to a circle that act without fixed points
and it may not be Hausdorff close to the entire torus. To see this considerZ2k embedded as a subgroup of a circle that wraps
once around the torus in one direction and 2k times in the other direction. The quotient ofS3 by this group does not have
small enough 5-extent to violate (1).
A variation on this, to show that difficulties arise for non-cyclic groups, is the groupZ2×Zk embedded in the torus in the
obvious way. Again, the quotient ofS3 does not have small enough 5-extent to violate (1).
Proof of Theorem 4: As above apply lemma 3 toT2 with its natural bi-invariant metric and takeε = π

3240. Assume that
the fixed point set ofG contains 6 fixed pointsp0, ..., p5. At each such pointpi let Gi be the image ofG under the isotropy
representation inTpi M . Gi is abelian and therefore lies in a maximal torus ofSO(4). Next, suppose thatn > N. Thus
Zn ×Zn has an elementg 6= e with d(g,e) < ε. Let S1

〈g〉 be defined as it was in the proof of theorem 3. IfS1
〈g〉 does not

have any fixed points, then we may argue as we did in the proof oftheorem 3 and we are done. So suppose thatS1
〈g〉 does

have fixed points. LetH = Gi ∩S1
〈g〉. ThenH is cyclic since it is a finite subgroup of a circle group and also has order≤ n

because the order of every element ofZn×Zn is at mostn (it is precisely this which allows us to omit the hypothesis that the
fixed points be isolated). Therefore we have at leastn distinct coset representatives forGi/H. Write Gi/H = {h1H, ...,hrH}
wherer > N and conclude the proof exactly as in the end of the proof of theorem 3.
Proof of Theorem 1: To bound the Euler characteristic we use the fact thatχ(M) = χ(F)+χ(M,F) where we takeF to be
the set of points ofM that are fixed byG. Then we just apply theorem 2 to see that for sufficiently large p, F consists of no
more than 5 points, so thatχ(F) ≤ 5. Next we show thatχ(M,F) = χ(M−F). By definition

χ(M,F) =
n

∑
k=1

rankHk(M,F)(−1)k

But the rank ofHk(M,F) is equal to the rank of̃Hk(M/F) whereH̃ denotes the augmented homology groups. Thus

χ(M,F) =
n

∑
k=1

rankH̃k(M/F)(−1)k = χ(M/F)−1.

If a triangulation ofM is then chosen so thatF is a set of vertices then it is easy to see thatχ(M−F) = χ(M/F)−1, so that
χ(M,F) = χ(M−F).
Now we use an idea from [Y], thatχ(M) = χ(F)+ χ(M,F) ≤ C4 whereC4 is Gromov’s upper bound for the sum of the
betti numbers ofM. Thus if χ(M,F) is divisible by a prime greater thanC4 it must be 0. To show this and complete the
proof we need the following lemma.



Lemma 7 If a p-group acts isometrically and without fixed points on a closed Riemannian manifold, then p divides the
Euler characteristic of the manifold.

Proof: Choose a triangulationT of the manifold,M, that is preserved by the action of group,G. Let Tn be the collection of
n-dimensional simplices of the triangulation. The action ofG on M induces an action ofG on T which in turn induces an
action onTn. This action decomposesTn into equivalence classes, namely, the orbits of the action.Let S= {σ1, ...,σk} be
a set of representatives from this decomposition, consisting of exactly one simplex for each equivalence class. Then wecan
write

Tn =
k

[

i=1

[

g∈G

gσi .

Thus

|Tn| =
k

∑
i=1

|
[

g∈G

gσi |.

SinceG is a p−group|
S

g∈G gσi| = pa for somea ≥ 0 and any giveni. We claim thata > 0. If a = 0 for somei then
G would stabilize a simplex and sinceG is finite this would imply that it fixed a point of the simplex, contradicting the
hypothesis thatG acts fixed point freely. Thereforep divides each term in the above sum and so divides the sum itself.
Therefore, sinceχ(M) = ∑n

i=1 |Tn| it follows that p|χ(M).
To complete the proof of theorem 1 it is tempting to letN = X−F in lemma 7, but thenN would not be a closed manifold.
To remedy this difficulty we chooseN to be the manifold that results from the removal of small openballs about the points
of F , that are stable under the action ofG. ThenN is closed and has the same homotopy type asM −F. Additionally, G
acts fixed point freely onN, so we may apply lemma 7 to conclude that ifp > C4 thenp|χ(N) = χ(M−F) = χ(M,F) and
soχ(M,F) = 0. Therefore ifp > max(N,C4) thenχ(M) ≤ 5.

5 Proof of Theorem 2

In order to prove theorem 2 we must introduce a few more definitions. LetX andY be metric spaces and suppose that
f : X →Y is a Lipschitz map. Thendil f = supx6=y

d( f (x), f (y))
d(x,y) is called the dilatation off .

dL(X,Y) = inf{|ln(dil f )|+ |ln(dil f −1)|| f is a bi-Lipschitz homeomorphism}

is the Lipschitz distance betweenX andY, if a bi-Lipschitz homeomorphism exists. If one doesn’t exist we setdL(X,Y) = ∞.
With this as a distance function the collection of compact metric spaces becomes a metric space itself. But it is not this space
but a subspace that we are concerned with. LetC(n,d,Λ,V) be the class of compact n-dimensional Riemannian manifolds
M with diameterdiam(M) ≤ d,volumevol(M) ≥ V, and sectional curvature|KM| ≤ Λ2. Then the topology on this space
induced by the above distance function is known as theLipschitz topology. Note that the hypothesis thatvol(M) ≥ V
may be replaced byi(M) ≥ i0, wherei(M) denotes the injectivity radius ofM [CE]. The important fact that we need is the
following theorem of Peters ([P]):

Theorem 5 Let 0 ≤ α ≤ 1. Then any sequence in C(n,d,Λ,V) contains a subsequence converging with respect to the
Lipschitz topology to an n-dimensional differentiable manifold M with metric g of Holder class C1+α.

A useful reformulation of the above theorem (also from [P]) is the following:

Theorem 6 Let{(Mk,gk} be a sequence of manifolds in C(n,d,Λ,V) and0≤ α ≤ 1. There exists a subsequence{(Ml ,gl )}
with the following properties:

i. Each Ml is diffeomorphic to a single fixed manifold M.

ii. There exist diffeomorphisms Fl : M → Ml such that{(Fl )
∗gl} converges in C1 to a C1+α metric g on M.

iii. diam(Ml ) converges to diam(M).



iv. For the injectivity radii we have that lim sup i(Ml ) ≤ i(M).

v. If expl denotes the exponential map of Ml , exp that of (M,g), and̃xpl = (Fl )
∗expl , then ẽxpl converges to expp uniformly

on compact subsets of TpM and expp is Lipschitz.

We now begin the proof the theorem 2, which is by contradiction. If the theorem were not true then there would exist
a numberδ such that for everyN there would be a manifold(MN,gN) with 1 ≥ sec(MN) ≥ δ > 0, |Isom(gN)| > N and
χ(MN) > 5. Therefore we have a sequence of manifolds{(Mi ,gi)}. We claim that there existsd,Λ,V such that(Mi ,gi) ∈
C(n,d,Λ,V) for all i. It is clear thatd andΛ can be found because of the curvature bounds. Rather than findV we look for
a lower bound on the injectivity radius. For this we use the theorem, due to Klingenberg, that if the sectional curvature of a
compact orientable even dimensional Riemannian manifoldMn satisfies 1≥K > 0, theni(M)≥ π. Applying this theorem to
the orientable double cover if necessary, we obtain thati(Mi)≥

π
2 under our assumptions. Therefore we may apply theorem

6 to extract a convergent subsequence of{(Mi ,gi)} converging to a manifold(M,g) which isC1,α, has 1≥ sec(g) ≥ δ > 0
and by hypothesisχ(M) > 5. By (ii) of theorem 6 we may assume that we have a single differentiable manifoldM with a
sequence of metrics on it{gi} converging tog. Our plan is as follows: we will show that since the order of the isometry
groups of the{gi} are going to infinity, that the isometry group ofg is actually infinite. This will imply the existence of an
isometricS1-action on(M,g) and we will then use that action to show thatχ(M) ≤ 5, a contradiction. Therefore theN in
the statement of the theorem must exist.
For a Riemannian manifoldN with metrich denote the corresponding distance metric bydh. We put a metric onIsom(h)
by letting

dh
sup( f ,g) = supx∈Xdh( f (x),g(x)).

Supposefi ∈ Isom(gi). As i approaches infinityd fi approaches being an orthogonal map with respect to the metric g.
Thus for anyv and i sufficiently large,|d fi(v)| ∼ |v|. As a consequence|d fi | < L for someL ∼ 1. Next, choose a pathγ
between two points inM, p andq. The the length offi ◦ γ =

R 1
0 ( fi ◦ γ)′ =

R 1
0 |d fi ◦ γ′| ≤ L

R 1
0 |γ′| = L · (length ofγ). Thus

dg( fi(p), fi(q))≤ Ldg(p,q), so thefi are an equicontinous collection. Therefore we may extract aconvergent subsequence.
Denote this subsequence byfi and say that it converges tof . By constructionf preserves distances. It follows that (see [KN]
p. 169) thatf is alsoC1 and preserves the metric. Our next step is to show that there are infinitely many such isometries of
(M,g) and then we may conclude that the isometry group of(M,g) contains a circle.

Lemma 8 For every fi ∈ Isom(gi) there exists n such that dgi
sup( f n

i ,e) ≥ in j(gi)
2 ≥ π

4 .

Proof. There are two cases to be considered : one wherefi has a fixed point and the other where it doesn’t. First consider
the case wherefi doesn’t have a fixed point.
Note that we saw above thatin j(gi) ≥

π
2 . Choosep∈ M such thatdgi (p, fi(p)) is a minimum. Ifdgi (p, fi(p)) ≥ in j(gi)

2 then
we are done. Otherwise choose a geodesic,γ, connectingp to fi(p) and observe that becausedgi (p, fi(p)) is a minimum,
fi(γ) ⊂ γ. Therefore, since the effect offi on γ is translation by a distance equal todgi (p, fi(p)), the distance betweenp
and f n

i (p) will increase withn as long asf n
i (p) lies no further thanp then the injectivity radius. Therefore for somen,

dgi (p, f n
i (p)) ≥ in j(gi)

2 and sodgi
sup( f n

i ,e) ≥ in j(gi)
2 .

If fi does have a fixed point, sayp, considerd fi p. Thend fi p is a rotation ofS3
p(

in j(gi)
2 ) ⊂ TpM and we can choosen so that

d fi p
n moves some pointv of S3

p(
in j(gi)

2 ) into the hemisphere opposite to it. Then the normal ball about p of radius in j(gi)
2 is

convex (see [CE] ) and so we may apply Rauch’s theorem to show that

dgi (expp(v),expp( f n
i (v)) ≥

in j(gi)

2
.

We have a hinge with both sides of lengthin j(gi)
2 ≥ π

4 and an angle≥ π
2 . As a comparison space we use a round sphere of

radius 1. A calculation shows that a hinge on this sphere withangleπ
2 and sides of lengthπ4 has endpoints whose distance

from each other isπ3 (to see this convert the coordinates of the points into rectangular coordinates and calculate their dot

product, which will be1
2). Thereforedgi (expp(v),expp( f n

i (v)) ≥ π
4 and so again we have thatdgi

sup( f n
i ,e) ≥ in j(gi)

2 .

Lemma 9 Isom(g) is infinite.

Proof. Consider the following claim (which is not necessarily true):



Claim 1 For everyε > 0 there exist infinitely many natural numbers such that for each such i there exists an element fi of
Isom(gi), which is different from the identity element e of Isom(gi) and has dgi

sup( fi ,e) < ε.

If this statement were not true then there would exist anε > 0 such that for all but finitely manyi Isom(gi) has the property
thatdgi

sup( f ,h)≥ ε for f 6= h. Then for any positive integern we will constructn sequences{h1
i }, ...,{hn

i } that each converges
to a different element ofIsom(g), showing thatIsom(g) contains at leastn elements . Define the firstn− 1 terms of
the sequences{h1

i }, ...,{hn
i } to be any elements from the groupsIsom(gi). Isom(gi) has at leasti elements (recall that

|Isom(gi)| > i by hypothesis), so fori > n− 1 we leth1
i , ...,h

n
i be anyn distinct elements ofIsom(gi). Then for any two

sequences{hα
i },{hβ

i } with α 6= β we can extract two convergent subsequences which do not converge to the same element of
Isom(g) as follows: first choose a convergent subsequence{hα

ik
} of {hα

i } that converges tof ∈ Isom(g). Then consider the

corresponding subsequence of{hβ
i }, {hβ

in}. This subsequence may not converge but it has a convergent subsequence{hβ
ink
}

(since it is an equicontinous collection) that converges toan isometryg∈ Isom(g). The sequence{hα
ink
} then converges to

f , and f 6= g since for all but finitely manyi we have thatdgi
sup(hα

i ,hβ
i ) ≥ ε. This implies thatIsom(g) must be have at least

n elements and sincen was arbitrary it implies thatIsom(g) is infinite. Therefore assume that the claim is true.
Let n be a positive integer and takeε = 1

4n. We are going to show thatIsom(g) contains at leastn elements. From the above

statement there exists a sequence{ik} with fikεIsom(gik) such thatd
gik
sup( fik ,e) < ε. We then decompose the isometry groups

into annuli: letAik
j = { f ∈ Isom(gik)|( j −1)ε ≤ d

gik
sup( f ,e) ≤ jε}. We know from lemma 8 that for eachfik there exists an

integerr = r(k) such thatd
gik
sup( f r

ik
,e) ≥

in j(gik)

2 ≥ π
4. Therefore for somel with lε ≥ π

4 we have thatAik
l 6= φ. Thusl ≥ nπ, so

in particularl ≥ 2n. This and the fact thatd
gik
sup( f m

ik
, f m+1

ik
) < ε implies thatAik

j 6= φ for j = 1, ...,2n. We then may leth2 j
ik

be

any element ofAik
2 j , so that we haven sequencesh2

ik
, ...,h2n

ik
, all of which are bounded away from each other since any two

have at least one whole annuli between them. Arguing as above, there is a subseqence of{ik} for which the corresponding
n subsequences all converge. Since these subsequences are all bounded away from each other they must converge ton
different elements ofIsom(g). Sincen was arbitrary this shows thatIsom(g) is an infinite group.
It follows from G being infinite thatG must be a Lie group of dimension greater than 0, since the isometry group of a
compact Riemannian manifold is compact. Therefore the limit manifold admits anS1-action. The Euler characteristic ofM
is therefore the Euler characteristic ofF , the fixed point set of the action, since onM −F there is a free action ofZp for
everyp and so everyp divides the Euler characteristic ofM−F. F is a disjoint union of totally geodesic submanifolds and
since each component ofF must have even codimension we conclude thatF is a union of a finite number of isolated points
and surfaces. It follows from [HK] or [GM] that the number of isolated points is at most three. (In [GM] the hypothesis
is that the manifold is smooth but the proof carries over to our case anyway.) Next we claim thatF has at most one 2-
dimensional component. This follows from a generalized version of Frankel’s theorem proved in [P]: ifH andG are two
totally quasigeodesic subsets of an Alexandrov spaceΣ with curvature≥ 1 and dimH + dimG≥ dim Σ, thenH ∩G 6= /0.
ThereforeF can have at most one two-dimensional component. IfF has a two dimensional component it is either anRP2

or S2 since it is positively curved. Therefore the contribution to χ(F) from the 2-dimensional component is at most 2.
Thereforeχ(M) = χ(F) ≤ 5 and a contradiction is achieved.
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