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A Central Limit Theorem on GL,(F))
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ABSTRACT

For T€ GL,(F,)), let 2,(T) be the number of irreducible factors that the characteristic
polynomial of T has. We prove that, for any fixed x, #{T: Q (T)<log n+
x\Vog n} 1#GL(F,)=(1VZm) 5. e ™" as n— 0.
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Many asymptotic (large n) results on §, should have natural analogues on
GL,(F,). This viewpoint was advocated by Stong [12], who used Kung’s vector
space cycle index to prove several such theorems. He and Diaconis proposed a
possible analogue of Goncharov’s well-known theorem on the distribution of the
number of cycles on §,. We shall prove it; the main result in this paper is a central
limit theorem for the number irreducible factors in the characteristic polynomial
of a random T € GL,(F,). Professor Diaconis has remarked that this kind of
result can be used as the basis for tests of random number generators.

For TE€ GL,(F,), let Q,(T) be the number of irreducible factors (with
multiplicity) that the characteristic polynomial of T has. Let ,(T) be the number
of different irreducible factors (without multiplicity). Let u, :=(1/#GL,(F,))
L;0,(T) be the average number of different irreducible factors. Finally, let
o, = (1/#GL,(F,)) L (w,(T) = 1,)" be the variance. Strong proved that p, =
log n+ O,(1) and that o> = log n + O,(1). We prove the corresponding central
limit theorem.
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Theorem. For any fixed x,

, — logn

w 1 * 2
l'mP(—< )=— e
AL Viog n o Vor )= €

Remark. It is slightly more convenient to work with w, than with Q_. Their
difference has bounded mean and variance, so it is clear by a first or second
moment argument that we get the same theorem for (1.

The proof requires Kung's “'vector space cycle index.” To state the result will
require a bit of notation. If p is an irreducible polynomial over the finite field F,,
and if A is an integer partition, define I, ,(T) to be 1if p appears, associated with
the partition A, in the rational canonical form for 7. Define it 10 be 0 otherwise.
(The relevant linear algebra is concisely summarized in both [t0] and [12]). The
vector space cycle index is a polynomial in variables x, , defined by

1 1, (T
Z2(q:8)= = 2 [l
(g: %) #GL(F,) TEGL(F,) pA -

G ():=1+ > Z (g;x)u".
n=1

Finally, it A= {1°,2%, ...} is the partition of j with b parts of size i, then let

dy=b +2b,+ - +(i—1)b,  +ib,+ - +ib .

!

The result we need is

Lemma 1 (Kung/Stong).
= X
G (u)= n [] + E 2 A u;-dcs(p)]
’ LT AT e,
pl2) fx J-LArj “decg p
where p runs over monic irreducible polynomials, deg p is the degree of p, and
bl
e, =TT T1 (g7 = g4
1 =1

To apply this theorem, one specializes; one makes appropriate substitutions for
the variables x, ,. For example, in our case the probability generating function is
obtained by setting x, , :=x for all p and A:

2 P (w, =kt = T (1+ (e, (u) = 1))
n.k ma=]

where e(m) is the number of monic irreducibles of degree m for m>|
(e(1):=g~1), and
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mp - -
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0 =1+ 33 L =10 X

The last equality was proved in [12], together with the following one wiica e
record for future use:

1
¢, (1)

_ (Gl D I
Eu (@ =D(g™™ " =1 (g7 = 1)

» is obtained by substituting ¢’ instead of x:

The “moment generating function
’, then

=%, k'P,(w, = k), and if M ()=Z, (n,,/r')
2 M, = ] (1+ €@, () - D).

m=1

By a classical theorem in probability theory {4]. it suffices to show that. for an\

fixed real number ¢,
l}. N
M(t/o)expl ]-—#e as n—x,
(1=zi1=1 o, (). Note that

Let z,=(c”~1). and let g (t)=11_ .
et @) = 1/(1 = 10) (sct 7 =t in the momem generating function). Hence

O 1= u)™
ulLli=cogre 250 = COEFE,{g"(“"—,'f)I}.
“ LT (1 =)™

For w <! & fo=iogeno—: -S, . «"/m. Although log g,(«) is not
v¢ <9:] <ee that 8,(u) is the restriction of a function A, (), that

snehve at

1y - l i “m
L
) -3, %
n

i-1
. SEIA
S (i = _,[ e(m)lel I 1 d;m(u) mz1

1, we see that this is equal 1o

Bv isolating the terms with [ =

> (e{m)z"(l - ﬁ) -z, ’jn_m) ,”23, e(m) gz 2,(— 1)! ! ( ¢m1(u)>:

mzl

=T, +T,say.
Note first that e(m) = (g™ — 1)/m + (e(m) — (q” -~ 1)/m). Hence

r=u 2 (5 (- 5m) -5
+z, 2 ((e(m) - qmm_l)(l - d,ml(u)))'

m1

It is well known (11} that e(m) = (g™ = 1)/m + O(q™"*). Furthermore
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1w (G D \E,
RN R +2 (g7 -1 (g"-1)

Hence By the Parse

q" =1 (=0~
T, =z
' "»-22:1 m ;‘z”;(q”’—l)-"(q”-l)

m 2 (— l)/-lum} WC have
n :
2"%. Ol )2 (g™ =1)-(qg"-1)" case where
show that [
Now choose p so that 1 < p <v/g. say p:= () +\7G)/2. Since the sums in T, and when ¢ <0.
T, converge for |u|<\v7, it is clear that o,(uy=T,+ 7, can be analytically have

continued to a function A, (x) that in analytic on the closed disc |u| <p. For
future reference, observe that z,—~ 0 as n— x. The A,’s are uniformly bounded
on |u| < p, and for all 1 on this disc we have A (11)— 0 as n— 2,

On approach is motivated, in part, by a paper of Flajolet and Odlyzko [5] (see

also [6] and [7)). Continuing where we left off. we have We shall
w1 — u)s A4n)
M (tlo,) = COEFFV.{&'(X*,F?} = COEFF, ; eﬁ,}
(1= w)y™ =)
A1) 3, (u) KRN
» n — a erve
=COEFF,,..{ e 2+1_}_(e e,-, )} Obs
(1= u)™ (= u)~
=B,+ L, say.
We must show that e™'™"B, + ¢ /1 = ¢ | s eaqy 1o estimate the Hence.
major term:
e—l‘]”/O'IB = e—mn/an+A”(I)COEFF { 1 ]
§ =y )
e-: log n+.~l,,(l)—o|1br(” N )
= () +z - .
(1 An =1 1§ nis
Then Stirling’s formula implies that fuf <t
integr
e_'“"l”"B - e—l\m'f,: logn =3 -y _ 643/2*011)
For the error term. we consider separately the cases t >0 and ¢ <0. First suppose
1>0. To estimate E,, take a circle of radius r,=¢~'"" and apply Cauchy’s
theorem:
o J’ et — e*‘“’) du
E,, = 29t Ju =r, ( 1—u (1 - u)l,,un-l-l . 1“’.6}

Note that (¢™” — ¢*V/(1 - u) is uniformly bounded on the closed disc lu| = 1.
Thus, for some n-independent K >0, we have
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K (7 do K (" I
'E,.IS el 0z,  _a+l [(L=r.e™ ol
rll - ll - rﬂe I rﬁ -

By the Parseval-Bessel equality, this is equal to

2K T(k+2,2) \'_
e E(,(’: T(z,/ 2Tk + 1)) = o).

n

We have shown that, when ¢ >0, we have e “»"*E_ = o(1). Now consider ¢
case where 1 < 0. The estimation is more delicate this time, because now we mus<
show that £ = o(e’V'°®"), not just O(1). One reason that this can be done is tha,
when 1 <1, we have z, <0 (for n sufficiently large). For <0 and 0<r < 1. we

have
1 eAn(") —- eA,.(!) du
En = f ( ) 1, n+l *
2ai Nuj-» 1—u (1 - u) "y

We shali -zcxpress the integrand using Cauchy’s theorem. For |u/=<1 we have

A,(w)
et = 1 f e dw

2mi Jwl=p (W—u) °
Obsen: sm:i ! {tw—u)=1/(w—1)=(u—1}/(w - u)(w - 1). We therefore have
o) 2 J JERTTS
1 —w T 27 wl=p (¢ =) = 1)~
Hence. ;- "< r<1, we have
£ -_Lf (:_lf e dw ) (l-u)du
= 20 Jud=r \ 20 S0 (W = 1w = 1) T
} J pENTI. (-
= ————— dudw . D
Q2m) Jmi=p (w=1) l ceetn — ! uaw (

If : :« 'arge enough so that z, <O, then (1 = u) > = ¢ " "¥'™ i5 analytic for

ju < 7 and continuous for |u| = |. Hence for the inner integral we can expand the
intzgrauon path to a circle of radius 1:

1-u) " 1—u) '
[ sl e,
Vet=r (W — u)u lel=1 (W — 1)u
_ Ajlfr e-mo(l _ eio)—zu d6
0 (w—e®).
Integrating by parts, we get

~iJ>2ﬂ e—niO (i (1_618)—1,,
o —ni \d8 (w—eio)

>c16=1.+12
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4{2" (1-e’)y " o~ 100 4o

o (w-e") '
- L jh (1 —810)_2" e—(n-t),o do

2 n o (w_ere)z *

To estimate these integrals, we need three clementary facts. The first is that
[1—e”]=|2sin 6/2|. The second is that, for 8 €[0, 7/2), sin § =28/x. Finally,
observe that, for [w|=p, we have [w—¢e”|=p — 1. With these facts we can
bound /, and /,:

o] 0 - e”y ! A ]
= = = = ae
|7)= 7 Jo [ = &) do wp=1) Jo 25m2
‘zn|2—2"*| jﬂ/Z e 'ZnI2—2"+| 77/2(26)—2"—] _ (1)
—n—(m , Sn (0)dl95~n(—p_—l)— ] - d6 =0 pyE

(For the last estimate, recall that z, <0.) By similar arguments. I, = O(1/n).
Thus we have bounded the inner integral of Eq. (1):

jlar-, (_(lw;—%)??_"l N 0(};) :

Now let M =sup, max,,-, [¢*"’|. Then M <, and we have

l \eA,,(W)l |j (I _ u)—rn {
E|l= ——f : —————— dul|d
I, 4% Jwl=o |w =1 ul=r (w—=a)"™" u“ o

1 (3)
D — . el
47_‘_2“}_1) M-0 . 2ap

Thus we have |E,|= O(1/n). and consequently e "“~'""E, — 0 as n— . n
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