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We prove a conjecture of Erdds and Turdn concerning the average order of the
clements in the symmetric group S,. Il g, is the expected order of a random

permutation, then log u, = O{,/nflog n). O 1989 Academic Press, lac.

1. INTRODUCTION

For 6€ S, let N(o) be the order of ¢ as a group element. The distribu-
tion of N was studied by Erdos and Turan in a beautiful series of papes on
“statistical group theory.” On corollary to their results is that N(a) < '°€'n
for almost every ¢. On the other hand, there is an old theorem of Landau
asserting that max,, s N(a)=ev"'oe"!+20)_ Noting the large difference
between ev"'8” and '8, Erdds and Turan asked for the average order
(13. Let u, < (1/n) ¥, s, N{(o) be the arithmetic mean or expectation of
N. Apparently Turdn had a proof that logu,= O(./n/logn). Unfor-
tunately, when Turan died the proof died with him. As of 1986, Erdds
could prove that logyu, < c\/;. He felt that this could probably be
tightened enough to prove that log p,‘=0(\/;). In this paper we resurrect
Turan’s theorem; we prove that log z, = O(./n/log n).

For a lower bound, Nicolas observed that u, is greater than the number
of partitions of n into parts that are distinct primes. Thus logp,>
(27:/\/3)‘ /nflog n(1 +o(1)). Perhaps this is sharp. Most of the contribution
to u, comes froro permutations of large order. If ¢ is a permutation of large
order, then the cycle lengths of ¢ add up to » and have a large least
common multiple. This can only happen if the cycle lengths are “close” to
being a large set of distinct primes. This is vague and imprecise, but it may
help to motivate our slow and non-intuitive proof. There is of course a
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Sloan Foundation dissertion fellowship. It forms part of the author's doctoral thesis, written
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ERDOS-TURAN CONJECTURE 261

competing influence. If the order m is too large, then we expect that there
will not be enough permutations of order m. In other words, if m is too
near the maximum order, then m* Prob(N=m) will not contribute
significantly to p,. Improved estimates for g, will probably require a
delicate balancing of these two effects.

2. PRELIMINARIES

We shall use three theorems about partitions in the course of the proof.
The statements of these theorems are given here for the convenience of the
reader. We then describe a method of decomposing partitions that will be
needed in the proof.

Let a, be the number of (unordered) partitions of n whose parts are
“pairwise” relatively prime. In other words, count {2:n=J,+ A, + ---} iff
ged(Ay, 4))=1 for all i # j. The following theorem is proved in [7]:

THEOREM 1. log a,~ (21/./6) \/nflog n.

Next let W, be the set of all partitions of n into parts that are 1I’s or
powers of distinct primes. In the language of generating functioos, # W, is
the coefficient of x” in (1/1~x)1‘1mm,‘,(1+x’+x"2+ ---). Brdés and
Turdn proved the following result in [1]:

THEOREM 2. There is a bijection between W, and the set of all orders of
elements in S,. In other words, # W,=#{m|m= N(a) for some c€S,,}.

Moreover log{# W)~ (21z/\/—6-) Jnflogn.

We shall also need a theorem of Lehmer [4] about reciprocally weighted
partitions. If w,, @,, ... denote the parts of a partition w then we have:

THEOREM 3. Zm_"(l/a)lwzw)...);’o(n).

Think of partitions as multiscts. For example, 2= {36, 12, 9%, 2, 1?} is
the partition of 70 with two parts of size 1, one part of size 2, etc. For each
partition 4, we are going to choose partitions = and o such that l=nu .
In general, this can be done in many ways, but we are going to choose a
particular decomposition that has certain useful properties. Suppose 4 is a
partition. Let m be the least common multiple of the parts of 4, and let
pi'p?--- p* be the prime factorization of m (p,<p, for i< j). Define
n={mn, ns ..} as follows:

Let n, be the smallest part of 2 that is divisible by p{'. Now suppose that
R\, M, .. T, have been chosen, If each p;' divides some n,, then stop.
Otherwise, let k :=min{i | py divides none of n,, 1, .., 7,}, and let =, , | be
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the smallest part of A that is divisible by p§*. This procedure stops for some
1, and we set 7 := {n,, %,, .., #,}. Define a function @ by 8(1)==.

Now, given 4, set =1 —O(i)= A —n. (It is possible that @ will be the
eropty partition.) Then of course /=7 U w = @(2) U n. Our decompositions
have the following two properties:

(1) The least common multiple of the parts of « is equal to the least
common multiple of the parts of i

2) Ifl=ruwand ’=n"uw’ then A=2"if n=n" and o = w'".

One can think of # as a kind of minimal generating set.

ExampLe 1. Let i={36,12,9® 2,19} Then m=236=2%3% and
therefore 7, =12 and n,=9. Hence 8(1)=n= {12,9}.

Exampre 2. Let A'={12,9, 1"} Then &(2)=n"=(12,9}. These
examples illustrate the fact that © is not injective; @(1)=&(1’), even
though 43 A"

There is one subtle point about the generating “sub-partitions” #. It is
pot necessarily true that =, >n,> --- > n,. Nevertheless, there is a canoui-
cal ordering of the parts, namely the order in which they are chosen. It is
perhaps not gven obvious that this order is well defined. More precisely,
suppose that n= {n,,7,,..,1,} =&(1), and suppose that ' = {x},7},...,7;} =
6(1'). We shall prove that = and =’ are equal as multisets (unordered
partitions) if and only if they are equal as sequences (ordered partitions).
Let m= p$' p5--- p¥ be the least common multiple of the parts of = (and
therefore also of 2). If = ==" as multisets, then the least common multiple
of the parts of n’ (and therefore 1’) is also m. We shall prove by induction
on h that n, ==, for all & By definition n, is the smallest part of A that is
divisible by p§'. Since n, e n 4, certainly n, is also the smaliest part of n
that is divisible by p{. By the same argument, =} is the smallest part of =’
that is divisible by p{. Since 7 =n=" as multisets, it follows that =, =n}.
Now suppose that n,=x; for i=1, .., h. We must show that n,, =7}, -
Let k=min{i| p{ divides none of =,, .., n,} =min{i| p7 divides none of
n}, .., T4y }. Then m,, , = the smallest part of A that is divisible by p§* =the
smallest part of n that is divisible by pg = the smallest part of n’ that is
divisible by pi =the smallest part of 1’ that is divisible by pf=7),, ,.

This is a convenient place to define a certain function @, that will play
an important role later. Suppose 7= {n,, 7, ...} is in the image of &, and
suppose m= p§' p--- p& js the least common multiple of the parts of =.
Then define

e, ifi=min{k| p¥ divides 7, }

a(h, y=ali, jym) = {o else.
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For future reference, we make the following simple observation: [or cach j,

Zi a(i> .)) =€,

3. A NeEw UpPEr Bounp

With these results in hand, we can prove our main result.

THeOREM 4. log pu, = O(/n/log n).

Proof. Clearly the average order pu, satisfies

H,=Y, m=Prob(N =m)

”

< # {m}m=N(c) for some g} - max(m » Prob(N =)

= # W, -max(m » Prob(N =m)).

By Theorem 2, # W, is small enough. We shall therefore seek a uniform
upper bound for m x Prob(N=m). If 6€ S, has order m. then the cycle
fengths of ¢ form a partition of » with the following property: the least
common multiple of the parts is m. It is a well-known fact that if . — » has
¢, parts of size i ({=1---n), then the number of permutations giving rise
to A in this way is

n!
e teylaaie 112y

Let 4, := {1+ n| the least common multiple of the parts of / is m . Then

1 n!
mxProb(N=m)=m.-— 3
Ll e, 20
m m
=2 B RECITCE ) PRI
1ean €17 Can J€dm

Next observe that 2939-..n%"=4i,1,4;---. (Recall that c¢,=c¢,(2)=the
number of parts of size i in 1.) We therefore have

n m
Z 2&30...,,&"“2%)",12,13...'

Aedn
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f2=rn0w=0()vuw, then (mfi,2,---)=(m/a,n, - 0w, --). (Define
Il @, to be Uif @ is empty). We therefore have

m

2 ea A Ay
n

16 8(dml (BHRLOYEdn& O(ruw)mnr) By TT2 D3y -

m 1

2e0(dm) 12" (of(ruw)edn & Blrvo)=x) P1P2° "

{For the next step, note that if x U w is a partition of », then w is a parti-
tion of (n—3, #,). Thus the inner sum above is a sum over partitions w of
{n—3 m,) that satisly certain conditions. The inequality below is obtained
by removing all conditions on the partitions w)

m {

< —_—
70l TIT2 """ Gim (e @1 W2 "

The inner sum is clearly O(n), by Theorem 3. Since a factor of »n is
pegligible, we need only estimate

m

reB(dm) T1T2 """

There is obviously a lot of cancellation between the numerator and
denominator in each term of this sum. To exploit this fact fully, we must
factor the z)’s. For i=1, .., ¢, let

¥
= (4
d;— H p; ").
j=1

(We defined af(i, j) above.) The ds have deliberately been chosen in
such a way that their product is m; and so that d, divides =, for each i
(We shall discuss this further later.) For i=1, .., 1, let d;=mn,/d,. Then
m,=d, d{, ny=d,dy, .., n,=d"d,.

ExampLE. In Examples | and 2, we had n= {12, 9}. We therefore get
dy=4, dj=3
dy=9, dj=1
d,d,=36=1Jcm(12, 9)=1em(36, 12,9, 2, 1).
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We now make several simple but important observations:

Observation (1). []i_d,=m.

Recall that, for each j, 3 «(i, j)=e; Hence [1,d,=T1,T1, p;*"=
LI Py =11, p7=m.

Oservation (2). t<s.

Clear from the definitions of 7 and s.

Observation (3). ged(d,, d))=1 for i+ ).

Each prime power py divides exactly one of the d;'s, and the d;’s have no
other divisors outside the set { p$, p2, ..., p5'}.

Observation (8). Let k(i):=min{h| p divides d,}. Then for i<},
k() < k(J).

Assume i< j. Let k :=min{h | for /< i, p? does not divide x,}. By defini-
tion, 7, is the smallest part of 4 that js divisible by p%, and therefore p§

divides d,. Hence k(i)<k. On the other hand, piy’| divides d;. Therefore

(by the definition of ), for /< j, pi () does not divide 4,. Since i < j, this
certainly implies that, for /<i, py() does ot divide 2,. Thus k <k(j)=

k(i)<k(j). By Observation3, k(i)#k(j), which in turn implies that
k() < k().

Observation (5). d,>gq, (g,=ith prime, ie., q,=2, g,=3, etc.).

Certainly d,2> pi). On the other hand, k(i)>i (by Observation 4), and
consequently piii} > pf > p, > q,.

Observation (6). 3., did/<n. ¥ ,dd/=%, n,<¥,A=n

Now for ne &(4,,), define ¥(n) to be the sequence (d,>i_,. (We shall
also use the notation d; i.e, ¥(n)=d={d,>). Then, returning to the proof,
we have

m

neiam) T2

m

J6 POl ({3 Wild dnidy s .y =7y ([dy di)dydy) -

(recall tbat 4,d;=n,; the double summation is obtained by grouping
together terms that correspond to the same d)

= 3 )y : (1)

Je POdm)) (<31 Pt A (=) A1 A3
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(Here we have used Observation | to cancel the m with the d's.) Now by
Observations 5 and 6, we have
n2 Yy d df
iI=1
1

>3 q.d.

F=}
Thus the inner sum of the right side of Eq. 1 is an sum over certain sequen-
ces d;) for which 24| + 3d; + 5d; + --- + q,d, <n. Tt is therefore less than
the quantity obtained by summing over a// sequences < j,>i_, of ! positive
integers for which 27, + 3/, + 5/3+ -+ +¢,j,<n In other words, the right
side of Eq. (1) is less than or equal to

1
)3

de PBWRY (<UD N2i+3p+5n+ v queny 1]z

The inner sum depends on d in the following way: 1 is the length or number
of terms in the sequence d={d,>'_,. In general, ¥Y(8(4,,)) contains
sequences of many different lengths. But by Observation 2, none of them
have length greater than s. Hence, the last expression s less than or equal
to

1
max — .
Ze #(Bm)) "5 \N(UD L N U+304+ S50 +qeipeny J1S2 7

This in turn is equal to

L.

1
max —
RSN LD M+ 3 Syt apin<ny 8277 ) de #(OLRY)

By Observation 3, each d is an ordered partition of some n’<n into
parts that are pairwise relatively prime. The order is uniquely determined
(Observation 4), which implies that

n

i< Z a.
de P(O(dn)) k=1

(Recall g, is the pumber of partitions of n into parts that are pairwise
relatively prime.) It is easy to see that (a,) is increasing (again by padding

with opes). We therefore have 3% _, a, <na,. Now, by Theorem 1, na,=
eP/noe ™ Al that remains j8 (0 estimate

1
max . .
TS5 \(UDI 2+ 3+ S+ - queeny 12

Instead of quoting a theorem, we prefer to give a novel proof.
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First we shall bound s. The following lemma is implicit in Landau {3]:

LemMa 1 (Landau). s<c¢ . /nflogn.

Proof. If m=p{ p?--- p5 is the order of o€ S,, then each p¢ divides
some cycle length of ¢. Since a-b>a+ b for a, 5> 2, it follows that

3
nzy pi.
(=]

But
Yz y b
(=1 i=)
2y g >cstlogs
i=1
n
=5<¢ / .
logn
Now define

L= -
(D2 3+ Shy+ o +qgeny Jt)2 s

We must that X, = eV yniformly for 1< ¢ \/nflog n.

Let 1g, n be the k-times iterated logarithm, i.e., lg, n :=log,(lg, -, n). Let
w(n) :=max{k|lg, n>2}. We are going to partition the integers from 1 to
n into w(n)+1 blocks. Let B,:=n, and for k=1, .., w(n), let B,(n):=
[g.(n)T. Then for k=1, .., w(n), let block k be the interval (8, Br_,]-
Finally, let block (w(n) + 1) be the remaining interval, namely
[1, (108 o(my(1) T*]. Schematically

k) 3
1,2, 0, [108pm ) oo mer e [lognl’ .,n—1,n.
block (w(n) + 1) block w(n) block 2 block 1

Let F, be the set of all functions g from [] to [w(n)+ 1]. Then
L

(<D a2 +3a+5p+ --v+q,j.<u)flj2"'J:
1

g€ (K[ Vjieblock g\ & 21 +3/2+5/y - + g )< n} N jl N
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To estimate these sums, we shall need the following lemma:

LeMMma 2. If 3j,+3j,4+5/3+ -~ +q,j,<n, then for k=1,2, .., w(n),
we have # {i|j,> B} <c\/nflog nf,.

Proof. Suppose that j,>j,2--->j,>0,. We must show that
r<c./nflog nf,. By assumption n> 3 ‘., ¢, j;- But

!

qijiB Z qilju
1 =1

Fom

>B. Y 4,2 B Z 4
=) {=)

2 - n
> fertlogr=r<c zlognﬁk'

COROLLARY 1. If2j +3j,+5j,+ -~ +4,J.<n, then # {i| j;eblock k} <
¢ /nflog nf.

Proof. Recall block k js the intesval (B, B, _ , J. Hence # {i]j, € blockk} <
#{i1j> Be}-

CoroLLARY 2. Let  g:{t)->([w(n)+1], and suppose  that
2+ 3+ Sjs+ - +q,j,<n If jeblock g(i), Vi, then #g " ([k])<

c Jnflog nf,.

Proof. # g~ '([k])= (the number of indices i for which (j, € block / for
some /< k)) = (the number of indices i for which j;> 8;) < ¢ /nflog nf,.

Let

F,:= {g: (11> [wn)+1]1for k=1, .., o), #g~ ' ([(k]D <c ‘/]ognnﬁk}.

Now consider again the double summation that we are trying to
estimate:

{

gEF {f1jicblock gV &2y +3j2+5jy+ v--+a,/,-sn).]| Jl"’f:

By Corollary 2, the inner summation is empty unless g F,. Hence this
expression is equal to

)3

g€ Fs (Njieblock g() &2 +3p+Sh+ - +qisay J1J2 S

1
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Roughly speaking, Corollary 1 tells us that the contribution to this expses-
sion from j's in block k is bounded above by (X,cpiexs !/ j)c\/n-/los-nﬁt_
Hence

1

2€F {jlheblock 2(1) & 2j1 + 3+ Sjy-- wqueny N J2 " S0

<3

geF k=1

@(n) h—ll r\/;m ﬁ«.(.ll !
(s (E9)

]=Bﬁj

l,..lh k=1 \j=pJ g2€eh
i e NP
factor 1 mector 2 {uctor 3

(ﬂ,(ﬂ, l)u m(n)(ﬁg-; 1) Jnfiog nbx

We shall estimate each of these three factors seprately.

(1) For the first factor, note that B, = gu(7) 1 <e*7?, and there-

fore (8¢ 1/h) is certainly bounded. Since 1 < c /n/log n, it follows that
(factor 1) = ¢P(/nlog ),

(2)
w@(n) ﬁt-ll ¢ Jnhog nfy
(factor 2) = [] ( ) -_)
k=t \y=p J
wn)
< T (log By )= Vo8
k=1

o(n) n
=ex ¢ log lo _
p[gl /lognﬁk g log B, .]

n <& loglog B, _ 1]

_—_exp[c ogn 2, \/ﬂ_/,
B n (loglogn <% loglog(lg,_(n)T)
e [c Viegn (rlog At LT Togn) 1 )] @)

Now choose ¢’> 0 so that log log([x1°)/[log x 1 < ¢'/log x for all x>2.
By taking x =1g,_ ,(n), we see that the quantity in Eq. (2) is less than

,,\/_"_'”‘"’ !
o Vg 2.

Claim. T, (1/lgy(n)) < L.
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To verify the claim, let r :=1g,,,(#). Then (in reverse order)

e IO 1

==t =t b
S gy e e log n
{ 1
<5+ 2+‘e'?+
<l+1+l+]+ =1

2 4 8 16

This verifies the claim, and theseby proves that (factor 2) = e%(/"1°8n),

(3) To simplify notation, let T :=c /nflog n where ¢ is large enough so
that no oe S, has more thas T distinct primes dividing its order (see
Lemma 1). Then

(factor 3)

= # {g: [1]- [wn)+1]):for k=1, .., w(n), #g"([k])<-£\/%:}

< # {g: [T)> [wm)+1]):fork=1, .., w(n), #g"([k])<\;;z}.

To further simplify notation, let M, := cT/\/ﬂ—,,. A function g from [7] to
[w(n)+ 1] can be specified in the following way: First choose
g '([w(n)]). Then, from among the elements of g~'(fw(n)]), choose
g '({w(n)—1]). Then, from among the elements of g~ '([{w(n)—13),
choose g~ '([w(n)—27), etc. Obviously 27 is an upper bound for the
number of ways that g '([w(n)]) can be chosen. Since
#g '([w(n)]) < M4, the number of ways to choose g~ '({w(n)—11)
from among the elements of g~ '([@(n)]) is bounded above by 2.
Similarly, the number of ways that g™'([w(n)—2]) can be chosen from
among the elements of g~ '([w(n)— 1]) is bounded above by 2%« -, and
so on. Combining these bounds, we get

#{g: [T1-[wh)+1] i fork=1, ., o), #g~([k]) < M}

< 2T . gMatm Y Momi-1 Y Matmy-2
a{n)

=exp [log2<7’+ )y Mk>]
k=1

~oo[o ([ )]

= 80(‘ /nflog n)'
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It is now established that ¢, \/n/flogn<log u, <e,/nflogn for n suf-

ficiently large. (In the interest of better communication, we remark that

log u, = ©(/nflog n) is the computer scientists’ standard notation for this.)
For the upper bound, one can take ¢,=7.7. The constant 7.7 can be
improved slightly, but our methods alone do not seem strong enough to
yield ap asymptotic formula. We therefore close with the following
problem:

PROBLEM.  Prove or disprove that log y,, ~ (211/\/3) v nflog n.
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