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ABSTRACT

Pick two trees from among all ‘‘bipartite trees’ with a fixed (n.n) two-coloring. We
estimale the probability that the superposition of these two trees contains a perfect
matching. As n— o, this probability approaches 1. © 1994 John Wiley & Sons, Inc.

1. INTRODlXCTION

Partition [2n] into two sets of equal cardinality, say L, ={/,,/,,...,/,} and
D,={d, d,,...,d,). Of the (2n)*"* labelled trees on [2n], exactly n*"* have
the property that each edge joins a vertex in L, to a vertex in D,. (For a proof,
see [6] and (4], or use Lemma 2 below). Independently choose r trees from among
these n’" "% “‘bipartite trees.” Let G = G(T,, Ty, ..., T,) be the graph on [2n]
that is obtained by taking the union of the edges of the r trees. We are interested
in P (n): = the probability that G contains a perfect matching. From the results
in Walkup [8] and Palmer [5], one might expect that P,(n)— 1 as n— . The
main result in this paper is:

Theorem 1. 1-— P,(n)= O(log n/n).

If K is a graph and S is a set of vertices in K, define N(S) to be the set of
vertices in K that are adjacent to one or more of the vertices in S. Define (S, S')
to be a bad (k,k—1) pair if SCL,, N;(S)CS’, |S|=k, and |§'|=k~-1.
Similarly (S, S’) is a bad (k—1, k) pair if S'C D,, No(S')C S, |S’| = k, and
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|S] =k~ 1. We say that (S, S’) is a bad k pair if it is a bad (k, kK — 1) pair or a bad
(k — 1, k) pair, and we say that (§, §') is a bad pair if it is a bad k pair for some k.

Hall’s theorem (3] asserts that G contains a perfect matching if and only if it
contains no bad pair. Observe that ($, §’) is a bad (&, k — 1) pair if and only if
(L,—S,D,—S")isabad (n- k, n =k + 1) pair. Hence we need only check for
bad k pairs with k<n/2. Let B,(G) be the number of bad k-pairs, and let
B(G)=x!"'B,(G). Then we have

Observation 1. G has a perfect maiching if and only if B(G) = 0.

Palmer (5] proved that, for r = 3, the average value of B approaches 0 as n— . It
follows immediately that, for » =3, P,(n)— 1. This first moment argument breaks
down for r =2; when r =2, E(B) is bounded away from zero.

Define (S, §’) 10 be a minimal bad (k, k — 1) pair if

(1) (§,8') is a bad (k, k = 1) pair,
(2) there is no pair (4, A’) such that AC S, A'C S’, |A|<|S], and (A, A") is
a bad ([A[, |A] - 1) pair.

Minimal bad (k — 1. &) pairs and minimal bad k pairs are defined in a similar way.
Let M, (G) be the number of minimal bad k pairs, and let M(G) = £/}’ M, (G).
The following is an immediate corollary to observation 1:

Observation 2. G has a perfect marching if and only if M(G) =0.

If we can prove that E(M)= O(log n/n) as n—w, then Theorem | will be
proved. Observe that

E(M)= > Prob(($.S’) is a minimal bad k pair for some k < [n/2])

s¢L, 8¢,

=2 D, Prob((S, S’) is a minimal bad (]S’) - 1,|$’|) pair)
gL, .8¢D,
187 |s[#/2]
[nl2]
=2 Y Prob((S, ') is a minimal bad (k - 1, k) pair) .
k=2 SCL,.IS|=k—1
S DSk

Note that the (,Z,)(%) terms of the inner sum are all equal. Let L, =
{,..., .}, let D,=(d,,...,d,}. and let Q, :=Prob((L,_,, D,) is a mini-
mal bad (k — 1, k) pair). Then we have

ew-2 2 (")) e ®

We need to estimate Q,.

If H is a subgraph of a graph K. and if v is a vertex of H, let p,(v) be the
degree of v in H. In particular, let H, be the subgraph of G that is induced by
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-. - D.. Then for v € L,_,, py (v} is the number of vertices in D, that are
az z22nr 1o v. Note that py (v) may be strictly less than the degree of v in G. We

N~ ~—-

Lemma 1. If (L,_,,D,) is a minimal bad pair, and if k=3, then for all
¢S Ly (. we have p, (v) = 2.

Proof. By contradiction. Suppose v € L,_, and p,, (v) <2. If p, (v) =1, then
let w be the neighbor of v that is in D,.. Otherwise, let w be an arbitrary vertex in
D,. In either case, (L,., —{v}, D, —{w}) is a bad (k—2, k—1) pair, con-
tradicting the minimality of (L, _,, D,) - .

Now let §,(G):= Zf;,' I,(G), where [(G) is 1 if pu(!,) =0, and zero other-

wise. In other words, S,(G) is the number of vertices in L,_, that bave no
neighbors in D,. From Lemma 1 we obtain the following key observation:

Observation 3. If (L,_,, D,) is a minimal bad pair, then §,(G)=0.
Now let &, be the event that (L,_,, D,) is a bad (k — 1, k) pair. Then
Q,=Pr(d,) -Pr((L,_,, D,) is minimal bad| ).
Observation 3 implies that
O, = Pr(s4,) Pr(S,(G)=0)| &) . 2)

In the next sectionr, we estimate the right side of (2). Afterwards, these estimates
will be put back into (1) to prove that E(M) = O(log n/n).

2. APPLICATION OF KNUTH’S THEOREM

To estimate the right side of (2), we need Knuth’s generalization of Priifer codes.
Some notation is required to state the result. Suppose C;, C,, . . ., C, are disjoint,
nonempty sets whose union is [2#], and suppose J is a tree whose r vertices are
C,, Cy, ..., C,. Given this “color constraint tree” 7, we define another graph %
as follows. The vertex set of % is {2r]. Suppose that v € C, and w € C,. Then v
and w are adjacent in 3, if and only if C; and C, are adjacent in 7. The following
is a special case of a general theorem of Knuth.

Lemmoa 2. (Knwh [2,4]). The number of spanning trees in Xy is
IT Nn|fe-r. [C,[rrCo-
i=1

where N;i= U C, and p4(C,) is the degree of vertex C,in 7.

CENL(C)
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Lemma 2 is used several times in this paper. First we use it to give an easy
proof of

Lemma 3. (Palmer). Pr(sf,)=(n""(n = k)" """ (k = 1)"/n*" )%
Proof. LetC,=L,_,,letC,=L, - L,_,={l,.Lio\,-...1)},let C,=D,, and

let C,= D, — D,. Shown in Figure 1 below is a tree § whose four verntices are
labeled C,, C,, C;, and C,. Observe that

Pr(s/,) = Pr(T, and T, are spanning trees of ¥, ).

By Lemma 2, the number of spanaing trees in 3, is n” (n — k)" *"'(k — 1)~
Since the total number of bipartite trees with bipartition (L,, D,) is n”" "%, we

have
Pr(7, and T, are spanning trees of %,)=(n"">(n = k)" ™" '(k - 1)/ )’ u

Corollacy. There is an n-independent constant ¢ such that, for all k€ (2,

fn/21],
(Z)(k . 1 ) P’(d‘f)<% :

The second factor in (2) is Pr(S, =0{ «,). To estimate it, we use a second
moment argument. Observe that

k=1

E(S, | ,)= E Pr(p,, (1) =0 ) = (k=) Pr(p, (I, -} =01 ). (3)

c, C
2

Q Q

O O

C3 Caq

Fig. 1. The color constraint tree.

iR

o
t
£



240 SCHMUTZ

Putting Lemma 5 and the corollary to Lemma 4 into (6). we get Pr
(S, =0|s,) = O(1/k). More precisely. there is an n-independent constant ¢ such
that, for all £ €2, [n/2]].

Pr(S, =0| s} < clk . )

Putting (7) and the corollary to Lemma 3 back into (6), we get

[n/2]

EM)< >, i:o('"ﬂ) .

k=2 nk n

Lower Bound. An casy lower bound is presented here for purposes of com-
parison. Let Y(G) be the number of bad (1, 2) pairs. Then 1 — P,(n) = Pr(Y #0).
Using arguments similar to those in Section 2, one can verify that

=[1+0(7)]
2¢'n 1+O(n ’

E(Y) =

and that

ECY(Y - 1))

()3 oo (T
(5 e

Combining these estimates with the well-known [1] inequality

Pr(Y=0)<1- E(Y)+ E(Y(Y—-1)),
we get Pr(Y #£0) > c/n. This proves the following:
Proposition. There is a constant ¢ >0 such that, for all sufficienth icrz0 =

1-P,(n)>cin.
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