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ABSTRACT
If A is an invertible » X n matrix with entries in the finite field Fg, let
Tn{A) be its minimum period or exponent, i.e. its order as an element
of the general linear group GL(n,g¢). The main result is, roughly, that
Tn(A) = q"'('°5"‘)2+°(” for almost every A.

1. Introduction

Let G be the group of invertible n x n matrices with entries in the finite field F,.
For A € Gn, let T,(A) be the order or minimum period of A, i.e., the smallest
m > 0 such that A™ is the identity matrix. Recently Stong (23] estimated the
expected order:
1 E q"
Y T =
Fo(1
191 (. niteh

Although the average order is g s nyt ety

, most of the contribution to this
average is from a small set of matrices with exceptionally large orders. It is
therefore reasonable to ask how large the order is for a typical matrix. A rough
statement of the main result in this paper (Theorem 13 and its corollary) is that
almost every element of G,, has order gn—(log ™) ),

Theorem 13 will be reduced to a seemingly different question about random

polvnomials. Let U, be the set of monic degree n polynomiais in Fy(A], and let

* Supported by N.S.F. (D.M.S. 8101753).
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P, be the sec'of polynomials in L4, that have non-zero constant terms. Suppos -8B -~ =% -
e peadued
f=XN—aa 2" t—a, A" ?— .- g\ —qp is in P,. Let C; be the companicy =<3~ == Treeu
raatrix of f, i.e. s mespeive degrees

\oec 237 any roof of,
ot 0 0 -- 0 i

qamyoenisric, ler p =1

(e}
o
C
o
o

0 vo.= 2 >p. Then
Cf = .

O 0 o0 - . 0 1

ay ay a2 - vt Gn-2 Qn-1

Theorem 2 provides
Then Cy is an element of G,. Abusing notation slightly, we call T,,(Cy) the order zandle. Lemma 3 p%‘O\“
of f and write T,.(f). If f € Uy, then there is a unique v > 0 and g € Pp_, suck =¢ need some notation.
that f = A¥g. We extend T, to U, by defining T, (f) = Ta-u(g). Theorem 1 of irreducible factors ¢
states, roughly, that for almast every f € Ua, Tn(f) = g"~0o8 )™ The to0 wa(f) = max(0, '1.+
that enables us to efficiently reduce Theorem 13 to Theorem 1 is an approximation (As before, © is the i
theorem of Jennie Hansen and mine. A rough and informal statement of this let By = Balq) demote
theorem is that, except for its small factors, the characteristic polynomial of a  the notation of Theor

typical matrix in G, resembles a typical monic degree n polynomial. LEMMA 3: For all fe

2. Preliminaries .,-1 .1-1‘,-.20;?;1-‘_, <L
Let Q%) be the uniform probability measure on U. Let Q%) be the probability d
measure on U, that is induced by the nniform measure on G,, namely Proof: The upper >

1 fact that 7; divides ¢
QX)) = mI{A € Ga: f is the characteristic polynomial of A}|.

(2) LCM(¢" -1
Let ¢, := mb?g_n' Our first goal is to prove
THEOREM 1: Let B, = {f: gn=losn)™ " < T (f) < gnUegm) T } There is 2

For the lower boun
constant Ny such that, for alln > N,

positive integers & <
B(e,) == the large

-6 <QM(Ba) S 1. (8,3 += the larg:

= maX
(The corresponding result for Q¢ is Theorer 13.) The proof of Theorem 1 will B(6): Jii((
not be completed until the end of Section 6. In the remainder of this section, [(¢) = mex
some basic number theoretic facts are collected for future reference. The first of Then

these basic facts is “well known”(21):
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Suppose THEOREM 2: Let f € U, factor as f = Ap['pg?---pl~, where the p;’s are
‘mpanioun distinct, monic, irreducible polynomials in F, ()} that are all different from ) and

order
v Such
rem 1
e tool
ation
{ this

of a

lity

have respective degrees dy < d2 < --- < d,. Let 7; be the order of p; (i.e. the
order that any root of p; has in the splitting field of p;). Finally, let p be the
characteristic, let p := max{r,,...,7.}, and let ¢ be the least postive integer for
which p* > p. Then

Ta(f) = p' -LCM(11, T2, ..., 7).

Theorem 2 provides an expression for T,(f) that is exact but difficult to
handle. Lemma 3 provides bounds for T, (f) that are more convenient. But first
we need some notation. Let Q4(f) denote the number (counted with multiplicity)
of irreducible factors of f whose degree is divisible by d. Ford > 1, let wy =
wy(f) := max(0, =1 + Qa(f)). For d = 1, let w1(f) = max(0, =1 + O (f) - v).
(As before, v is the integer for which A® divides f, but A**! does not.) Finally
let &4 = $4(q) denote the d’th cyclotomic polynomial evaluated at g. Then, in
the notation of Theorem 2, we have

LEMMA 3: For all f € U,

T T (@ —1)- (¢ = 1)---(¢% ~1)
WSLCM(TI)T2I"'!TU)S Hfb:“ .
d d
Proof: The upper bound was observed by Stong (23]. 1t is a consequence of the
fact that 7; divides g% — 1, and the identity

_ (gt -(e* -1 (g™ 1)

[Te5*
d

(2)  LCM(g% —1,¢% —1,...,¢™ - 1)

For the lower bound, we need some definitions. For all primes ¢, and for all
positive integers ¢ < w define:
B(2,7) := the largest k for which £* divides 7,
y(£,1) := the largest k for which £* divides ¢* — 1,
B(f) := max{B(¢,1),B(£,2),...,8({,w)}, and
[(¢) = max{v(£,1),7(4,2),...,v(¢,w)}.
Then

\Ta: Ty = H @5(!.1)+ﬂ(£.2)+...+ﬂ(£,u),

primes ¢



352 E. SCHMUTZ fsr. J. Math. vzl 917

and zena
= B(¢) _ T2 Ty
@) LCM(rm.om) = T 20 = ) GO e B
Primes ¢ primesé
we get
From (2) we have
4 P = £TOFHED+9(22) 4 () ]
( ) ldT ‘ pri]r;!ts [ Slﬂceq

) o . . Fina
Comparing (3) and (4), we see that it is sufficient to verify that, for all primes ¢, degree
13:43

“TO+y(&1)+v(6,2)+ -+ 4(6,w) > ~B(O)+ 84, 1)+ (6, 2)+ - - + B(e,w). that f

and ¢
Because 7; divides ¢%* -1 (i = 1,...,w), we must have Y€, 5) = B(¢,5) for all Obvio
J S w. If we choose j¢ so that (¢, j,) = I'(¢), then we have Q‘-.N({
jJ;.;l Let ~
> S Bt g) = -3 >~ 3 n+y divide
= e . | - (= ) > - 1 .
> gﬁ( 2J) (L e Zl 2 =-8( )+Zl3([-)) ] Other
J#5e B - Theot
It is clear from Lemma 3 that we shall need estimates for the cyclotomic Bartx
polynomials evaluated at ¢. The following crude =stimates suffice. Odlys
LEMMA 4: For all prime powers g and ali posi-ive integers d, THEC
Lo(d) e i
qz <P, < . vy
Proof: The lower bound is proved in Kis¢ and Phong (19]. The upper bound is D- =
undoubtedly known, but I do not kncw i reference. An easy proof can be baged 32,
on the identity
@d = H (q _ ezﬂia/q)‘
GOD a.d)=1 as n
We have &>

|®a(9)] = ¢ ¢ fI (- §°’"‘°/")|-

aml
GCD(a,d)=1
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n o= .-

bt s 1.2)+.A.+ﬂ(l.u)'

2222 o1 all primes e,
E3L D - 1l w).

Me: > 545) for all
L 3

DD N

s for the cyclotomic
maffice.

[ X

The upper bound ig
proof can be based
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Tten. using the fact that

(1= 2l < (1),

oo 301+ 1))

Since g(1 + %) < g2, we have &, < 2D, |

e get

Finally, we remark that the probability of a polynomial depends only on the
Jegrees of its irreducible factors and their multiplicities. More precisely, suppose
that f = X [T, pi* and ¢ = AY][,_,q;* are the canonical factorizations of f
and ¢ respectively, and suppose that degree(p,)=degree(gq;) for i = 1,2,...,w.
Obviously Qs.l)({f}) = &”({g}). It is less obvious, but no less true, that
QI = Qg)({g}). (See, for example, Gerstenhaber (13].)

3. Small divisors

Let wq(f) denote the number of different irreducible monic polynomials that
divide f and whose degree is divisible by d. For example, if f € P, then w; = w.
Otherwise w; = w + 1, the number of distinct irreducible factors that f has.
Theorem 5 tells us how large the wy’s typically are. For related results, see
Barbour, Arratia and Tavaré [1], Car (4], Gao and Richmond (12], Flajolet and
Odlyzko (9], Flajolet and Soria {10-11], Hansen (16}, Stong [24).

THEOREM 5: Let

2= pu(d,n):= %log (3),

and let 0 = o(d,n) := \/h. Let D, be a sequence of positive real numbers with

Dy, = o(logn). If d = d(n) £ Dy, then for any fixed real number t. and fori = 1
or?,

QO (“7t <) < 1) / g,

as n — oo. Furthermore, there is an absolute constant N\ such that. for any
> 0. and for all n > Ny, we have

Q,@Owd - ul > 6;1) < Qe 8w/
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(The constant Ng can be chosen uniformly for all d < D,,.)

Proof: Define I;(p) := 1 if the degree of p (denoted [{p}|) is divisible by d, and
I4(p) := 0 otherwise. Let

Fz,y):=[[(1 +y® > (g)mupu)‘

P ms1

where the product is over all monic irreducible polynomials. Note that Qfll)(w,, =
k) is the coefficient of z"y* in F(z,y). Let Mn(t) = [z"}F(z,e) = E{ (etv)
be the “moment generating function” for wy. (Here [z"} means “the coefficient
7)) It is well known (5) that the first part of Theorem 5 (for i = 1)
will fo)low il one can prove that, for any fixed real number ¢,

(5)

of " in..

eTHY Mo (/o) = e 73(1 + o(1))

as n — oo. In fact, a little bit more than this is true. Given fo > 0, we find
that (5) holds uniforraly for all ¢ in the ioterval —tg < t < ¢g. The proof will be
similar to that of the main theorem in [14]. Some parts of the proof are omitted
to avoid repetition. Let e(d) be the number of monic polynomials in F, ()] that
are irreducible over F; and have degree d. For future reference, we record the
well known fact that
d
(6) La-a= M <ed s

Then we have

Mu)=[z") J] (142 (E)mk)euc)

k=0(d) m>1

a N

m2>1

I\ mky e(k)
RINCONCI N
If we let

Up(z)=1+ Z (g)mk)

m>1

then it is known (4] (and perhaps obvious [25]) that
Me® ==
. 1-z

We also have

Ma(t) = {II"H

)
I (e (g™

Ciorl. 1995

aeset 2= z(n,d) =

- M, (tfo

Until pow, all generatit
r in the open unit disc

ba(z) =

L4

where log denotes the

-

ment that z = O(to -

Thus

As in [14], we can 2l
To be definite, let i |
the extension of *. T
on D, and for alt = £

M.

where

and

It is relatively w58

gt =
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Iplf) is divisible by d, and
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er ¢,
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Zweset z=z(n,d) = e/ — 1, then

= I (- g))™

A=0(d) k

o) M. (t/o) = "]

Untit now, all generating functions have been treated as formal power series. For
r in the open unit disc, define

Z e(k))og(1+z(l—q’ik))—z %\

k=0(d) k=0(d)

Bu(z) :

where log denotes the principal branch of the logarithm. This requires the com-
ment that z = O(fp/o) = o(1), and also that

1_L=( 2k

g)k +O(%) =0(1).

e = (1 - x4)/4 H (1 + :(1 - WL))E(H.

k=0(d) k

Thus

As in [14], we can avalytically continue &, to a disc with any radius less than Va.
To be definite, let D be the closed disc of radius (1 - \/5)/2. and let A,, denote
the extension of 4, to D. The extended functions A\, {7} are uniformly bounded
on D, and for all x € D, A,(z) — 0 as n — 2. Returning to /7). we have

M Y eln(x) B _ g
n(t/") = 'II ]](] _ I)(l _ .Td)‘/d = -
where Al
(") . [0 e
B =[x B(l—m)(l—z_")‘/“’
and

eBn(2) _ phn(l)
1—x)(1 = gd)e/¢”

() . fom
R = It

It is relatively easy to estimate B(™):

n Ln/d)
B(M = g2=(1) Z[x"ﬂ(l — x4) 734 = A () Z [u™}(1 = u)=3/9 .
k=0 m=0

_am(l3lt+5 = A1) 2/d
e ( 2] ) (n/d])*7°(1 + o(1)).
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Recall that
Ally=o(l) ang ,.t, 2 +0(i3)
o g2 o3/
Hence
eTHBM _ ety o(1)).

Using arguments similar to thege in [14],
This completes the Proof of the fiygt part of the lemma for i=1.

The tomputations are analagous for ; 2, but are g
In place of the generating functiop (2, 9), one has

I 4 felm)
(s

% Pl G-1) )15

= @I iy — 1) (gl = 1))'

because the argument is almosgy j
f Theorem 3, begin with the observation that

QL (‘-‘-‘d ~u> 5!'-) S e n/a

However, by {5) (and it

2) we have

)

I

Aalog Ly,

i w, It
8,(’ ,((-_\-“( ¢ F” v/,- i ,r(l)_

Similar arguments yield

Q,(:) (wd —-u< h,rf) (Vi o(l))e“;z“/".

fwelet D, .= [(logn)l‘""“j, then we have

COROLLARY: Let A4, pe 1p0
satisfied (d = 1,2,...,D,,).

event that the inequalitios [w,

Then, for j — Torg,

QL A4,) = 1 + ofe,).

Isr. ). M

OD€ can prove that pin) _

ghtly more complicated

dentical to thay in {14)

AT H

i:‘,‘{”(nxp (%{)) - ehide I;'ﬁ"(wxp (w
7
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Wl Uy, s

ouds Observe that, for all o,

lwd - jll < lqu - jtl + |W,f ot -

that
It Tollows directly from Theorem 5

‘ 1 edSDﬂ :O(fn)'
O(Bw‘ QSJUW -l > i for som )

t
It therefore suffices to prove tha

1 = ]. + 0(511)-
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ylori=g
n
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Cﬂ;:{f:ak(f)sﬁfmaukan “

) €Cn
$NCa) = 1+ ofen). But for f
- that Qn*(C.)
. 6}, 1t is proved
I Seetion 5 (Lemma !
we e 1/ 1
= <

1
Iwa —wdl € 3 5 < g
i=1

7 +. Upper bound for T, are relatively easy; we are alread
dS or 1,
‘ 13. the upper boun
1n T'lworems 1 and

3w
em 2 and Lemma 3,
ition to prove them. If f € If,, then by Theor

o posity

liwve

{g™ —l,q"’-lu-'-’qd’"l).

i a5
d=1

) Ta(f) <2

l N ha
e ( )
1 estimate ',]Ie numerator Of 8 note t t

(g — 1) < gh+dsttde < g
o -

(" ~1)- (g™ -1

Pt < gp < gqn = ¢PUoE"),

Also
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Finally, since ®4(g) > 1 for all d, we get can get a bound for the denominato
(8) by restricting the product to d's less than D, = = (logn)!i—</2}:

0 fas

H U > H e,
d=1 de=1

N

Putting these three estimates into (8) we get, for all f in U,

qn-i-O(lug n)

fl e

d<Da

(9) Ta(f) <

Lemma. 4 and the corollary to Theorem 5 together imply that, with probabilit]
1+ olea),

{10) H q(v(d)lﬂgn)/‘*dg H q,:'d < H q'iv{d)los("/ﬂ'}_

d<D. d< D, d< P,

It is well known {18, chapter 4] that, as y — o0,

~p(d) _ 6
g T = ;r—z-'y(l + 0(1)).

Putting this into {10) (with ¥ = £), we conclude that, with probability 1 + ofe, ),

(1 < H q,:'« <q(!ogn)q'
d< D,

log r)d=3en /4
q( g n)

Putting the first inequality of (1) bark into (9}, we get the upper bounds in

Theorem 1 and Theorem 14 forr 1 or 2,

QUNT, < ¢ M Ty a(e,).

5. Technical lemmas

In this section we prove a series of techpicnd Ienuns. These lenas will cnable
us to disregard various exceptioual xets whose contribution s negligible, For any
polynomial f, let |{fi] denote ity degree. ln this section, ¢ < § does net imply
that {{p:ll < llp;1l; it s inconvenient notationally to continue with the convention
of Theorem 2.

First we show that only small irreducibles appear with multiplicity kiwrger than
one. This will be used in the proof of the lower bound in §6. Let ay(f) be the
number of monic irreducible factors of degree d, counted with multiplicity, that

) A B Wwith Qh-
el > LR
qonfr Let Ralf) b
aculuct divides
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{- 1 or 2) one haﬁ both Od < 1 I
1 = R 10

a1, 1995

probability 1 ¥ ofea)
2 foralidzl _
n s of moBiC irreduct
ee larget

ble poh,nomjals whose

< 1/¢
and 0g &
(ban 1/¢;. In otber

e the number
4 which hav

of pail‘
ea cominon deglt
f,an

divides £31-

1)
to prove that Qw' (B 2
j=m}to be the set

orels, pall = o2l > 1/ and pip2

() = o7

part of the lemme:

., urove the first .
‘ p.r:v(e y. To this end, define S

for 1= 1, it Sufﬁces

: = \|pal
= {(th)- \\Pl\\
jals of degree 17 Then

1 m
”‘: . of monic irreducible polyno
' p'd\
(H(Rm')
MR, > 0) < Ex )
Qn (B nf? Qq(nl)({f: p1P2 divides f})
- m.-:l‘l}'c?‘j&-l (p;,pz)esm
—~2m
S {m L I
2 S

m——'U/“-il“-l

Ly (6) this 18 Eli O(_;_‘_z,) = 0(&):

m=llf(‘il+1

1 y { & T (3 et = \"fk Tllcn
> 2, 1et ﬁ -
B led 1)?\- L 0{ t-h 19“:1
Hrlll.l‘.'d-rl {OT h.e g i ¢
- - - E : ) (13 )
144 f Qme d > 2‘) < E( 1]
Q(ﬂ (. it >z ﬂ OF S d
d = l.,

.. 0(6"). For
thy (6), thIS 1S B _ o
g

“yarge degrees”

1/é8).
<1foraud21{ei)=1+0( J€4)

(%) = O(fn}-

W, > M S

‘17]:

. the
ke care of

o -9 wecant?

For t = 2

Qi (ae
[0 verify that

2
2 jor all d S 1/€n)

n

| that remains 13

2
Yhe ab 1+ O(l/én)‘

O (o S V¢

f has. Then we have
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Y = 3 4cp@a then it suffices to prove that Q,(,;Z)(Y > 1/e) = ofey). Us

Kung and Stong’s vector space cycle index {24}, one can verify that
E(Y?) = O(tog(1/e2)) = o(1/e¢).
{The details are omitted. See [24] for very similar computations.} But then

QENY > 1/2) < E(Y?)e2 =ofe). 1

In the remainder of this section, the only probability measure considered i
Ql.‘). In particular, Qf.” is the irplicit probability measure in the phrase “with

probability 14 o(en) ..
the product [}, o7
to estimate each term in the product.
(logn)!~* < d < (logn)'*/3, we need

LeEMMA 7: With probability 1 + ole.,), one has

{log u)H' :f

1

d=f{logn)t—<n

q):'a < q(los n)2¥2en/s .

Proof: Let
(lugn)”""“

2

d=(log n)l —¢n

Yo(f) = P(d)Wa.

By Loenuna 4, it soffices to prove that

(12) QW (Ya > 5(logn)***+/%) = ofe).
For any v > 0, ES.”(Y.,) >y QS,U(Y,1 > y). In partichlar, taking
Llogn)2*2- /3 we get

ENY.)
242e, /3 T
Q(l)(Y > (logn) +2ea/ ) < o)1/

(13)

. It is clear from Lemma 3 that we will need to estimate
For small d's, we can use the corollary to Theorem 35
To deal with d’s in the narrow range

_1=i=
= (n(“,d) z Q(l)(ﬂd b=

bl

Al y ah nave i
‘ h}“ u h l!rll‘ )l\hl\“. 1 ﬂ( ) ¥
\'Illp s t w 4+ (4 wo

 We therefore B¢ t

ot B

. {lnp.ﬂ)
!,'!I”(Y") QU) ((I P div'\des f})
e ey % '
Pt v m=0{d) {monic. irred. Pt \[pH=m}
d={logn¥ "
(o n)\“"“ (m)?_'i
T e 2
mn
d=(log rY 7" rlns‘z‘ﬂ‘.d)
24¢a 3y,
(lngﬂll'ﬂni (d)o (l g7 = O{(logn} ‘ )
A ~(\og")l_!"
12 b
anparing this Wit (13) we get (12} yrrenl?, we need
{anngn

« < (logn
diae range (108 en) e 3 < ¢ < (10§

fon vhe intermd
pility (1 + olen)h @

A 8 With proba

ne has

(A

13
")'ZI- 1 -)2-}' n
oes ous < g"F"
de=flugm)
tnf2
\ ﬂ)’1+ n
trroofl Let fles W(d)wd
W, = "
dz(\og“)l+ -

L
it sutiices 10 prove that,

) ad, !
Apain by Lerax 2"""]2) = olen)-
G Wa > (logn)
EV(Wa)
al?) < —'-’“'"T..Tf
QW > ctogr)™*) < Togn)™
" )'2+cnl' y. For d>1

Jlecause

(w,) = oleallo”
$ - Q=0

= aivides £}) +oll)

}:
it suffices 10 prove that

W{{f:prp2--Pr
(E(T-’l}—'(nz "]Q (

r22 s \[——D(d‘!
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cria k. With probability (1+0(e,)), one has wy = 0 for all d > (logn)?+* /3,

m:
2] QM ({s:
(o -pgpz,._, ., teedd Lt
fitziy Pr divides 1})
< 5 o= Y [{erpe) b= 0(d) and pips divides £}].

f"‘}.mz : 5(”21)5(7}‘;2) . _E(an)(q"—mr "'ﬂz—‘..—m,. 4> og et

T Z0(d) and v T —
and mgn " ) adhiees to show that Q,(-L”(B” > 0) = of¢,,). A similar averaging argument

b

By (6), we h
ave e(m, ) < g™ /. Hence the last
Sum js

>

(“"l-"lz.....

M =0(d) a.na

(o ) log?n

1 @B >0 < BB < 5 o) <ele) @
0 d>(logn)iten

2 ) <o ey

CemtorLAaRY: With probability 1+ ole,, ),

[ ey=1

d3 log n Y2+ /2

But then

{log n)i+en sz

E'EJ)(W“) - Z

@=(log n)i+eq g

(p(d)z (_7'_-;1_)0 (( {(Bj "J-') Faally, i proving the lower bound, we shall need information about the

22 7! ; dranbation of orders for irreducible polynomials of a giveu degree. For this

Wi u-quire

& ¥ (logn)r fogny7iensa

r>2 (r - 1! I

re—]

F.rana 10: Define E(d, n) to be the number of monic irreducible polynomnials
that have degree d and order less than g% /nt, where £ = £(n) = |{logn)*/?.
{ hen Lhere is a constant ¢ such that, for all sufiiciently large n. and for alld < n,

4=(log njiten sz d

The contriby¢;
ributiog Lo this sy from th
£

r=2 I
term is SMall ey, i
(‘ogn)l’-}rq/? b
qd—cE

E(d,n} < T

(Iog n) 2

1
S =0 )2
g=(logn)i+., 3 d ((1037;) JOgIOg?l) = ool {log ) s
5 1 Y
).

Pioof: The order of any irreducible polynomial of degree o divides ¢ ~ 1.
Furthermore, for each e dividing g% — 1, the number of monic irreducible poly-
munials that have of order m and degree d is at most ¢(m)/d [15, page 83].
Finally, w{m} < m for all m. Combining all these facts. we get

Z (Jog n) (log nj?+eu sz

SV D D

r23 T
o ) A=(logn)t+.., sy dr-1 E(d,n) < Z fg;_nl < é Z m.
= (ﬂ)_o( 1 it -1 igd =1
>3 r- 1)' (‘]\ m<{gd/nd) m<{gdfnt)

ogn)<r-2}(1+cn/3)) = O(Cn(logn)z*'t-./'z)
) Itk = g% — 1 and m < g¥/nf, then k > n¥(1 — 1/¢%) > in¢. Thus we have

1 -1 ¢ 1
E(d.n) < 5 > < 3 e

klgd—1 kjgd =1
k>gnl k2 gnt

Finally, fo, large o' we Deed
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bviously g%~ 1 has O

crude estimage o(d) = O(n) prime factors i8]

- We tire
1 1
i p Y (;TS )
. e
Erdss (8] proved thiw
! o
o = Ollog log
Hafep T g d)
Thus o

Z::u(l"i"l@
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To deal wisp, 3,

. we first (g
<z havmg Prime f,

fine Y
Lu) o be e
actors th “

ave all Joss gy, or eq

Zz( Z _{

9%k Lo
p+(’¢)5n4

ual to ¥ Thﬂll

s X

1
| w
K am>a2 ne k( () — e - lrn")) < ¥ Yk, nt)
k:k:_»%n{ m

) To estimate »
i

number of Positjve

illtegers

we furg
factor of . Factoring
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e s
U as followgsll 1, well known (15) that there are constants co, ¢; such that, for all z > y > 2,
logx
Yz, y) <z exp(—-co—i—).
logy

v particular, with y = n? and = = k, we get
W(k,n‘) —cf
< X mD <O
kik> né

a omne constant e. [ ]

i Lower bound

¢owhining (11) with Lemma 7, Lemma 8, and the corollary to Lemma 9, we
«oncnde that, with probability 1 + ofe,),

(==
24+Ten
o1y H(I):d <q(logn) nse
d=1
Hirefore, by Lemma 3, we have
Ty -T2 Ty

115) Q,(,.‘l)(Tn > W) =1+ O(En).

In order to use (15), we need to determine how large the 7's are.
Lemma 11 Let Fr = {f: > Q;I—;r— foralii < w}. Then, for k = 1 or 2,
OV =1+ ofe, ).

Perrk: Intuitively, we cxpeet the 73's to be conditionally hnlependent, given
e Jegree sequence. When coupled with Leramna 10, this should tell us how large
the 73's are. This hewristic is not misleading, but it is not strictly true either. In
ovder to provide a rigorons proof, it is necessary to identify various exceptional
sets whose contribution is uegligible. I have not been able to simplify the proof.

Iroof: Let us revert, 1o our notational conventions from Theorem 2: irreducible
lactors of a polynomial f will he labelled in an order that refines the ordering
by degrees. In other words, if [ = A¥pU'pg®---plv, and d; = |ip.{}, then it is
understood that dy < dy € - <€ d,. With this notational convention, we can
detine L= |e---logn], and let

116) Y(f) == min{i: lipl| > L}.
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{For those exceptional polynomials whose irreducible factors’ degrees are all @ ||\

than L, define v(f) = w(f), say. These form a small set whose probabi
is negligible [22], [17].) Lemma 6 implies that, with probability 1 + o(e.),
have d;r; < L for all { < +. Hence, with Q&k)-probability 1+ ofeq), we

g®i/m¢ < 1 for all { < . Since the 7’s are all positive integers, it foll

immediately that, with Q"-probability 1 + o(ex ), we have wog Ak

qd.'r.'

(17) (Vi<y) n2z ot

\ '| 11
It is therefore sufficient to prove that, with probability 1 + ofc,), one has «; '

g™ /nt for all ¢ in the interval ¥(f) < i < w(f). Let i

Fi={fr2 ¢ /n* foralliin the interval v < i < w}.

aned

By (17), it suffices to prove that Qg‘)(}‘l) =1+ o¢n).
To this end, define

")

For={firy=1fory<i<w},

and
A

fﬂ;:{f:{i,-fr[j fOI"TSi<J-§““'}'

Aldso, bt £y consist ol those polynomials i 84, for which theve are a6 most 2 log (1
distinet ivredneible fetors of depree Toeger than Lo Fioally, ke
) ) . v 1
Ju A FonFy.

3y Lemma 6 and Theorews 5. we have (Jf,""(‘f},) 1 ofe,). This we have

(18) Q,(.LU(J) I tole,) k=12 (where £ = | !
o' fad, and consequently 4

This will enable us to restrict our attention to J—'Bd-e:rfl N F5. Notice that

QXN (F) = QM (Fo) + QN F n FE).

Certainly the setond term is negligible by {18): b

ull\ll

QRNFL 0 ) < QU(FE) = olen)-

Jore st

Jio.

! MLFy
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i=a

1 /logloglogn)

< 2%

t this In

. s )
Q72 %\Af) > (- E&@

From (6},
. Thus

to (21) and then

a,a+1,--"
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s end, define
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€ for v < i S w47

the degrees 8r€

< wlAs) = ﬁQSf) (vz %\Af)‘

o
T forvy<e

wo have E(d) Z

SR =1 olen)-

chosen
<) can be

(20), we get:
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Q’(’k)(fﬁ) = Z 0 130 conbll prove Theorem 13 directly, without using Theorem 12, if one instead
TeBlosn fegias) A1+ o(en)) s+l koo, uul Stong's vector space cycle index identity [24]. The ideas would be
= Q’(uk)(fs)(l +ofen) = 1y snlar Lo those in the proof of Theorem 1, but the computations would be
=l vole,). g i ey, s complicated. Although our proof of Theorem 13 is not completely

el b s signifigantly shorter than a direct proof.

With Lem
ma 1 a¢ i
our dlsposal, W can now pro h
Ve the lower }
ound

Theorem 1 Defi
' ne Fg = {f’ w <

L) f = ’ - 2]0 n

Fe) =1+ o(c,). Buy for ALL z }-} N 7. By Theorem, 5 and Lemma
8,

I'hie upper bound for T, was already proved in section 4. To prove the
T..). Define

loan]

woer bonnd, observe that for all f € U, Tn(f) = LCM(7y, Ty 1,
1,081t be the number of irreducible factors of f whose degree is (a) divisible
o o il (b) larger than L. Let wi,(f) = max(0, -1 + Q,(f)). Then, as in

ﬁlr + ...
nwé = e 2 g7
n - n2f|Ogn'
st 4,
Ty Tl " T
T+l w
1Tw) 2

Recall the definiy;
efinit C U g
note that for 4y oo ?f " A divides f by AV g
) Y POstive integer 4 o P & 1ot To dea] g
> 0) =g g g, S Gn 2 w) = /gm 4 “
9= {fv < Uog!ogn)z} and loy j~‘ 0 note th
’ Y = RN

LOM(7y, Tog1s. - > ;
e;
d

If we can prove both of the inequalities D,

Por L) = ToTygr - T >
and [J&7" < qUesny /"t hen we certainly also have T.(f}) >
a

YRS 2 DL

n—{log | 2 .
>4 osn) g nyrren By Theorem 12, we have
ety QP (T o 2 g™ ") = QU (TT @k 2 g0 ™) 4 ofen).
d d

(22) .
Ty,

172 Tw - 37 > af—(lo, 24,

n<logng =g g n) ]

This compi
ete:
Pletes the proof of the lower boyng in Th
eorem |
: [ ]
11 Lhe other hand, using (14) and the fact that w; < wy, we get

e ha d i ¥ Y ~N @
C’-E’l’nl”ll'(r "f ' " )
'l'b ve 1 (”(“I Ur.’l f pica.l pol “”]llj;”. ()IH‘ MR (l) | ) ”}?’H‘ | (l ) |
.‘.'J-II| IS for 0] t;ern’ljn ( = ) : ( > ) ( )'
d

the order of .
& Uypical mnteie o
problem using ar appre “_' '“-\.. Fhe sienng problem wily 4. |,
denotes the num, ATTITRYNTIN thearen, that is star, 0 reduced the firs
e Frae . ) S ee] fye
let A,(,” - (o T of jrr cieeifaly fLorg of degre ’ o Reeal) Lhat ai(f) 1 therefore suffices to <how that
TN, Gy g, ) T AR ¥ THY Fhas, ¢y
[RLFTE N 10U wWe v CATven f s én - t
e , QIND,, > g8y 1 4 o(e,).
@ 2logn) = ofen). This plus Lemma 11 nuply that, with

By Theorem 5, (.. {w

(J‘(..“-probability I+ ofe,), wie have
o e fdr,
f’ r 1
D" - ni foog wo

({ * -f 4 OSIt‘e
)'
1 HE()REJ\{ 12 1;’ ]bEJ(' N au ”i‘r‘”h”f COlNS 1§71 Cﬂ SUCI} -h
¢ at, }Uf IJ.I'
2 £

£ ge —
h atl, y L7 l”j.’ < S f, Al T A
mie, TS an n ’ ] N
g d ¢ atsasf r' Idfo f B( ) 3n l

> qn—(logn

/QQJ A
~ A B) - s ¢ B)} <o
7
it is not quite true that the order of a matrix is the order of its characteristic
podynomial. However, they differ by no more than a factor of ng. Hence we can

THEOREM 13
! There is g ¢
nstant N, s
9 Such that, for a1
g n> N
2N,
b prove the following

I~ g Q¥(B,) <1.
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Perhege the neain results in this paper could be strengthened using mor
soplisticated weehnigues from probability theory.
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