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Let a, be the number of (unordered) partitions of » into parts that are “pairwise” relatively
prime. In other words, count A= {4,, 4,, ...} if and only if ged(4;, A;)) =1 for all i#j. We
n

loo(n)’
log(n)}

2n
show that loga,, N\TE y

The following problem arose in connection with our research in statistical
group theory: estimate a,:=the number of partitions of n into parts that are
pairwise relatively prime. This differs from most problems in the theory of
partitions because of the complicated relationship between the part sizes. We
obtain an asymptotic formula for loga,, but leave open the challenging task of
obtaining an asymptotic formula for a, itself.

Let W, be the set of all partitions of n into parts that are 1’s and powers of
distict primes. In the language of generating functions, #W, is the coefficient of

n

x" in

1

[T Q+x2+x"+xP+--).
1 xpnmesp

Erdos and Turéan [2] showed that

#W, = exp[% “ (1 0(1))] .

Obviously a, = #W,, and therefore

log(a,) = \/— Tog g L+ o)
It is surprising but true that this inequality is sharp, i.e. we have:

Theorem. loga, ~ \/— 10’; "
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Proof. It will be convenient to think of partitions as multisets. For example,
{12,2®,1@} is the partition of 20 with one part of size 12, three parts of size 2,
and 2 parts of size 1. Let A, be the set of all partitions of n whose parts are

" J, and for Ae A,

pairwise relatively prime, and let a,, = #A,,. Now set v:= ll >
og'n

define the following four multisets:
S.(A):= {parts of size 1 in A}
S,(1):={parts of A that are divisible by one or more of the first v primes

(2,3,...,q.)}
S5(A):= {parts of A that are powers of primes greater than g, }

S4(A):= {remaining parts of A} = {parts of 4 that are products of powers of two
or more primes >¢q,,}
As a specific example, consider the following partition:

A= {7429, 841, 175, 143, 62, 37, 27, 119}
={(17-19-23),(29-29), (5-5-7), (11 - 13), (2- 31), 37, (3 - 3 - 3), 1919},
Then n = 100,000, v =2, and g, = 3. We therefore have
Sik) = (19129
S(A)={62,27} ={(2-31),(3-3-3)}
Sy(A) = {841, 37} = {(29 - 29), 37}
Si(A) = {7429, 175, 143} = {(17 - 19-23), (5-5-7), (11 - 13)}.

In general, Ae A, is the (multiset) union of the disjoint multisets S;(A),

i=1,...,4. If we specify §;() fori=1,...,4, then A is uniquely determined.
Fori=1,...,4, let N:=#{S(1)|AeA,} =“the number of ways of choosing
S;(A)”. Then clearly a, <]I¢{, N. We shall estimate each of these four factors
separately.

(1) Clearly N, =n.

(2) Consider the following sequence of v questions: “Which, if any, part of 4 is
divisible by the ith prime ¢;?”, i=1,...,v. In the preceding example, the
answers would have been “62” and “27” respectively. There are 1+ |[n/g;]
possible ways to answer the ith question (the 1 corresponds to the answer
“none”’). Hence

stilljl<1+[%J)sn":exp[o(\/@)].

(3) There is an obvious injective map from {S)(A)|AeA,} to W,: adjoin
(n — X pesyn) @) parts of size 1. Thus

2n [ n
N3S#Wn=exp[% @(1*‘0(1))]‘

(4) First we show that if A € A, (for n sufficiently large), and w € S,(A), then w
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is a product of two distinct primes. Clearly @ has at least two prime divisors by
the definition of S,(1). On the other hand, anv prime divisor of w is greater than
q,. Since q, ~ \/—/2 logn, we have g, >n3, and therefore @ has at most two
prime divisors.
Let w,> w,> - - - > w, be the elements of S;(4) for an arbitrary A. Then, by
the preceding argument, there is a sequence {p;)7%, of distinct primes, such that
w; = Py_1P2- If we adopt the convention that p,,_;<py, then the map

@:{w;)i—y— {p;)E, is injective. Hence, for each s we have;
#{S,(A) | A€ A, and S,(A) has s parts}
< #{(p;}=, | the p;’s are distinct primes <n}.
There are ("{"’) ways to choose 2s primes that are less then or equal to n, and
(2s)! ways to order them. Note that
(”g’:) )(2s)! < nZ(25)%.

We therefore have

N, < n max (n*(2s)*).

If we can show that s = O(n3), then N, = exp[0<\ / lon )] To bound s, note that
gn
n= 2 w; = 2 P2i—1P2i
i=1 i=1

/quzs i =cs’log’ s

>s=0(n).

Combining these bounds, we have

a, <] N.=exp 2”\/ (1 0(1)) O
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