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I. INTRODUCTION.

The question considered is roughly this: what happens to the asymptotic distribution mod
1 (defined below) of a sequence when one applies high iterates of a transformation T'7

Let {zi} denote the fractional part of the real number zi, i.e. {zx} := zrmod 1 We say
that g is an a.d.f. (asymptotic distribution function mod 1) for the sequece of real numbers
(zx) iff

. 1
g(z) = 1\,11_1r‘n°0 ﬁ#{k <N :{zp} e [O,a:)}
for each z € [0,1]. Now, given a sequence (z)%>, and a map T : [0,1] — [0,1], define
(:rgc"))?;l recursively by
NOB
k

= {.’Ek} = :ckmod 1

xgc") = T(z%"—l))
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Finally g,, will denote an a.d.f. for (xi"))?zl. We shall always assume that gq exis:s = {®, = suffices to sh

and that g, is bounded away from zero.

II. TENT FUNCTIONS

We consider first the case where T is one of the family of “tent functions” T defined “vmymm.
Define h by

| 2z, 0<z<1/2
h(z) "{2-2:, 1/2<z<1

Our main result is:
Theorem 1 Let k € C%([0,1]) with k(0) = 0,k(1) = 1, and k'(z) > & > 0 ¥z Lem |
T=k"tohok. Then g,(z) = k(z) + O(e‘)‘\/ﬁ) ‘ Corollary

Remark: Both A and the constant implicit in the big-Oh notaion depend on k and = %

usual, we assume that go is C?, and that yé)(:c) 1s bounded away from zero.

The proof contains many technical details, so we begin with a brief outline. Rezs=s |
familiar with Khintchine(1974) will recognize the influence of Kuzmin. We shall fin: sz | One can

increasing sequence (A,}, and a decreasing sequence (B, ), such that

() Ak (2) < ga(2) < Bk ()
and With these t
1—c1e7™" < A, < B, <14 c¢1e™ %" . vields:

(for all r, where ¢; and ¢y are constants depending only on go and k.) This implies tha: Lemma 3
gna(2) = K (2)| = O(e™"")

The theorem then follows, by an easy argument, from the lemma 2:

where the st
Lemma 2 If o and B are constants,and

ak'(z) < g,(z) < B (z) Yz s We sha
tedious and

' ’ f 4
ak (z) < g01(x) < Bk (x) Ve Lemma
be the rang

The proofs of (+) and lemma 2 depend heavily on the fact that du := k'(z)dz is invariar:
under T'. We therefore begin by verifying this fact. Let L and R denote restrictions of T 1<
[0,k~1(1/2)] and [k~1(1/2), 1] respectively. Then

Lemma 1 dyu :=k'(z)dz is T—invariant.

Pf. Let Pr be the Frobenius-Perron operator: Observat:

d
Prf(e) = / f(s)ds
T-1([0,2])

Now
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haz g exists, js (¢ | & s-Tices to show that Prk = k'. But

L™(x) 1
PTk’(z):%( / K (s)ds + / k’(s)ds)

0 R=1(z)
lroL"(:t:)
d d
= E / dt + 1z / dt
k(0) koR~1(z)
=5 5 )=k (=
Zorollary

e KT | E (R E)
k(r)= L'(L1(2))] t |R'(R-1(x))]

One can verify that g, satisfies an identity similar to that in the preceeding corollary:

_ 9nL7@) | gm(R7N ()

60 O = ) T RG]

With these two identities. it is easy to prove lemma 2. Repeated application of (x*) also
vlelds:

Lemma 3

/ : : d
(@)=Y g S e fi oo | (S e S o o £
{19

where the sum is over all 2" sequences (fi)]=, with f; = L or R.

We shall need a few more 1echnical lemmas. Their proofs are omitted because they are
tedious and straight forward.

Lemma 4 Let II := {fl_lc_":_: o...0of Hz) : fi=Lor R}. For f e 11, let Iy = f([0,1])
be the range of f. Then

(a) Each f €Il is monc:cnic on [0,1]
(b) U Iy =1[0,1]
fell

c) For f , Iy 1. = =mpty or a single point.
g, Lplhid; p

Observation: The I;’s form a partition of the unit interval into 2" subintervals.

Now for any g, let Miz .= max (g(z)), and let m(g) := min (g(z)). Then we have
-€fo,1] z€[0,1]
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Lemma 5 If f = fiofy'o...f7! €1, then 4 re lemma |

() 2o < |f(2)] < Llkdo-n

M)

® @) <2—»(44 L M )>

.I-.“z) > /
m(k") m3(k")

(¢) Let |Iy| = |f(1) — f(0)| be the length of the subinterval correspc:=:img

Then

[ e =t ¢ &
M kl k, 3
;] < 2-"(—m((k,))) ; | 2 = Aot C

Finally we have:

Lemma 6 In the se

0l (2)] < 2-n M@ M (k) M(k") Mz('c')M(k"))

mZ() +M(”°)(m(k'> M3(E)

w==re C

:- < BO: :
Now at last we can carry out the proof of theorem 1. Choose constants Ag anz Fy.

that ! ?,Jgr)- I(‘I’c
Aokl(:c) < go(z) < Bok' (z) Vaz ' - Now b

Let ®,(x) := g;(:c) — Aok’(z). As in lemma 3, we have ", Thus we b
, ' 22k (2) <
Pu(x) = Z ®o(f(2))|f (=)] ’ Jere by 1=

fen
“ontinuin
It follows from lemma 5 that

Bu(z) > M}’;)) S e

On the other hand, the mean value theorem 1mp11es that

1 and
/ Bo(€)de = 3 Bo(enI; |
. 1

where
where ¢y € Iy.  Thus

1
m2(k' 21’ e
3(2) > 323 [ SO+ Fra Y (@o(s(e) - aoter)il Furth
0

consta

Since |®o(f(z)) — ®olcy)| < (M(g;’ )+ AoM(k"))|Iz), it follows that

2 " i
n(z) > Aok'(2) + Mz((k)) (€1 - o (w(a5) + AuM o ) S
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| Bac - lemma 5, |[;] < %(%%2‘", so we have

_.,‘:>>Aok(x>+M2((’,“c)) Ba(€)d - 27" T (M065) + AM (") T 11
s

AN M—ag-k-,lf%(f)dg, let b= grabers (M(g0) + AcM(E")), and set

= 4p + ¢ —62"", then we have already proved that
9a(2) > Ask'(2)
:= the same way, one can define ¥,,(z) = Bok () — g, (z). One then finds that

9. (z) < (By — ¢ +b627")k' () := Byk'(x)

= Ma(k f\llo(t)dt Furthermore, for n sufficiently large, we have Ay < A, <
& < By, and By — A; = By — Ag — (c’ +¢)+ 262", where (¢ + c’) =
!
T o(t) + To(t))dt = 22ED By — Ay).

M3(k")

Now begin again with (zi")) as the initial sequence, and repeat all the same arguments.
Tms we begin with g, instead of g, and by similar reasoning arrive at the inequality
#re 2) < g2n(z‘) < sz (#) where A; < A2 < By < By and By— Ay < §(B;—Ay)+2b,27".
Fpera b= m,,_l-i-_A_’xﬂk_) and § :=1-—- —L,l is a fixed constant in (0, 1).

M(E) M3

T zunuing in the same way, we obtain recursively

Ak (z) < g2,(2) < Bk ()

Ar_1 <A, < B.< B,

Br - Ar S 6(Br—l - Ar—l) + 2br—12_n

M(g, 1))+ Ar 1 M(K)

Mk
Fiaermore, lemma 6 implies that b. is bounded above by a fixed (independent of r)
massant T. Then

by 1=

Bp— An < (B— A" +2T27 (8" 146"+ ...641)

0< Bp — Ap € e=>"




624 Goh and Schmutz

where A is a constant depending only on go and k.
The limit lim A, = lim B, = L exists. We claim that L = 1:

r—00 r—+00

1 1
L=1L [ K(z)= [ gna(z)dz + O(e™*")
[ro=]

=1+40(e™")
Thus
lon — K (2)] < eV

as N = n% — oco0. The theorem then follows, by an easy argument, from lemma 1.8

IiIf. OTHER TRANSFORMATIONS

One important feature of theorem 1 is that the limit distribution g is essentially inde-
pendent of the initial distribution gp. This is not a special property of tent functions; 1t
seems to be true for many different choices of 7. To emphasize this point, we consider twc
more examples. The first is the map T : z — {-{ﬁ}-} Assume that z, ¢ Z and that go is C*
It is well known (see Kuipers and Niederreiter(1974)) that

[e2]

0 =3 (s0(p) - a5

k=1

I i ¥ 1 1
91(z) = ;go(m)mz—)g

Furthermore g; is C?, so we can repeat. In this way one obtains the identity

1
9n+1(x) Zg" k+z)(k+:c)2

This functional equation was considered by Kuzmin in his treatment of Gauss’ problem
in the metric theory of continued fractions (see Khintchine(1974)). His results imply the
following

Theorem 2 gn(z) = )Ok,;;z +0(e=*V™)

uniformly for ¢ € [0,1] (here ¢ is an absolute constant)

Finally we consider the classical Bernoulli shift = — {2z}. We show that g,(x) =
z + O(27"). More precisely, we prove

Theorem 2 Let M := |g; |oo Then for all n and

M
'gn(z) -z{< 5{

Univers

2:o0f: We

This ident:

the argum

*(1) * .
Next

have

Differentia

Using, this

On the ot

where £z

have
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t P27 We begin by establishing the identity

9n41(8) = 90(3) + 9n(am) = galy)  *(1)s

n(o) = Jim L#{n<N:hepa)

= im %(#{nsNilge[ng)}+#{n<N 20 e[; “2'1)})

N—=oo

:c+1

—-go( )—90(0)'*'90( ) - go(%)

>—go(§)

T=is identity, and the fact that gq is C?, together imply that ¢; is C2. Hence we can repeat

= 90(%) +g0(:c

B essemadn --> argument for n = 1, and recursively for n > 1. In this way one obtains the identity

[ ter: “ty—emmm ESER
L :

i Next let A, {z) := go(z) — z. We shall prove that A, is small. By equation *(1)* we
anz it ow

Bps(®) = An(2) + An(EED) - An(3)

Differentiating yields
z+1
A=) = 3 (8n(3) + an(EE)

Using this identity and mathematical induction, one obtains (for n > 1):

) 1 (4620462 +.. . +e,12" 0
A (x) = Z FA0< 0 1 1 )

ntity €;=0 or 1 2z
On the other hand, by the mean value theorem, one has
‘ 1
of Gauss™ ;romesw | /A‘O(t)dt = Z .QI—"A:‘ (&)
4 ¢

s Tesults iz e

where £z is some point in the interval of length 27" whose left endpoint is sz,;z- Thus we

have

1
|AL(2) — /A;(t)dt| =

how that ¢, = =

46204628+ e, 27
i ) ~
Z
1 vz 42+ 62V ...+ ep 2nE ,
I L B a— R ()

4
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Hence we have

1
; ‘ M
@) - [ a0 < g7
0

1
where M = |gy |00 Observe that [ Ay(t)dt = A(1) — A(0) = 0. Thus
0

‘ M

and consequently

g M
gn(z) — 2| = |An(2)|< TR

CONCLUSION

For several choices of T, we proved that g, — ¢ uniformly, and that ¢ is uz~
the sense that it is essentially independent of the initial distribution gy. To the :-==
knowledge, no one has studied this universal feature of the invariant measure zsm

with a transformation T.
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