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1 Compressive sensing and sparse signal recovery

Compressed sensing appears as a framework to solve underdetermined linear systems, or efficiently acquire sparse signals.
Assuming sparsity in a certain given basis of either the signal or its approximation, the recovery can be completed from
a few linear measurements. The problem here is not to find an adequate basis but to find the few non-zeros entries of a
high-dimensional signal in this particular one.

1.1 Iterative methods in sparse recovery

An integral part of my previous research involved introducing and developing novel iterative algorithms based on the
Hard Thresholding Pursuit method. My collaborators and I have shown that robust and stable recovery is possible
without prior knowledge of the sparsity level with a number of iterations that scales linearly with the sparsity [BFH13]
‖x−xn‖2 ≤ d‖e‖2,n ≤ c s. Moreover, with a proviso on the vector shape, nonuniform recovery of a given s-sparse vector
x can be done in exactly s iterations using the (GHTP ) algorithm introduced in [BFH13].

A further generalization yields similar results with lower number of iterations [Bou13a]. Theoretical results regarding
uniform and nonuniform recovery have been proven for hybrid algorithms. It seems from numerical tests that the prior
knowledge of the noise or sparsity level is avoidable. Analyzing the sequence of residuals one sees that once the support
is recovered each iteration adds only minimal information, and can be discarded from the signal. My future research will
embed these ideas as well as further developments regarding the nonuniform results.

1.2 Nonnegative signal recovery

Many signals are by nature nonnegative (for instance metagenomic data surveys or images). This nonnegativity constraint
encourages the development of special algorithms. As of today, there has been minimal investigation into this problem.
However, it can be seen empirically that adapting algorithms from the previous section to these particular cases translates
to much better recovery capabilities. Unfortunately this result does not transpire in our proofs. I want to investigate other
proofs techniques that would be more adapted to the nonnegative case in order to validate theoretically this empirical
result.

1.3 Applications in other areas of sciences

Microbiome community reconstructions is an important part in the analysis of metagenomic studies. Assume
only few of the known microbiomes are present in a given sample, one tries to recover the population that gave raise to
the given set of DNA sequences. As of today, the sensing matrices encountered do not fulfil the required conditions but
some work can still be done by 1) either adapting old or developing new algorithms for such cases or 2) finding another
representation/sensing matrix for which the compressive sensing theory would apply.

Interferometric imaging arises in, for instance, Sythetic Aperture Radars, Optical Coherence Tomography. The latter
can be used, together with advanced image processing techniques, in non-desctructive material testing to generate Strain-
Stress curves [LHCH+12]. However, the image recovery problem can be formulated in terms of a quadratic optimization
problem with Fourier measurements. By applying ideas from compressive sensing I plan on improving the quality and
the efficiency of the reconstruction to ease further processing.

2 Time-frequency analysis

A particular approach to signal analysis appears when one wants to have a representation that entails both local frequency
information and good localization abilities.
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2.1 Analytic and monogenic signal analysis

Analytic signal theory appears as mean to provide a local frequency component and shows useful information for signal
and image processing [BBRH13]. By applying a quadrature filter to a given using the Hilbert or Riesz operator, analytic
representations allow to locally separate the frequency information from the energy information. This property shows
potential in AM-FM signal demodulation. However, whenever the amplitude and/or frequency modulations are actually
a mixture of different waves (a multiband model), locally recovering this information is not trivial [Bou13b, Ch.6]; the
different components interfer with each other and yield a unique local frequency and a unique local amplitude value. The
one-dimensional signal demodulation appears possible due to what is known as the Bedrosian identity:
If f and g are two complex analytic functions of the real variable t such that ∃a ∈ R+ : F(f)(u) = 0,∀|u| < a and
F(g)(u) = 0,∀|u| > a then we have:

H(fg) = fH(g)

However, it has recently been shown that this product property does not carry over to higher dimensional signal. My
future research will investigate conditions under which we can have such a result or have an approximation of it. With
this I will develop similar theories for multichannel and multiband signals.

2.2 Prolate spheroidales

Discrete Prolate Spheroidal Sequences (DPSS) concentrate most of their information in both time and frequency. DPSS
can be charaterized as normalized eigenvectors of the operator L = BW ◦ TT with BW and TT denoting respectively band-
and time-limiting operators. Moreover most of the energy of these functions are concentrated on the specified time band.

I will investigate the case of higher-dimensional signals and how to treat the time- and frequency-limiting operators
in these cases. Together with this dictionary, I will prove that DPSS yield often sparser representation than the usual
frequency representations and show their implications for signal demodulation purposes.

3 Distances and similarities

The choice of an adequate similarity is fundamental when developping novel applications. Classification problems by
opposition to alignment or fusion problems have drastically different characteristcs. As a consequence, my colleagues and
I have proven that most of the similarity measures used are theoretically not suited for alignment purposes [MSB11].
Similarity measures d can be constructed such that ∃f, t : d(f, fλt) > d(f, fµt), where 0 < λ < µ and t represents the
translation parameter. Whence the non-monotonic behavior of the autocorrelation functions.

3.1 Discrepancy theory for signal comparison

The discrepancy norm, first introduced as a way to assess the distribution of a sequence of numbers, can be generalized
in a unique useful norm for signal comparison. Its correlation function indeed shows the monotonic behavior detailed
above, which is interesting for pattern recognition purposes [BHM10, BSM11]. In its latest description the discrepancy
norm accounts for the largest deviation from a constant 0 signal:

‖f‖D := sup
a,b

∣∣∣∣∣
∫ b

a

f(x)dx

∣∣∣∣∣
It shows the particular characteristic to be ordering-dependent which makes it interesting for data acquired sequentially.

In addition, this norm leads to a non-convex, sometimes non-differentiable, and sometimes flat correlation functions
that makes it difficult to use for alignment of signals. Therefore we have introduced a smooth approximation, Γp [BB13]
that allows a fast, efficient, and accurate calculation. While constructing non-monotonic correlation functions seems easy,
how to characterize those that actually have a monotonic autocorrelation remains open. In addition, I want to use the
tiling property of the discrepancy’s unit ball to develop a robuster Calderón-Zygmund like decomposition.

3.2 Applications in machine learning

Most of today’s frameworks used in machine learning rely on a certain fidelity term. People might use a classic L2 norm or
information theory. In any case, if we want to extract some knowledge about the structures of the data, we want to be able
to find what are the most relevant features or representations, given a certain sample. Therefore we need robust similarity
measures capable compactly representing data with similar characteristics and clearly separate unrelated clusters. Recently
I have studied similarities between microbiome populations [BTD+13] and extracting compact representations for different
clusters in metagenomic studies [DLBR13]. I want to investigate the problem of redundancies in feature selection as well
as using reliable objective function for data prediction in complex environments.
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