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Abstract

We consider a general planar reaction diffusion equation which we hypothesize has a localized
traveling wave solution. Under assumptions which are no stronger than those needed to prove
the stability of a single pulse, we prove that the PDE has solutions which are roughly the linear
superposition of two pulses, so long as they move along trajectories which are not parallel. In
particular we prove that if the initial data for the equation is close to the sum of two separated
pulses, then the solution converges exponentially fast to such a superposition so long as the
distance between the two pulses remains sufficiently large.

1 Introduction

1.1 The system and hypotheses

Given the existence and stability of localized traveling wave solutions (a.k.a. pulses) to a reaction
diffusion equation, one expects that there are solutions (called multipulse solutions) which are
nearly the linear superposition of two or more such pulses, at least until such time as those pulse
come close to one another. There are rigorous justifications for this conjecture in a number of
settings, most of which are posed for one spatial variable. [1, 7, 8, 12, 18] treat existence and
stability of multipulse standing solutions and use primarily dynamical systems and geometric
techniques. [5, 9, 10, 11, 14, 22] handle counter-propagating fronts and pulses and give very
complete descriptions of interactions by means of the maximum principle. In [6, 23], the authors
handle long distance weak interactions between standing pulses—in particular they compute the
induced motion between the pulses. [23] is particularly notable here in that it covers any number
of pulses in any spatial dimension. Our work here is most closely related to that of [4, 19, 21],
which deal with counter-propagating fronts or pulses in reaction diffusion systems. The chief
difficulty in this case is the fact that the problem cannot be made autonomous by tranforming
into a moving reference frame.

For planar reaction diffusion systems, a host of numerical simulations bear out the expec-
tation (see [15, 17]) that there are solutions which are roughly the sum of pulses moving in
different directions and in this paper we prove the corresponding rigorous results. Consider:

us = DAu+ F(u) (1)



where
x = (r1,72) € R?, w(x,t) € RN

and
F € C? D is a diagonal, positive matrix.

Equations of this type model gas-discharge systems, excitable media in cardiac tissue, numerous
chemical reactions, cell growth, blood clotting, etc. We make precise our assumptions about
existence and stability of pulses.

Hypothesis 1. There exists a C® function Q(y) and ¢ > 0 such that
u(x,t) = Q(x — cti)

solves (1). Here i = (1,0). Furthermore, we assume there exists $1 > 0 so that for all multi-
indices |n| <3, and b € [0, 31] we have

cosh(bly|)D*Q(y) € L™.

Equation (1) is invariant under spatial translations and rotations. So if we let R[0](z1, z2) :=
(cos(f)x1 — sin(0)xa, sin(f)x; + cos(f)z2) and if v(0) := R[f]i then

Q (R[=0] (x — ctv(0) — ro))

is another pulse solution which moves in the direction v(#), i.e. at angle 6.
If we insert

u(x,t) = Q (R[—0] (x — ctv(0) —rg)) + W (R[-0] (x — ctv(8) —1ro) , 1)
into (1) we find
W, = AW + O(|W|?)

where the linearization of (1) about the pulse is:
A:=ci-V+ DA+ F(Q(y)).

We use y to denote the independent spatial variable of W, which corresponds to the frame
moving with the pulse. Note that the kernel of A contains @,, and @,, due to the translation
invariance of (1) and also y* - VQ because of its rotational invariance. (Here (y1,y2)* =
(—y2,y1).) We assume that these fully characterize the kernel and that the rest of the spectrum
is stable. To wit:

Hypothesis 2. The spectrum of A viewed as an unbounded operator on L3, consists of a triple
etgenvalue at zero due to the translation and rotation invariance of the problem and the rest
which lies in the set

Si={X| RA< —a, |arg(\)| > 7 — o}

where a > 0 and pg € (0,7/2). The center eigenspace is

E° := span {VQ(yLyL : VQ(}’)}

with associated spectral projection I1¢. The strong stable eigenspace is denoted E° := ker I1¢ with
projections 11° := 1 — T1°. Moreover the spectral projection onto E° is given by II°f = (Tt f)
where the adjoint eigenfunction T has cosh(b|x|)yT(x) € WL for b € [0, B3], for some (B2 > 0.
Note that {-,-) denotes the L? inner product.

This hypothesis has two important consequences. First, since A is elliptic, this implies (see
(2, 16]):



Lemma 3. There is a positive constant M such that the resolvent estimate

L+ D [[(A =47

<M

L5—
is true for all X ¢ S. Additionally A generates an analytic semigroup et on LP.

Second, the conjugated operator A, := cosh(b|x|)A[sech(b|x|)-] is a small bounded perturba-
tion of A when b is not too large. The spectral properties of A, as an unbounded operator on
L? coincide with those of A on

Ly := {f(y) : cosh(bly|) f(y) € L°} .
Since the center eigenfunctions of A are, by hypothesis, in L;:’, we know that the center eigenspace

of Ay is the same as that of A. Thus we have:

Lemma 4. There exists 33 > 0 so that Hypothesis 2 and Lemma 8 remain true when L° is
replaced by the exponentially weighted space L} for b € [0, B33). All estimates are uniform in b.

In what follows, let
B :=min{By, B2, 3} and by = 3/2.

Hypothesis 2, Lemma 3 and Lemma 4 can be used to show, for instance, that the pulse @ is
stable with asymptotic phase for small initial perturbations in

W5 = { f(y) : cosh(bly ) (y) € W/}

and b € [0, bo] (see [13]).

1.2 Description of main results

We are interested, however, in multipulse solutions. In the planar setting, pulses can approach
or separate from another obliquely and this complicates our analysis in comparison with our
work in one dimensional problems in [19, 21]. For instance, two pulses may be separated by a
great distance while at the same time be moving along nearly parallel trajectories; the effect of
each pulse on the other is small, but acts over very long times. Thus we must carefully quantify
the interaction between pulses. To this end, we define for j = 1,2
I‘;(t) = I‘;(t; ej(), I‘jo) =Tj0 + CtV(Qjo)

which gives the location of a pulse indexed by j if it travels along a straight line pointing in the
direction 6o and is initially located at rj;o. Let Arg :=rog — rig, Avg := v(29) — v(610),

w*(t) == p*(t; 010, 020,10, T20) = |r5(t) — 17 ()]

and
S = min pu*(t).
fo 1= min (t)
Elementary considerations show that this minimum is achieved at 7* := max {%,0}

and if T* > 0 then
1/2

po =

Arg - Avp ) 2
2 0 0
anl = (Mg ”

Otherwise pf = |Arg|. Likewise, for all ¢ > 0, we have

() > k*t



where

k* = c|Avy| Ho .
|Aro|

The constant k* is optimal.

We define the first set of function spaces on which we will work. For 0 < T' < 0o, a > 0 and
b>0:

Xap[T] :={f(x,t) : e* cosh(b|x|) f(x,t) € L* ([0, T]; L*(R?)) }

aolT) = {f(x,1) - e® cosh(b |x[) f(x, 1) € L ([0, T]; W*°(R*)) nWH*([0,T]; L*(R?)) } .

See Section 2 for further discussion of these particular choices.

Our first result states that states that if the initial data for (1) is sufficiently close to the
linear superposition of two pulses which, in the absence of any interaction, would not pass too

close to one another, then the solution is of (1) is asymptotically close to the linear superposition
of two (possibly different) pulses. We refer to this situation as an exit. Precisely:

Theorem 5. Given Hypothesis 1 and 2, for all ¢g > 0 there exist postive constants Oeyit, My
and Ko so that
po = Mo,  [Avg| > €

and
2

Ug — Z Q (R[—=0j0] (- — rj0)) < ewit

Jj=1 W8/5.,5

imply that u(x,t), the solution of (1) with initial data ug, satisfies

u(-,0) = >~ Q (R[=6;(0)] (- — 1;(0))) < Ko

—
/ X/, olo0]

where a = min{a/2, bok*/8}. The functions r;(t) and 0;(t) (j =1,2) are defined by
0;(t) = 0j0 + ;(t)
and

r;(t) =rjo +p;(t) + /0 R[0;(s)]cids

where p; and 0; are C* functions' for which
195 () len g + 16(0) e ey < Ko

Remark 6. In the proof, we find that My = —cy In(|]Avg|/2) + co for constants ¢1,co > 0.
Our second main result concerns pulses which shoot in towards one another from spatial
infinity. We work with the function spaces
Zny ={f(x,t) : €" cosh(b|x|) f(x,t) € L° ([~00,0]; L°(R?)) }
Zy oy ={f(x1) : €" cosh(b |x]) f(x,t) € L® ([—o0,0]; W23(R?)) N W ([—o0,0]; L°(R?)) } .
Our next theorem states that for suitable choices of ryg,rsg, 019, and fsg that there is a

solution, defined for all ¢ < 0, which is exponentially close to the sum of two pulses moving
along trajectories r7 and r3:

!Note that we use the supremum norm for C'*[0, 7.



Theorem 7. Given Hypothesis 1 and 2, for all eg > 0 there exist positive constants M1 and K1
so that if
|Avo| > €, Arg-Avo<0 and |Arg| > M

then there exists ¢(x,t) = ¢(X; 10, T20, 010, 020) which solves (1) and satisfies:

6(-,0) = Q (R[=bj0] (- — 15(9))) =K1

j=1
Z”:y,O

Here n = —bgc|Avygl/8.
Moreover, ¢ has a decomposition into spatially localized pieces. That is, there are W1, W5 €
Zy b (with norms less than K1) so that

d(x,1) =Y Q (R[-050] (x — 15 (1))) + W (R[=0;0] (x — r}(1)) ,1) .

j=1
Wi and W5 (and therefore ¢) are differentiable in their dependence on the parameters r1g, rag, 610, 020-

Remark 8. The condition Arg - Avy < 0 just implies that for t < 0, the pulses are closest at
t =0, not before.

Our final result concerns the stability of the shooting solutions.

Theorem 9. There exist postive constants dspoot, 13 and Ko so that if T > T3 and
luo — @(-, =T 110,120,010, 620) || yyrs/5.5 = 0 < dshoot

then u(x,t), the solution of (1) with initial data ug, satisfies

HU(‘»O) —¢(,0—T; f'10,f‘20,(§1079~20)HX/ - < Koé
a/2,00 T43

where ~
Z |rjo — Tjo| + ‘93'0 - 9]'0‘ < Ko
J
Note that this theorem implies:

Corollary 10. The function ¢(x,t;110, 20, 610, 020) is the unique function with properties de-
scribed in Theorem 7.

1.3 Interaction manifolds

Given the freedom in choosing rig, rag, 10 and fsg in our main results we define the following
interaction manifolds (defined for fixed €p):

Mezir == {Q(R[010](- — r10)) + Q(R[O20](- —r20)) : Avg > €9 and pg > My}

Mishoot := {@(+,0;110,T20, 010,020) : Avg > €9, Arg-Avg <0 and |Arg| > M;}.

Since Q and ¢ are in W8/55 and depend differentiably on rig, rag, 610 and s, these are six-
dimensional C'!' manifolds in W?®/55. Each has a boundary. Note that Mpoe¢ is an invariant
manifold for (1) since ¢ solves this equation exactly, whereas M.;; is not. Nevertheless, our
main results indicate that both are attracting sets for (1). That is we have the following
corollaries of our main theorems (and also (6)):



Corollary 11. Suppose that
distyys/s,s (w(x,0), Megit) < Oeait-
Then there exists a > 0 so that
distyys/s.s (u(z, 1), Megir) < Koe™ .

for allt > 0.
Corollary 12. Suppose that
distyys/ss (u(x,0), Mspoot) = 0 < Oshoot-
Then v
distyysss.s (w(x, t), Mshoot) < KCode™ = clavolt,

for all0 <t <T. Here T > 0 is a constant which depends only upon the parameters rig, raq,
010 and oo which minimize distys/s.s(u(x,0), Mshoot)-

We make two final remarks, the first of which is paraphrased from [19].

Remark 13. Corollary 12 implies that collisions between two pulses are well-defined scattering
problems. By this, we mean that strong interactions which take place during collisions will not
be affected by specific choices for the initial data which lead to this collision. Moreover Corollary
11 tells us that if there is an interaction which results after a finite amount of time in two pulses
which are moving away from one another, that this state will persist for all time. That is to
say, these results indicate that to study strong collisions one only needs finite time results.

Remark 14. Theorem 7 implies that if we take Arg to infinity while keeping Avy fized, that
|(-, 05110, T20, 610, 020) — Q(R[010](- — r10)) — Q(R[O20](- — r20))llp8/55 — 0

which is to say that
dist( M shoots Mezit) = 0.

This implies that there are choices for rip,Ta0, 010, and s so that ¢(-,t; 110,20, 010, 020) is in
the attracting region for Mg for some t < 0. Thus there are global in time solutions of (1)
which converge exponentially quickly for |t| — oo to the linear superposition of two pulses.

1.4 The embedding and general strategy

Our strategy is to embed (1) into a larger system within which the multipulse problem can be
viewed, in some sense, as a small perturbation of single pulse problem. To wit, we consider

U, = DAU + F(U) + G1(U, V) ,
V, = DAV + F(V) + Go(U, V) @

where we choose G and (G5 so that
FU)+FV)+Gi(U,V)+Go(U,V)=FU+V).
With this, if U and V solve (2), then
u=U+V

solves (1). Note that this idea is very similar to the “freezing” method used in [4]. The idea is
then to show that there are solutions of (2) roughly of the form

U =Q (R[-010] (x —ri(t))) + “small”

V =Q (R[] (x — r3(t))) + “small”



where the parameters are 60 and rjo are taken so that ug is large.

We select G and G as follows. Suppose that at time ¢ our pulses are “located” at rq(¢) and
r2(t). Let L(t) be the perpendicular bisector of the segment connecting these two points. The
line L(t) divides R? into a disjoint union of two sets ¥1(¢) (which contains the pulse labeled
“1”) and X4(t) (which contains the other). For concreteness, we assume L(t) C Xq(t).

Let x;(x;r1(t),r2(t)), j = 1,2 be a C™ partition of unity subordinate to the sets ¥;(t) and
which have derivatives whose support lies in {x : dist(x, L(¢)) < 1}. More compactly we will
write these as x1(x,t) and xa(x,t). We set:

GUV)=FU+V)-FU)-F(V))

and
Gj(U7 V) =Xj (Xa t)G(Ua V)
We are thinking of U as being the pulse which lies in ¥; and V as being the one in .

Our choice for G is motivated by the following heuristic. A straightforward application of
Taylor’s theorem, together with the fact that F(0) = 0 implies:

|GU V)| < ClU[V].

Now suppose that U = Q1 + W7 and V = Q1 + W5 where @; and @ are pulses and W and
W4 are error functions. Thus

|G1(U, V)| < Cx11@Q1] Q2] + Cx1 |Q1] [Wa| + Cx1 |Q2| [Wh| + Cx1 [Wh||Wal.

Of the four terms here, three are “small”.

e ()1 and 7 are exponentially localized and so |@Q1]|Q2]| is exponentially small in the sepa-
ration distance.

e The term |W;||W3| is quadratic and thus very small if the error functions are small.

e The term x; |Q2] is clearly bounded by the maximum value of Q5 evaluated on the region
%1, which is to say that Q2 is evaluated far from its center. Thus x; |Q2] |W1] is small as
well.

The remaining term x1 Q1| |W2| is not small, at least not for general functions Ws. If Ws is
localized near the pulse Q2 then we can conclude that this term is exponentially small in the
pulse separation distance. Thus if we work with spaces of localized functions, we can handle
this term. We wish to allow arbitrary perturbations of the pulses, however, so this restriction
is unsatisfying. We are able to circumvent this difficulty by making the observation that even
if Wy is not localized, x1 |Q1]|Wa| is. It turns out that this allows us to treat the term as if it
were small.

The following toy model linear algebra problem demonstrates the core idea of why this is
so. Let A be an invertible n by n matrix (which is our stand-in here for the linearization A).
Suppose we are trying to solve the equation

(A+Bw =j 3)

where B is a matrix that has the following properties:
1. B:R"™ — X3, where X, is a subspace of R™.
2. |Bllx, x, = ¢ < 1.

(The matrix B is playing the role of the perturbation to A made by x1|@Q1]||W2| and X,
corresponds to the space of “exponentially decay functions.”) If in addition we know that



A1 : X, — X,, then the fact that B is small on X, means that A + B is invertible on
Xp. We denote this inverse by (A + B);(i Now consider the augmented system

Aw' = j
(A+ Buw! = —Buw'.

The first equation can solved for any j in R™. Since B maps everything into X3, we can solve
the second equation. Moreover, adding these two equations shows that w = w® + w' solves (3).
Specifically, the solution map is:

Gi=A"" = (A+B)x BA™".

Thus G is (A + B)~! on all of R™.

The remainder of this paper is organized as follows. In Section 2 we discuss the functional
setting for our results. We compute the “almost” linearization of (2) about a multipulse solution
in Section 3 and collect a number of useful estimates. Section 4 concerns exit solutions and in
particular contains the proof of Theorem 5. Section 5 is about the shooting manifold and has
the proofs of Theorems 7 and 9 and Corollary 10. In the Appendix we prove a local in time
existence theorem for solutions of a system needed in Section 4.

(4)
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2 Functional setting and maximal regularity

In this section we discuss important properties of A and solutions of equations of the form
Wy =AW + J(t) and W(t=0)=W,. (5)

Specificaly, we summarize the maximal regularity results for Sobolev spaces, found in Section
1.4 of [2]. The domain of A viewed as an operator on L? is of course W2P and so we set

Y := LP([0,T); LP) and Y’ :=WP([0,T]; L*(R?)) N LF([0, T]; W*P(R?)).

Hypothesis 2 and Theorem 4.10.7 in [2] allow us to conclude that there is a continuous solution
map I’ (given explicitly by the Duhamel formula)

DY X Ey_ypp — Y.
That is, if W =T'(J, Wp) then W satisfies (5). The space
Eripp = (LP(R?), Wz’p(RQ))l—l/p,p
where (-, -)g 4 is the real interpolation functor. We have (see, for instance, [20]) that
(LP(R?), WP (R?))1_1/p, = W?2/P(R?).
Also, Theorem 4.10.2 in [2] tells us
Y' cc BUC([0,T); W?=2/P(R2)).

Our equation is nonlinear, and so at the very least, we would like W2~2/P cc C(R?); this
together with the above inclusion implies that Y’ is an algebra. At several points, we require
W22/ cc C'(R?). From Sobolev embedding we get this inclusion when 1 —2/p > 2/p or
rather p > 4. We take p = 5.

Now we restate Theorem 4.10.7 and Remark 4.10.9 (a) here, adapted to our problem:



Theorem 15. There exists C > 0 so that for all b € [0, by] the following are true:
1. For alla € [0,/2] and T € (0, 00], the map

t
Ly (W, J) = e MW —|—/ eA(t_T)HSJ(T)dT
0

is bounded from (E*N W;/S’S) x Xap[T] to X ,[T]. Additionally, it satisfies

[T (W, J)HX('W[T] <C (”WS”WE/“ + ||JHXa,b[T])
and W(y,t) :=T1(W?*,J) solves (fort >0 a.e.)
W, =AW +11°J, W(y,0) =W* € E°.

2. For allm < 0, the map
t
Tao(J) ::/ A7) J(1)dr

is bounded from Z, to Z7’77b. Additionally, it satisfies
10Dl , < CllL,,

and W (y,t) :=T2(J) solves (fort <0 a.e.)
Wy =AW + J.

3. For alla € [0,a/2] and T € (0,00], the map

¢ T
Ls(W*,J) = AW +/ eA(t_T)HSJ(T)dT — / eA(f‘_T)HCJ(T)dT
0 t

is bounded from (E*N W;/S’S) x Xop[T] to X, ,[T]. Additionally, it satisfies

IOV, Dl iy < € (W lyors + 1 1x, )
and W(y,t) :=T(W?,J) solves (fort >0 a.e.)
W, = AW +1I°J, W (y,0)=W*e€ E° and I°W(y,T) = 0.

Remark 16. The first of these will be used to prove the stability of exiting pulses, the second
the existence of shooting solutions and the last the stability of shooting solutions. For a further
discussion of these results and how they follow from [2], see [19].

Finally, we note that Theorem 4.10.2 gives:
LalTl cc LGty s e f(x, 1) € BUC(0, T Wy/*7) }

Z{%b cC {f(x, t) e f(x,t) € BUC([—oo,O];Wf/5v5)}.



3 The “almost” linearization of (2) around a multi-pulse

3.1 Reduction

We consider (2) with initial conditions
U(x,0) = Q (R [010] (x = r10)) + W10 (R [~b10] (x — T10))
V(x,0) = Q (R [~02] (x —r20)) + Wag (R [~20] (x — r29)) -

The following lemma tells us that we can without loss of generality assume that Wiy and Waq
lie in B®.

Lemma 17. There is a smooth map T = (Z1,Z2,73) : W8/55 . R2 xR x E® with the property
that
Z(0) = (0,0,0)

and if ||W || ys/s.5 s sufficiently small, then
Qx) + W(x) = QRIL(W)](x — Ty (W))) + Zs(W)(R[Z(W)](x — Ty (W))).
Proof. The proof follows immediately from applying the implicit function theorem to the map:

O, W) = Q(x) + W(x) = QR[Z2](x = T1)) — T3(R[Z2](x — T1)).

Now we let

where

Y1 = R[—Qlo] (X — Iy (t)) and Z1 = R[—91 (f)] (X — I (t))
Yo = R[—ago] (X — I'Q(t)) and Zo — R[—eg(t)] (X — I‘Q(t)> .

The collective coordinates r;(t) and 6;(t) are specified in Sections 4 and 5. Note here that the
“spatial coordinates” of the pulses @) and the error functions W; and Ws are not all the same.
The coordinates on the RHS for U are “centered” at the point ry(¢), and those for V' at ra(t).
Moreover, the coordinates for the W's have their rotation matrices fixed at their initial values,
0;(0) = bjo.
We use
m:= (pla ¢17 P2, ¢2)

(with p;, ¢; defined as in Theorem 5) to refer to the collective coordinates in the aggregate and
define

pu(t) = [ra(t) —ri(2)]
the separation distance of the two pulses.
Inserting (7) into (2), we find:

oW1 =AW, + By (m)W2
+{R[-0.]r] —ci} - VQ + b1yt - VQ + J,

8tW2 :AW2 + BQ (m)W1
+{R[—05]rs — i)} - VQ + Oy ™+ - VQ + J,

10



where

Bi(m)Wy := x1(x,t) [F'(Q(z1) + Q(z2)) — F'(Q(22)] Wa(y2, 1)
and

Bay(m)Wy = xa(x,t) [F'(Q(z1) + Q(22)) — F'(Q(z1)] Wi(y1, ).

These terms correspond to the problematic term x3 |Q1] from the Introduction.
The term J; term is given by

J1 =K1 + Ji mod + J1,int + 1

where
Ky i={(RI-0:]11 = ) + iR [0 + 0] y* | - (VQ(z1) — VQ())
+01 {R =01 + 010]y" —y} - VQ(y)
+R[91 — 010] {R[—Hl]f‘l — Ci} . VW1
Jl,mod = (R[91 — 910]Ci — Cl) . VWl
+{F'(Q(z1)) — F'(Q(y))} W1
Jiint =x1(%,1) [F(Q(z1) + Q(2z2)) — F(Q(z1)) — F(Q(z2))]
+x1 (%, 1) [(F'(Q(21) + Q(z2)) — F'(Q(z1)) W]
Jin :=F(Q (z1) + W1) — (F(Q(z1)) + F'(Q(2z1))W1)
+x1(%,t) Ny (W1, Wa(y2, t))
and
Ny (W1, W)

=F(Q(z1) + Q(z2) + W1 + W2) — F(Q(21) + Q(22)) — F'(Q(z1) + Q(22)) (W1 + W)
= (F(Q(z1) + W1) = F(Q(21)) — F'(Q(z1))W1)
— (F(Q(z2) + W2) — F(Q(22)) — F'(Q(22))W2) .

The terms in K; and Jj 4 are small due to the choice of the collective coordinates, those in
J1,int due to the types interactions described in the introduction and those in J; ,,; because they
are nonlinear. We define J, analogously.

Remark 18. In the definitions of B; and J; we use y as the independent spatial variable for
both Wy and Ws. If we do not specify the spatial coordinate of a function, it is assumed to be
y. When we have ya (or X, z1, z2) in the equation for Wy, it is implicit that we are viewing yo
as a function of y and t. For instance when we write Wo(y2,t) in By (m)Ws we have

y2 = y2(y,t) = R[010 — O20]y + R[—020] (r2(t) — r1(t)).

In particular, we point out the B; are nonlocal operators.

3.2 Estimates on B; and J;

The following lemma, though easy to prove, is key to our strategy:

11



Lemma 19. For j = 1,2 and for 0 <V < b < by we have
_u
1B (m(@)V] ()]l s < Ce 2 (1) IV Cles, -

The constant C > 0 is independent of b' and of m.

Proof. We carry out the details for j = 1. First notice that since F is C? and @ is exponentially
localized we have:

|Bi(m)| =x1(x,t) |[F'(Q(z1) + Q(z2)) — F'(Q(22)|
<Cx1(x,t) |Q(z1)]
<Cx1(x, t)e~tolzl
<Cx1(x, t)e‘bo‘y‘.

Therefore
P B V] ()] < Cxa(x,1) [V (y2)| = Cxa(x, t)e 0 ¥2le? B2l |1 (y, )] (10)

Next,

Y1(x,t)e VY2l < exp (—b’ inf |y2(t)> < exp <—b’ inf |x— rg(t)|> :

x€Esuppxi (t) x€Esuppxi (t)

By assumption x is zero outside 31 U{x : dist(x, L(t)) < 1} and 3}, is the set of points “on same
side” of L(t) asr1. Also recall that L(¢) is equidistant from ry and ry. Thus we conclude that the
minimum value of |x — ra| in 31 occurs halfway between ry and ra, i.e. at xg = (r1(¢) +r2(t))/2.
The minimum value of |x — ra| in the slightly larger set suppy; must occur within a distance of
1 of x¢ and so:

x1(x, t)e_b/‘y2| < Ce_%”(t).

Taking the L® norm of (10) and using this last inequality finishes the proof. O

Notice two important features of this Lemma. First, setting b’ = 0 and b = by, we see B;V
decays in space more rapidly than V' does, although the norm of B; as a map from L® to Lgo
is O(1). Second, if o' = b = by then the norm of B; as a map from L} to L} is exponentially
small in the separation distance.

The next set of lemmas give L5 estimates for the terms which comprise .J;.

Lemma 20. There exists a constant C' > 0 so that for j =1,2,t >0 and |¢;(t)| < 7/2:
[ Tj.mod (-, )l s < Coa(E)[ W () llyyrss.5 -
Lemma 21. We have a constant C' > 0 so that for all0 < b <bg, j=1,2 and allt > 0:
Tiimt( )]0 < Ce™ 20O (14 |Wy (-t
[ Tjint (-, )| 15 < Ce + WG 0l s ) -
Lemma 22. We have a constant C > 0 so that for all 0 < b <by, j=1,2 and all t > 0:
1505 ) g < € (IWa s/ + 1Wallfyeras ) -
Lemma 23. There exists C > 0 so that for j =1,2,t > 0 and |¢;(t)] < 7/2

155 ()]l s < C (0] (Im(6)] + [W; (D)5 ) -

12



We now prove these in order:

Proof. (Lemma 20) We have |R[01 —610] —id| < C|¢1| and so the first term in Ji ;04 is handled
easily.
For the second term, we use that F' € C? to see:

[F'(Q(z1)) — F'(Q(y))| < CQ(z1) — Q(y)|
By the mean value theorem there is a y, on the line segment connecting z; to y so that:
Q(z1) — Q) = |21 = y[IVQ(y:)| < [(Rln] —id)| [y [VQ(y«)| < Cen] |yl ‘e_ﬁ‘y*‘ :

Since |z1| = |y| and y. is on the segment connecting them, we have |y.| > |y|cos(¢1/2) >
V2|y|/2. This implies |y]| |e*ﬁ|y*‘ < C and we are done. O

Proof. (Lemma 21) The estimate for the first term goes as follows: We have F' € C? and F(0)
and therefore there exists a constant C' > 0 so that for all Q1, Qs € RN

[F(Q1+ Q2) — F(Q1) — F(Q2)] < C|Q1]|Q2]-
The proof can be obtained by the mean value theorem ([21]). Thus

IX1(x,t) [F(Q(z1) + Q(z2)) — F(Q(z1)) — F(Q(z2))]|
< COxa(x,1)|Q(21)]|Q(z2)]
<C ( sup exp(—b0|22|)> e Pzl < Ce=Frt) =Bl
x€Esuppxi (t)

Note that we have used the same estimate as appeared in the proof of Lemma 19. Since e=#I
is in Lg we have completed the estimate for the first term.

The proof for the second term is nearly identical to the proof for Lemma 19, though it is
easier. To wit, we have

Ix1(x, 1) [(F'(Q(z1) + Q(22)) — F'(Q(21))) Wi(y)]|
< Oxa(x,1) |Q(z2)| [Wi(y)]

x€suppx1(t)

<C < sup exp(bo|z2)> Wi(y)| < Cem 31t (Wi(y)l-

O

Proof. (Lemma 22) This estimate follows from Taylor’s theorem applied to F' combined with
the fact that W3/%5 is an algebra. O

Proof. (Lemma 23) First:
p1 =11 = R[01(1)]ci = R[01(1)] (R[=01(8)]r1 () — ci)

and ) .

¢1 = 0.
Then an argument nearly identical to that used in the proof of Lemma 20 shows that for
|p1| < w/2 we have

(1 +y7) (VQ(z1) = VQ¥))| < Clén(I(L + [yl)e "

for a constant h > 0. Since |y|e ¥l € L> we can estimate the first line in K by C|m(t)||m(t)|.
The estimate for the second line follows from observing that |y||Q(y)| € L® and |R[¢1]—id| <
C|¢1|. Estimating the third line requires no intermediate steps. O

13



4 The exit manifold

4.1 Isolating the center directions

So long as U and V are not too far from the set of translations and rotations of Q in W3/5% we
can use Lemma 17 to select the collective coordinates r;(t) and 6;(t) so that

I°Wi(-,t) =0 and II°Wy(-,t) = 0. (11)
Applying II® to (8) and (9) we have, because of (11),

atVVrl = AW1 + HsBl(m)WQ -+ HSJ1

12
6,5W2 = AW2 + Hng(m)Wl =+ HSJQ. ( )

We can isolate the equations of motion for r; and 6; by applying II° to (8) and (9). If we
coordinatize E° as

I (a- VQ() + dy* - VQ(y)) = ( y ) ¢ R,

applying the projections gives:

R|—01|F1 — ci
( [ 19']11 ¢ ) = —II° (B1(m)Wa(y2,t) + K1 + J1,mod + J1,int + J1,n1)
o 13
N
( 292 o ) = —II° (Bo(m)Wi(y1,t) + K2 + Jo,mod + J2,int + J2,ni) -

Since K and K depend explicitly on i;(t) and 6;(t), (13) does not quite constitute the equations
of motion. The following lemma helps us isolate 1;(t) and 6;(t):

Lemma 24. ) .
[I°K; = L;(m, VIV;) ( R[_ejgl,ﬂj - ) (14)
J
and if |¢;(t)| < w/2 then:
1L (m(t), VW; ()] < Cl; )]+ C W5 ()]l 15 -
Proof. Notice that we can rewrite II°K; as:
HCKl =II¢ (<VQ(Z1> — VQ(y)) + R[—¢1]VW1) . {R[—Hﬂf’l — Ci}
HIC (R[=dily™ - (VQ(z1) = VQ(Y)) + (R[=d1ly" —y*) - VQ(y)) b1

Thus we have (14). Now we estimate the various terms in II°K;. We use the estimates in
Lemma 23 to observe that the second line above can be bounded above by:

Clo1 ()] |d1]
Similarly, we saw in the proof of Lemma 23 that |[VQ(z1) — VQ(y)| .2 < C'|¢1(t)| and since we

know from Hypothesis 2 that II¢ is computed by taking an L? inner product with the adjoint
function, we have:

I (VQ(z1) = VQ(y)) - {R[-01]f1 — ci}| < Clo1 (1)] [R[-0:1]81 — cil .

14



Finally, we have by an integration by parts and Holder’s inequality:

[I°(R[~¢1] VW) - {R[—6:]E1 — ci}| = [T, [(R[=¢1] VW) - {R[—b:]i1 — ci}])]
= [([Rl1] (R[—b1]i1 — ci)] - VopT, )|
< [R[=61]1 — cil || VO Lo Wil s

Recall that Hypothesis 2 guarantees that ||V¢T|

s/a < 00. This completes the proof.
O

With this Lemma, provided m and W are small, we have no problem inverting id + L;.
Therefore:

( R[_elé]fl - ) = —II° (By(m)Wa(ys, t) + J1 — K1 + K1)
( R[_029]:2 - ) = —11° (Bo(m)Wi(y1,t) + Jo — Kz + K>) .

where )
Ky = —((id+ L;)™" —id) I (BsWa(ya, t) + J1 — K1)

and K> is defined analogously. Our previous esimates show that there is a constant C' > 0 so
that if |m|01[0,T1] < 7/2 then

[K1()] < C(m@)] + [Willgs) (IWallps + 11 = Kalls) - (15)

Recalling their definitions, we see that the evolution equations for p; and ¢; are:

( br ) = Rlg1 + 020]IT° (B Walya, ) + Iy — Ky + K7)

( b ) = R[g2 + O0]1I° (BaWi(y1.) + Jo — Ko + )

with

Equations (12) and (16) are equivalent to (2), and our goal now is to solve this system. To

compress notation, we let
W = (W, Ws)

m = (p17¢17p25¢2)
Js(m,W) = (J1,J2)
Jee(m, W) = (J1 — K1, Jo — K>3)
ch(m7w) = (KhKQ)

A 0
=0 4]

B = | 5 0|

P?® .= diag(I1°,11°), P°:= diag(II¢,II°)

15



[ Rlgr + 010] 0
R(m):= 0 Rp2 + 020]

and then we see that (12) and (16) become:

W, =AW +P° (B(m)W + J,(m, W))

m=—R(m)P°(B(m)W + J..(m, W)) - R(m)K..(m, W) (7

Note that if we take the appropriate L°[0,7] norms of the estimates in Lemma 20-23 we
arrive at the following estimates for J, and J..:

Lemma 25. There is a constant C > 0 so that if |ml|cijor < 7/2:

2
19411, oy < € {01 g0, + Il o9y W I, g
_bo 2
FN(m) + e E W oy + W, o} (18)

and

_% 2
Jeellx, o) < € {”chl([o,T]) HW”X(’LO[T] + N(m) +e™ 21 HW”X{’MO[T] + HWHX('LO[T]} ~
(19)

Here
1/5
at ,—50 ju(t) 5dt = —bo/2
ete = [lexp (a © —bo/21()) | 150,77 -

N(m) = (/T

The constant C' does not depend on 0 < T < oo.

4.2 Stability of exits

We now can Theorem 5. We must first show that (given appropriate initial pulse positions and
orientations) smallness of the modulation parameters m(t) implies that u(t) is large. This in
turn implies that Jg, J.. and K. will be small. Recall that p*(t) is the separation distance
between pulses if m = 0 and that p§ is the minimum separation distance in this situation. We
need:

Lemma 26. For all Avg # 0 and Arg with p§ > 0, there exists 1 > 0 so that |m(t)| < & (for
t > 0) implies
p(t) = Sp(t).

_Ho
|AI‘0|7

S N

for allt > 0. Additionally, with k* = c|Avy|

1/5

N(m):/o (e ¥k te=FuM gt < O|Avy|~Voe=Fh5.

Proof. (Lemma 26) Recall from the Introduction that

pr(t) > k*t

where k* is as in the statement of the lemma.
Take



The definition of p; and ¢; together with the triangle inequality give

2

p(t) > p*(t) — Z (ij(t)l +c /0 [R9;(s) + 0j0] — R[0;0]] ids >
> pr(t) — Z (ij )] +ct S |R[p;(s) + 0j0] — R[%o}l)
Z M*(t) — 61 — 2075(51

vV

1 1
A (8) + g — 81+ 7 (7(2) — Setdy)

4
p* (t).

vV
N~ N~

The integral estimate follows from this. Here is the calculation:

O bo gy _% (5 TP ©° 5bg pu, Sbo ()
(e tem 2 ML <emato es 1 dt
0 0

o0
5b 5b
<6_TO/”6 / e_TOk*t
0

*

_1 5%
<C|Avg| e a Ho,
O

Proof. (Theorem 5) If the operator B was small in norm on X, o, we could use this and a
straightforward perturbation argument to prove our result. Instead we must make one change
to (17), which is motivated by (4). Consider the system:
le;c :szc + PSJS(m, Wic + Wloc)
Wioc :Awloc + P (B(m) (ch + Wloc))
m = — R(m)P° (B(m) (W + W) + J..(m, W' + W'))
— R(m)K,.(m, W + W)

(20)

with initial conditions
Wic(y,0) = Wq € (E*)2nW8/55 Wy, 0)=0 and m(0)=0.

If W = Wi + W then W solves (17). Notice that right hand side of the equation for Wi*
consists of terms which are small in X, ¢[7] due to Lemma 25 and estimate (15). The right
hand side of the equation for W' is in X, ;,[T] even if W € X, [T}, due to the localizing
property of B seen in Lemma 19. (The superscript “ic” represents “initial condition” and the
superscript “loc” stands for “localized”.)

In Theorem 27 in the Appendix we establish that |[Wol|;s/5.5 < 02 implies that (20) has a
unique solution

(W, W' m) € X, ([T1] x X ,,[T1] x C'[0,T1]

a,bo

for some 0 < T; < oo, where we have taken a = min{«a/2,bok*/8}. 2 > 0 is a universal
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constant. Such a solution satisfies the integral equation:

t
Wie(t) = eAMWo + / AP (m(r), W(r) + W°(7))dr
0

Wiee (1) = A ACDPB(m(r)) (Wie(r) + W (7)) dr o

m(t) = —/0 {R(m(T))PC (B(m(7)) (WiC(T) + WZOC(T))
+ Jee(m(7), Wie(1) + Wl"c(r))) +R[m(7)]Kee(m(7), We(7) + Wloc(r))} dr.

Let

KT = WLy iy + TW N,y + Imllesgor

Here, 0 < T < T} and we assume that C(T) < §;, which allows us to apply Lemma 26 when
needed.
Applying Theorem 15 to (21) tells us that

ic ic loc
HW HX{;YO[T] <C (||W0HW8/5=5 + HJS(m’W +W )| Xa,o[T]) (22)
loc ic loc
W,y <O B (W W) [
The estimates in Lemma 25 and Lemma 26 yield:
ic 2
Wl sy SC{IWollwsras + Il o,
+ (Imlleagomy + e 1) (WL, iy + W]
c1(lo7) X2, o[T] XY, [7]
(23)
—1/5 —20,* ic||? loc||?
+ Al e W W
* -1/5 —b—o;t* —b—o;t* 2
<Ci 1AVl (I Wollyarss + ™ #00 + = HIK(T) + KX(T))
Note that the constant C7 > 0 does not depend upon K(T'), T', a, by or |[Wo|ys/s.5-
Similarly if we apply Lemma 19 we get

[[wrtee]] <C{em Wi + W] (24)

Xowo Tl = X T X5 olT1]

which if we combine with the last inequality for HW“H x: i We get
a,0

Wioe < CxlAve| 5 { W —RH e THK(T) + KX(T 25
WL,y < G5Vl {[Wollarns +¢~ %05 4 = iic(r) 4+ K3T)} . (25)

C3 > 0 does not depend upon K(T'), T, a, by or |[Wol|yys/s.5-
We wish to estimate m in C'[0,T]. We begin with:

oy <€ s [ {[Blm(r) (W) + W)

+ [Jee(m(r), W) + W ()| s + [Kee(m(r), W(r) + W'(7)) |} dr. (26)

18



To estimate (26) we first apply Lemma 19:

Wloc(T)|

5
LbO

t
lm(t)| <C sup / {||Wi°(T)HL5+eb£ua
0

0<t<T
+ || Iee(m(r), W(r) + WlOC(T))|

s+ [Kee(m(r), W(7) + W(7) |} dr.

We want a bound independent of ¢t. We have by Hélder’s inequality for a general function F
and 0 < b < by:

t t
g — —bok*t/8 bok*t/8 )
J IRl dr = [ ek s (o)) g dr
* 1o|—4 27
< [bok* /8] |F |y, oy 27)

<C|Avo|™*® IFllx, -

Applying this to all but the K.. term and we have

m()] < Cave| 7 {[ W e

e, W W)

||Xa,0[T] t+e HXMO (T

t
+ sup / |ch(m(7),Wic(7)+Wloc(7)|d7
0<t<T Jo

Using (19), Lemma 26 and the estimate (23) tell us that the first line above is bounded by:
C1Avol ™ {[Wollyayss + e 406 + e~ H5K(T) + K3(T) }

For the second line, applying (15) gives

t
INT := sup / ‘ch(m(T),Wic(T) + Wloc(7)| dr
0<t<T Jo

ot Wy )
0

Wl o + Wl g+ 1Teell ) dm.
bo 0

t
<C sup / <||m||c[o,T]+||Ww|
0<t<T Jo

The embedding (6) and (27) then imply
INT < C|Avo|™*/? (Hmc[o,T} + ||Wic{|xgw[:r] + ”WlocHx;,bo[T])

(1W<l g+ IVl + Ml i)

We consolidate the estimate for the two pieces to get:
Imlgo,ry < C3 1AV (1 + KAT)) { [ Wollyasas + ™56 + e~ 40K(T) + KA(T) |

The constant C§ > 0 does not depend upon K(T), T', a, by or |[Wo||ys/5.5-
We must also estimate ||y 7. Since [P°F| < C[|F| ;5 it is clear from (20) and (6) that

Hrh”(j[o,T] <C sup {HWiCHLs + 3_%0“6 WlOCHLs + ||JCC||L5 + |Kc0(t)|}
te[0,T)

b
e TH

< { Wl

loc .
w HXL’Z)O + ”JCCHX(’LO[T] + teb[lé%] |ch(t)|} (28)

19



With the exception of sup,c(o 1) [Kec(t)| we have estimated each of these pieces already. This
last piece can be estimated much like INT and we omit the details as they are in fact simpler
than those for INT.

Therefore

by * _bo, x
Il o7y < CHAVOl ™ (14 K(T)) { [ Wollysos + e #55 e #8K(T) + K1)} (29)

The constant Cj > 0 does not depend upon K(T), T', a, by or ||[Wq||ys/5.5-
Putting (23), (25) and (29) together gives:

K(T) < C*1Avol (14 K(D)) { [ Wollywjes + €™ F48 + eF0K(T) + KAT) | (30)
where C* = max {C},C5,C;}
Let Avy|
. = Vo
= 1,61,Céo
Ko mm{ ,01,C6o, YeT },
(5 — K:0|AVO|
0T 401+ Ko)
and
K:0|AVO|
€20

T A0 (1 + Ko)2

(Here, 01 is as in Lemma 26, dz is as in Theorem 27 and 1/6’ is the constant from the embedding
(6).) Suppose that
||W0HW8/5,5 < Dewit

and 1
oy > 5 In(egp) =: Mp.
0

Also set
Ty :=sup{T <T):K(t) <Kgforall 0 <t <T}.

Since K(0) = 0 this is either nonnegative or infinite. If it is infinite then we have proven our
main result. If it is finite then we must have K(Tz) = Ky. Otherwise, Theorem 27 and (6) imply
that the solution exists for some slightly longer time and moreover IC(t) is continuous on this
larger interval.

However, (30) and our choices for Ky, dg and ezg imply:

C*|Avo| (1 + K)K? < 207 | Avg| 1Ko% < %

K
C* AV M1+ K) [Wol /s < CF|Avo|™H(1 + Ko)do < IO

and
N K
O JAvo| (1 4+ K)o 5 < 7| Avol (14 Ko Pean < 2.

which all together imply
Ko < 3/4K0

which is impossible. Therefore T5 is not finite and we are done.
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5 The shooting manifold

5.1 Existence of shooting solutions

We now prove the existence of the shooting solution described in Theorem 7

Proof. (Theorem 7) Recall from Section 3 that for an arbitrary choice m, equations (8)-(9)
describe the evolution of W = (W3, Ws). In the previous sections it was desirable to choose
m so that W € E* x E? for all t > 0. Now it is useful to set m = 0, which is to say we take
r;(t) = rj(t) = rjo + ctv(fjo) and 0;(t) = 0j0. We make the assumption that Arg - Avg < 0
which implies that

w(t) > max {|Arg|, —c|Avy|t}
for t <0.
In this case (2) becomes:
O W1 =AW + B1(0)Wa + J1 it + J1,ni
O Wo =AWy + Bo(0)W1 + Joint + J2,ni

which we write compactly as
W, = AW + B(0O)W + Jsn00t (W). (31)
Let 7 = —boc|Avo| /8 and consider the map ¥ : Z) , — Z} ;- defined by

T(W)(#) = / AET) (BOYW(7) + Tonoot (W () dr-

— 00

We prove that there exists K1 > 0 with property that W], =~ < K; implies
b0
W)llz, , <K (32)

and 1
oo -ow], <]
Z) 4o 2 Z 4,
This implies ¥ has a unique fixed point W* = (W, W3) € Z; , which solves (31). These
are the functions described in Theorem 7, and once we establish their existence, the proof is
complete.

To prove the estimate (32) we apply Theorem 15

(33)

W)l <€ (IBOWIl, , + 1o (W), ).

Lemma 19 implies
b0 Ay
IBOYWI,,, < Cem 218l [W],

n,bg :

Lemmas 21 and 22 imply

b,
1Fshootllz, ,, < C (N +eFlarl jw,

2
+Iwl3,,)

n,bg

where

1/5

5

N = </ ‘ef%w)ent’ dt) < o~ 1arl (/ ‘e%cmvment
< o~ 1Al (/ el Avolt

21
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5 1/5 ~1/5 bo A
dt) < C|Avg| ™12 e 1Al




Therefore

U (W ;< C*|Avyg —1/5 efbf |Aro| 4 efhf lArol 7|, 4 [[W|2, .
V4 z z
n,bo n,bo n,bo

vabo)

+ Z HJj,nl(W) — Jjmi (W)‘

Similarly,

H\I/(W) - @(W)‘ +\

Jshaot (W) - Jshoot (VV) ’

, <€ (HB(O)(W - W)‘ )

n,bo

b
< C | e FArl

w-wl

Zn,bo Znbg

To estimate the J; ,; terms, recall that F is C? so we have the following pointwise estimate
for J = F(Q+W) - F(Q)— F/(QW and J = F(Q + W) — F(Q) — F/(Q)W. (Here Q, W,
W e RM.) First F(Q+ W) — F(Q+ W) = F'(Q + W,,)(W — W) where W7 lies on the line
segment connecting W to W. Then

7= | =|F@+ W)W =)~ F@w - W)
<C|W,)| ’W—W‘
<c(jw+ ’W’) ‘va"f/]

This yields

[ 750 (W) = Ty (W)

<c(Iwl,, +||w| w-w| .
Zn.bg 7:bo Z3 bo Z':,,bg

Therefore
pr(W) . \I/(VV)’ < o (e FlAnl W, + ”WH Hw - v*v‘ (34)
Z;hbo 7,bo Z:hbo Z’mbo
Let Y
. |AVO| 5 1
IClmm{ 30 A0
and
. KllAVO‘l/E) 1
€10 = min .
10 3C*(1+ Ky) 4C*+
If A
Wi, <Ky and |Arg| > ——In(eo) =: M,
1,00 bo
then we have (32) and (33). We are done. O

Before we move on to the stability of the shooting solution, we make a few remarks about
the dependence of the functions W* on the trajectory parameters n = (r1g,r20, 610, 020). We
claim that there exists a constant C' > 0 so that

IDaW* (=T)lyys/s.5 < Ce/2. (35)

22



Notice that
DU (W)(t) = / A=) (DRB(0)W(T) + Dpdshoot (W(T))) dr
implies

IDaW 7, < CIDaBOW |7, +C [ Dndsnoot(W)llz, .,

by Theorem 15 and (6). Provided we can show that the right hand side of this is bounded by
a constant C, independent of n, the embedding (6) will yield the claim. There is one minor
complication, which is that D,B(0)W™* contains terms like

IX(%) Doy, [(F"(Qy) + Q(y2)) — F'(Q(y)) W3 (y2)]|
S IFQY) + Q2 IVQ(Y2)I Doy y2l W5 (y2)| + [Doyyal VI3 (y2)] -

From Remark 18
[Doyoy2l| < (IDR[010 = O20ly| + [r3(£)| + ct [DR[Oro]i]) < C (1 + [y2| +1).
Likewise, we can control the derivatives with respect to rig, rog and €s9. We conclude:

IDRBOW(0)l| s < CHA+ [+ W D)llwsss < CHA+OW (D)l 8005

The secular growth here seems problematic, however te~""*/2 is bounded for ¢ < 0, therefore

n/2,0 —

IDaBOW |, ,, < CIW, .
In exactly the same way we can show

||DanhOOt(W*)HZ,,7/2YO S C ||W*||Zr:;,b0 )

Thus we have (35).

5.2 Stability of shooting solutions

To study the stability of the shooting solutions to (1) we can just as well study the stability of
the solution W* to (31). Letting W = W* + V and inserting this into (31) we find that V
satisfies

V,=AV +B(0)V + H(V) (36)

with
V(x,—T) = Vy(x).

Here
H(V) = Jshoot(w* + V) - Jshoot(w*)

(Since W* is defined for ¢ < 0, we choose here to shift the initial data to —7" < 0 instead of
shifting W* forward in time.) The definition of Jspe0r gives:

with Jine = (J1,int, J2,int) and I = (1,01, Jo,n). A direct computation shows that

Jint(W* + V) = Jint(W7) = (xa (x,1) [F'(Q(y) + Q(y2)) — F/(QY))] Vi(y),
xXa(x, 1) [F(Q(y1) + Q(y)) — F(Q(y)] Va(y))
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Note that this term is linear in V, unlike J;,; on its own, which contains an inhomogeneous
term. This means that we can improve the similar estimate in Lemma 21 to:

b
1 Fint (W + V) = it (W[ s < Ce™ 21870 V]| .

Recalling that J,,; consist of terms which are O(|[W|?), it is straightforward to conclude the
pointwise estimate

T (W + V) = T (W] < C (W] [V]+ [ VI*)
which implies
[30t(W* 4+ V) = 3 (W) 5 < C (IW ey [V s+ [V s )
The embedding (6) tells us that

SUD. ([ Wl o ey < Ce™™ [ W7, | < Cem RelavolTs,
t<—T; nb

Since B is not small for general L® functions, and we wish to allow arbitrary initial data, we
introduce, as before, the decomposition V = V¢ 4 V¢ where

Vic = AV + H(V)

loc loc (37)

V¢ = AV 4+ B(0)V.

Given that A has a triple eigenvalue, the above estimates will not allow us to conclude that

V is exponentially decaying. Note here that we have already specified m = 0 and so we cannot

demand that V € E® x E* as we did when proving that stability of exit solutions. Instead of

the Cauchy problem for (37), we proceed as in [19] and [21] and consider the boundary value
problem:

PsV(x,t = -T) =V*, PV(x,t=-T3)=0

PSVIOC(X, t = 7T) = 0, PCVlOC(X, t= *Tg) =0.

A solution of the boundary value problem will be a fixed point of the modified Duhamel integral
function:

t
\IJic(Vic7Vloc) — 6A<t+T)PSVS +/

Ty
AC-DPH(V(1))dr — / AT PCH(V (7)) dr
-T t

t
\Ploc(vic7vloc) = /
-T t
We compress notation: X = X0 j20lT = Ts] x X[, [T — T3], VO = (Vic, Vie¢) and ¥ =
(Wic, Wlee). The third estimate in Theorem 15, along with Lemma 19 and those for H above
give the following estimates:

192 V) o < € (IVF s + € F1200 [ V2 o+ [V ) 9
38

v vt - (o)) s

sor (el Vil V) [V - V]
b Xb Xb

X

where C* is a constant independent of 7. We have in the above estimate taken T35 sufficiently
large so that e~ FelAvo|Ts < o~ 2 |Aro]
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Let Ko = 4C* and §p = m If |[V*|lyys/s5 = 6 < do, and e~ FlArol < 1/Ko then the last
two estimates imply that ¥? is a contraction on the ball in X of radius K30. And so there is a
fixed point and the boundary value problem (37) has a solution

HVbHXb <Ko ||VSHW8/5.,5

where the constant Ko is independent of T'.
Let '
TC(VS; Il) — P¢ (Vw(t _ —T) + Vloc(t _ —T))

where (V¢ V!9¢) is the solution of the boundary value problem. Here

n= (1”10,1"20»910,920)

If we were in a situation where Vo = V*+7¢(V* n) for some function V* € E° x E®  then the
solution of the initial value problem for (37) would decay exponentially quickly and we would
be done.

This will not generally be the case, but it turns out that this intuition is enough to complete
the proof. Set

Q(x;n) = (Q(y1(n)), Q(y2(n)))

and (with a small abuse of notation)
Wi(xin) = (Wi (y1, =T), Wz (y2, =T))

where y;(n) = R[f;0](x — rjo + v(0j0)cT’). Notice that if we could find V* € E* x E® and m;
so that
Q(x;n) + W*(x;n) + Vo = Q(x;n1) + W¥(x,n1) + V° + 7%V?®:ny) (39)
then we would be done. That is to say, if the slight adjustment n; of n can be found so that we
have the above, then our initial conditions would be such that the boundary value problem and
the initial value problem coincide and we have the exponential decay. (Note that in the above
we make sure that the components of Vg, V* and 7¢(V*;n;) are evaluated at the appropriate
y;(n).)
The proof of the claim follows from the application of the implicit function theorem to the
map

P(V*,n;;VY) = Q(x;mi) + W*(x,1m1) + V¥ + T¢(V*iny) — Q(x;n) — W (x;n) — Vo.

Clearly P(0,0;n) = 0. Notice Dyv-P*P(0,0;n) = idgsx g- and Dy:P¢P(0,0;n) = Dy-7°(0;n)
since V¥ € E° x E° and 7€ € E° x E°. It is the derivatives of (Q with respect to the parameters
rjo and 0,0 which give the center eigenspace and so

Dy, PQ(x,n;) = idg
where idg is the six-by-six identity matrix and
Dy, P°Q(x,n1) =0.

From (35) we conclude that ||Dn, W*(x,101)||ys/5.5 < Ce TdelavolT Finally, 7¢(0;n) = 0
for all choices n and so D,7¢(0;n) = 0. Decomposing P into (P*P,P¢P) and arranging all the
derivatives computed above accordingly, we see

idpsxps  Dv:T°(0;n)

b0
—2c|Avo|T
0 ids +0(e @ ).

D(Vs,n)P(07 n; 0) =

This is invertible if T is sufficiently large, which it is. This completes the proof.
We conclude this section with the proof of Corollary 10:
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Proof. Suppose that ¢;(x,t; 10,20, 610,020) for j = 1,2 are two different solutions of (1) meet-
ing the conclusions of Theorem 7. Fix T > T3, let

h = |é1(-, =T, 10,20, 010, 020) — d2(-, =T, 10, T20, 610, 020) || yyrs/5.5 # 0
We know that there is a 75 > T so that for j = 1,2 and any v > 0

2
; (-, =T, 110, 20,010, 020) — > _ Q (R[~050] (- — 13 (~T2))) < 7.

Jj=1 W8/5.5

which then implies by the triangle inequality:
H¢1(', =T, r10, 1‘20,910,920) - ¢2(', =T, r10, 1‘20,910,920)||Ws/5,5 < 2.
Applying Theorem 9 gives
|61(-, =T, 10, T20, 010, 020) — H2(-, —T2, 10, T20, 010, 020) || yyrs/s.5 < 2Cz7e" T2=T) < 2KC3n.

Since 7 is free to choose, we can take it to be be h/20/C;. This is a contradiction. O

6 Appendix: Local existence of solutions for (20)

Let 4
S = (ch, Wloc’ m),

Y[Th] =€ X, o[T1] x X[, ,[T1] x C'[0,T1]

and
Yo i= (W33 1 (B)?) x (W,"*% 0 (B*)?) x R®.

Theorem 27. There exists C' > 0 and d3 > 0 so that for any a >0, 0 < b < by and
ISolly, < &
there exists Ty > 0 and a unique function and S € Y[T1] so that
ISlly(r) <€
and S solves (20) for t € [0,11] a.e. and S(0) = So.
Proof. Let T'(S) := (I'“(S),T'*¢(S),I'"™(S)) be the map defined by the following, which is for-
mally equivalent to the the right hand side of (21):

t
D= AW [ AP, (m(r), W) + W (r))dr
0

t
Floc _ eAtWéOC+/ eA(tf‘r)PsB(m(T)) (WZC(T) +Wloc(7‘)) dr (40)
0

t
'™ =mgy— /o {R(m(7))P° (B(m(7)) (I'"“(7) + FZOC(T))
+ Jee(m(7),T%(7) + T%°(7))) + Rim(7)]K e (m(7),T(r) + T'°(7)) } dr.
We will show that that there exists 71 > 0, K** > 0 and d2 > 0 so that [|Sg|ly, < d2 and

IS[ly < K** imply
TSy < K™ (41)
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and
s, < 4s 5], @

which by the contraction mapping theorem implies the result.
First we estimate I'*. Theorem 15 gives:

[T oz < € (IS0l + Il p1m)-

Lemma (20)-(23) imply

T 1/3
|\J||Xa,o[T] <C </o e_SbM(t)/th> + HWMHLE’([(],T];W‘*/?’ﬁ + HWZOCHLE’([O,T];W:/3’3
ic 2 oc 2
s o+ Wl sy + W ) (43)

To estimate the linear terms above we use (6) and Holder’s inequality:

T 1/3
3
||F||L5([O,T],Wf/3’3) = (/ ||F(T)||W:/3’3 dT))
0

T 1/3
2/3
< \IFI\L{,O([&T];WW) (/O BTy 2755 dT))

b

T’ 1/3
2/3
SCWFWéﬁ<Z;HFUWWﬁwdﬂ>

<CT*P||F||x, -
Thus
ic 2
IreS)lly, . < {ISolly, + T° (1 + ISlly) + IS} } .
In exactly the same fashion we can show
[r<(8) |, , < € {IISelly, + ISy }
and ) ;
0™ esgozy < € {ISolly, +7%° (4 8l1y) + ISIE + 8113}

Therefore
2
IT(S)ly < ClSolly, + CT*° 1+ [Slly) + CSIl5 + CSlly

which in turn implies (41) for 7" and [[So||y, sufficiently small.

Proving (42) is largely similar, though care must be taken with B(m)W (as well as some
terms in J; ;¢) because it is not immediately obvious that this term is Lipschitz. Of particular
concern is that fact that these operators involve spatial translations and thus are nonlocal.

The most difficult term is I'*°¢

loc _ mloc(Q) — teA(t—‘r) SB(m(r ) — A T r
e (8) =17 (S) = [ AP B () (Wir) = W(r) ) d

- /0 At=T)P* (B(m(r)) — B(m(r))) W(r)dr.
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Here we use the shorthand W = W4+ W'¢, The first term we can estimate by CT?/9 HS — g”
Y

using the same strategy used for (41).
We claim that:

I(B(m(t)) = B(m(1)) W(t)[[; < C(1+) [[Wlys/s.5 [m —m| (44)
From the definition of B and the operators B; we see that we must estimate terms of the form

Ix1(x, 1) [F'(Q(21) + Q(22)) — F'(Q(22)] Wa(y2, )
—x1(X,t) [F(Q(z1) + Q(2Z2)) — F'(Q(22)] Wa(y2, )|
<Ixa(x,1) [F'(Q(z1) + Q(22)) — F'(Q(22)] (Wa(ya, t) — Wa(¥2,1))|

+xa(x,8) [F(Q(z1) + Q(22)) — F'(Q(22)] — x1(%, 1) [F(Q(21) + Q(22)) — F'(Q(2Z2)]| [W2(32)]
(45)

Wa(t) is in W8/55 and thus is C'. So:
X1 (x, 1) [F(Q(z1) + Q(22)) — F'(Q(22)] (Wa(y2, 1) — Wa(F2,1))|
< Cha(x ) [F'(Q(z1) + Q(22)) — F/(Q(z2)ll [y2 = F2| W2l yys/5.5
From Remark 18 (and noting that m and m have identical initial data) we have
Y2 = Y2 = R[—020] (r2 = T2 —r1 +T1).
Then
ly2 = ¥2| < Z Irj — 1]

<Yl - Byl +e [ [Rloa + 03060 Rloao + 35 d

SC’(l +1t)|m—m|.
Additionally, we know from the proof of Lemma 19 that:
I[F'(Q(z1) + Q(22)) — F'(Q(22)]| < Ce P!

which is in L}. Therefore

(%, 6) [F(Q(z1) + Q(22)) — F'(Q(22)] (Wa(y2,t) — Wa(¥2, 1)l 3
< C(1+1) [Wllys/ss fm —hl.

The remaining term in (45) is handled in a completely similar way, even though it is quite
awful looking. Let

Fly tim) == "¥ly (x, ) [F'(Q(21) + Q(22)) — F'(Q(22)].-

This function is Lipschitz in its arguments (since xi1, @ and F’ are all Lipschitz) and also in
L*°. Thus

| f(y,t;m) — f(y,t; )| <C(1+1)|m —ral.
From this and Remark 18 we can conclude

[(x1(x,t) [F'(Q(z1) + Q(z2)) — F'(Q(22)]
—x1(%,t) [F(Q(z1) + Q(22)) — F'(Q(22)]) Wz(y2)||Lg
< O(1+1) [W]lyases [m — 1]

28



Thus we have established the claim (44) which in turn implies

<) ~re), <o (4w (1S + [8],)) s -5,

Arguments parallel to this can used to establish similar estimates for I'*® and I'™ which then
implies (42). We omit the details. O
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