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1 Introduction

My research focuses on establishing a principled mathematical approach to answering questions such
as: How do genes work? How do genes and genomes mutate and evolve? What is the relationship
between epigenetics, gene expression, and phenotype? How can inherent randomness in nucleotide
composition be properly considered when analyzing DNA sequences? Why is there redundancy in
the genetic code?

To answer such questions, I develop finite implementations of techniques utilized in symbolic
dynamics and ergodic theory and apply them to DNA sequences. So my research blends a number
of general, as well as specialized areas of mathematics (such as thermodynamic formalism and
substitutive dynamical systems) and with judicious use of high-performance computing, applies
techniques from these fields to pertinent problems in the study of DNA sequences and Genomic
analysis in general.

2 Symbolic Dynamics of DNA Sequences

The theory of symbolic dynamical systems is a rich and only partially explored source of techniques
for genomic analysis. Historically, symbolic dynamics was developed in the late 1800’s as a discrete
approach to the study of traditional smooth dynamical systems (such as the geodesic flow on
surfaces of negative curvature). Since then, symbolic dynamics has become an area of mathematical
research in its own right. Since this field has been thoroughly developed (though retains many open
questions), many analytical tools exist to answer a variety of questions. For example, topological
entropy describes the number of different trajectories of a dynamical system, topological pressure is
utilized to obtain invariant measures, and zeta functions characterize the nature of fixed points of a
dynamical system. There are myriad such analytical tools that have enjoyed successful application
in answering theoretical questions regarding symbolic dynamics.

Surprisingly, these analytical approaches (which are usually infinitary in definition) have not
been modified for application to finite settings. If one were to develop statistically consistent finite
approximations to the universe of analytical tools contained in symbolic dynamics, an abundance
of applications across many fields of science would present themselves: the finite approximations
could be applied to any discrete process that changes in time/space. Chief among these applications
is bioinformatics: the study of biology and medicine from a variety of computational, statistical,
and theoretical approaches. Bioinformatics is a rapidly developing field and is frequently in need
of new approaches and techniques.

2.1 General Approach

To apply symbolic dynamics to the study of DNA sequences, I take the following approach: Treating
a DNA sequence as a concatenation of symbolic dynamical systems, I apply the aforementioned
analytical tools to classify the corresponding biological phenomena. As an example, in [1] I took this
approach with topological entropy : I defined a finite implementation of topological entropy and then
showed that it differentiated between introns and exons better than any complexity/randomness
measure to date. This represents a first step in the program of applying symbolic dynamics to
bioinformatics.
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This perspective is still being actively developed: in [3] we utilize topological pressure to study the
distribution of coding sequences across the human genome, ascertain quantitative data regarding
codon usage bias, and also employed the Variational Principle from ergodic theory to develop
measures of coding sequence potential. In the future, I plan to investigate the following:

1. The usefulness of equilibrium measures in distinguishing between short reads of coding and
non-coding sequences (as well as for epigenetics applications).

2. The application of multifractal formalism to the study interspecies codon usage bias.

3. Various levels of mixing properties and their application to quantifying gene expression levels.

4. Application of thermodynamic formalism to population genetics.

2.3 Models of Molecular Evolution and Phylogenetics

One advantage of utilizing techniques drawn from dynamical systems (in contrast to say, computer
science techniques) is that the aforementioned approach (section 2.1) is intrinsically adapted to
the inherent variability of DNA sequences. In other words, strong evidence for the validity of an
approach is its tolerance to evolution and mutation of the sequence under study. Accordingly, I have
also begun to develop a comprehensive model of molecular evolution in which biologically realistic
models can be analyzed from a principled mathematical approach. The initial development of this
model is contained in [2]. Importantly, we show that many of the previously mentioned analytical
techniques converge/are invariant under this biologically accurate, mathematically sound model of
molecular evolution.

The techniques employed in this line of research include potential theory on countable Markov
chains, Martin Boundary theory, as well as a randomization of classical substitution symbolic
dynamical systems. Green’s functions are used to characterize the total probability (more precisely,
the total score) of ever finding one sequence as the ancestor of another. Then, by finding a maximally
weighted subtree, an unrooted phylogeny can be obtained.

Using this model, one can explore how a certain tool from symbolic dynamics changes over the
course of time. For example, this model can be used to explore how topological entropy changes
along a phylogenetic tree, and so possibly explains the variation in complexity observed in different
genomes.

3 Summary

The line of research I am engaged in presents a rich and unexplored interplay between symbolic
dynamics and molecular evolution. Having already enjoyed preliminary success ([1], [2], [3]), we
fully expect symbolic dynamics to continue significantly contributing to the study of bioinformatics.
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