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Abstract. We describe four different mechanisms that lead to oscillations in a network of two 
reciprocally inhibitory cells. In two cases (intrinsic release and intrinsic escape) the frequency of the 
network oscillation is insensitive to the threshold voltage of the synaptic potentials. In the other 
two cases (synaptic release and synaptic escape) the network frequency is strongly determined by 
the threshold voltage of the synaptic connections. The distinction between the different mechanisms 
blurs as the function describing synaptic activation becomes less steep and as the model neurons are 
removed from the relaxation regime. These mechanisms provide insight into the parameters that 
control network frequency in motor systems that depend on reciprocal inhibition. 

Introduction 

Neurons have widely different intrinsic mem- 
brane properties that allow them to exhibit many 
different behaviours. They may be silent un- 
less stimulated, display plateau properties or 
show bursting pacemaking properties (Harris- 
Warrick and Marder, 1991; Marder, 1993). It 
is known that neurons with oscillatory proper- 
ties play important roles in the nervous sys- 
tem (Harris-Warrick and Marder, 1991; Jacklet, 
1989; Llin~s, 1988). However, it is often diffi- 
cult to determine how the oscillatory properties 
of neurons influence the output of the networks 
in which they are embedded. 

Rhythmic movements are often produced by 
networks with oscillatory or rhythmic outputs. 
These networks or central pattern generators 
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are known to underlie behaviours such as respi- 
ration, heartbeat, swimming, feeding and other 
motor patterns (Delcomyn, 1980; Cohen et al., 
1988; Jacklet, 1989). Rhythmic output could 
be produced by individual pacemaker cells, 
network interactions or a combination of the 
two (Selverston and Moulins, 1985; Getting, 
1989a). For example, it has long been ap- 
preciated that rhythmic output could be gener- 
ated by neurons that are connected by recip- 
rocally inhibitory synapses, "half- center oscilla- 
tors" (Brown, 1911), even when the individual 
neurons themselves were not oscillatory.. How- 
ever, it is not clearly understood how the rhyth- 
mic output is controlled. Oscillations produced 
by networks of reciprocally inhibitory neurons 
are integral to several pattern generating circuits 
(e.g., Arshavsky et al., 1993; Calabrese and De- 
Schutter, 1992; Satterlie, 1985), and therefore 
it is important to understand what properties 
determine the network frequency and therefore 
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the period of the controlled movement. 
In this paper, we show that there are at least 

four different mechanisms that lead to oscillation 
in a network of two reciprocally inhibitory cells. 
Two of these are determined by the intrinsic 
properties of the neurons, and the other two are 
determined by the properties of the synapses. 
We show that for the mechanisms involving the 
synapses, the frequency of the network depends 
critically on the synaptic threshold voltage; for 
the intrinsic mechanisms, the synaptic threshold 
voltage does not have a significant impact on 
the network frequency. The mechanisms we 
identify extend and refine ideas in Wang and 
Rinzel (1992). 

The analysis of the mechanisms is done using 
restrictions on the network elements and the 
coupling between them. The network elements 
are assumed to be of a relaxation type, i.e., with 
some processes that occur on a much faster 
time scale than others. The synaptic coupling 
is assumed to have a sharp threshold and a fast 
time constant. If some of these assumptions 
are relaxed, the qualitative behaviour remains 
similar, but the distinction between the four 
mechanisms becomes less sharp. 

In a previous paper (Skinner et al., 1993) 
we described how the behaviour of two cell 
reciprocally inhibitory networks can change as 
the parameter representing injected current is 
increased. Simulations in that paper showed 
that if sufficient current is injected into each 
cell, the rhythm stops; a further injection of 
current then restarts the rhythm. The analysis in 
this paper clarifies those simulations by showing 
how the current injection changes the ability 
of the network to oscillate and the mechanism 
underlying the oscillatory behaviour. 

Methods 

Basic Geometry 

Our analysis applies to classes of neural-like 
equations with similar geometry, independent 
of the ionic currents that underlie that geom- 
etry. For simplicity, we shall describe the ge- 
ometry in two- dimensional equations, though 

the description can be extended to higher- 
dimensional equations. 

Each of the two cells is assumed to be de- 
scribed by equations of the form: 

f" = f ( v ,  N) 
2r = g(v, N) (I) 

where V denotes the voltage and N is the re= 
covery or slow variable. Here the nullcline 
f(V, N) -- 0 is assumed to have a shape that 
is qualitatively cubic, as in Figure 1. The null- 
dine g(V, N) = 0 is assumed to be sigmoidal, 
also as in Figure 1. The g nullcline is the same 
for all three parts of Figure 1. A well-known 
example of such equations are the Morris-Lecar 
equations (Morris and Lecar, 1981), which are 
used for the simulations done in this paper. 
These equations are sometimes used to model 
the envelope of the voltage traces of a burst- 
ing neuron. 

With nullclines of these shapes, equations (1) 
can have a stable critical point as in Figures la 
and lb, or a stable oscillation as in Figure lc. 
In Figure la, the stable critical point is on the 
lowest branch of the cubic; this corresponds to 
equilibrium at rest potential in a bursting model. 
In Figure lb, the critical point is on the highest 
branch, which corresponds to tonic firing when 
the equations are interpreted as envelope equa- 
tions. Some trajectories are drawn in each case. 
Note that E small implies that the trajectories 
stay close to the nullcline f(V, N) = 0 until they 
reach a local maximum or minimum, then jump 
quickly to another branch; in the limit e ~ 0, 
the jump is instantaneous. 

Coupling occurs via the voltages of the two 
oscillators. A term h(V,~) is added to the 
first equation of (1), where ~ is the voltage of 
the other oscillator. We assume that h(V, ~) 
has the form m(f~)(V - V,y~), a standard model 
of a fast chemical synapse. Here V~y~ is the 
synaptic reversal potential, and is set so that the 
synaptic current is hyperpolarizing. For most 
of the paper, the function re(I?) is a step func- 
tion: it is zero below some threshold Vthr,h 
and is a positive constant above the threshold 
Vth,~h. Thus h(V, ~)  = 0 for P" < Vth,~h and 
h(V, ~) = const.(V - V~u~ ) for V > Vth~h. We 
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Fig. 1. The cubic-like nulleline f = 0 represents the steady- 
state behaviour of the V variable. The sigmoidal-like null- 
cline g = 0 represents the steady-state behaviour of the N 
variable, which is the slow variable. (a) The nullclines 
intersect on the lowest branch of the f = 0 nullcline. This 
results in a stable behaviour at a lower V value. (b) The 
nullclines intersect on the highest branch of the f = 0 

~i f=0 

, \ t ~ 

V '. 
Fig. 2. Nuliclines of free and inhibited systems. The cubic- 
like nullclines represent the points for which 17 = 0. The 
solid line ( f  = 0) corresponds to the system without any 
inhibition and the dashed line (F = 0) corresponds to the 
system under constant inhibition. 

let F(V, N) = f(V, N) + const.(V - Vsu,~). We 
refer to (1) with f (V ,N)  replaced by F(V,N)  
as the inhibited system, and F(V,N)  = 0 as 
the  vo l tage  nul lc l ine  for the inhibi ted system. 
N o t e  that the  cho ice  o f  V~yn impl ies  that the  
F(V, N )  = 0 nul lc l ine  l ies b e low  the  f(V~ N) = 0 
nuilc l ine,  as shown in Figure 2. 

Resul ts  

Mechanisms for Network Oscillations 

T h e  m e c h a n i s m s  wil l  be i l lustrated with  s imula-  
t ions  us ing Morris-Lecar eq u at ion s  for each  cell .  
T h e  equat ions  and the  re levant  parameters  are 
shown in A p p e n d i x  A.  

nullcline. This results in a stable behaviour at a higher V 
value. (c) The nullclines intersect on the middle branch 
of the f = 0 nullclines. This results in an unstable critical 
point which gives stable oscillatory behaviour. 



72 Skinner, KopeU and Marder 

Intrinsic Mechanisms 

T h e  first  two m e c h a n i s m s  we desc r ibe  d e p e n d  
on  t h e  in t r ins ic  p r o p e r t i e s  o f  t he  cells.  P r o v i d e d  
t ha t  t he  synap t i c  t h r e sho ld ,  Vthr~h, s tays wi th in  
s o m e  b o u n d s  tha t  w e  will  m a k e  explici t ,  we  shall  
see  t ha t  this  t h r e s h o l d  p lays  no  ro l e  in de t e r -  
m in ing  e i t h e r  t h e  w a v e f o r m  o r  t he  f r equency  o f  
t he  n e t w o r k  osci l la t ions .  

Release. This intrinsic release mechanism is 
illustrated in the phase plane portrait of Fig- 
ure 3a. The sigmoidal shaped curve is the 
nullcline of the recovery variable. In particu- 
lar, for the Morris-Lecar equations used here, 
the recovery variable represents the activation 
of the outward K + current and the nullcline is 
given by g = 0. The upper and lower cubic- 
like curves represent the voltage nullclines or 
f = 0 for the uninhibited system and F -- 0 
for the inhibited system. These curves are de- 
scribed in the previous section and are shown 
in Figures 1 and 2. The dashed line shows the 
synaptic threshold voltage. The trajectory for 
this intrinsic release mechanism is described as 
follows (see Figure 3a): During the network 
oscillation, the free cell reaches the end of its 
plateau marked as k +, and jumps down to  j (k+),  
releasing the inhibited cell. At that moment, the 
inhibited cell jumps to its excited plateau from p 
to j(p). The corresponding voltage versus time 
plot is shown in Figure 3b for the two cells. 
Again, the dashed line in Figure 3b represents 
the synaptic threshold voltage. 

This rhythm can happen even if neither the 
uninhibited system nor the inhibited one (i.e., 
the cell under sustained inhibition) is capable of 
autonomous oscillations. The main constraint 
for this mechanism is that the uninhibited cell 
not be tonically active. It may either oscillate 
or have a stable critical point; i.e., the g = 0 
nullcline may not intersect the f -- 0 nullcline 
on the right-hand branch. Figure 3a illustrates 
a case of intrinsic release in which the uninhib- 
ited cell is capable of autonomous oscillation. 
As shown in Figure 3a, the trajectory of the 
uninhibited cell reaches the maximum of the 
f = 0 nullcline, jumps downward, and thereby 
releases the inhibited cell to jump upward. 
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Fig. 3. Intrinsic Release Mechanism. (a) Phase-plane 
portrait, N versus V. There are two V-nullclines representing 
the free and inhibited systems and one N-nullcline which 
is the same for both free and inhibited cells. The synaptic 
threshold is 0 inV. The resulting trajectory passes through 
the local maximum of the uninhibited nullcline. (b) Voltage 
versus time for the two cells using a synaptie threshold 
voltage of 0 inV. (e) Voltage versus time for one cell using 
synaptic threshold voltages of -30, -20, -10 and 0 inV. 
The dashed line represents the synaptic threshold voltage. 
Model parameters are: gsyn = 6 #S/cm 2, I ~ t  = 0.4 #A/cm 2, 
~Jv = 0.000002 msec -1, Vslop= = 0.001 mV, and the other 
parameter values are shown in Appendix A. 
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We are mainly interested in rhythms in which 
the upjump of one cell coincides with the down- 
jump of the other cell, i.e., the duty cycle is 1/2. 
In order that there be a trajectory with duty cy- 
cle 1/2 corresponding to intrinisic release, there 
is another condition: there must be a point p as 
in Figure 3a such that the time from j (k  +) t o  p 
equals the time from j(p) to k +. This constraint 
determines the point p of the trajectory. See 
Appendix B for a discussion of the stability of 
the solution, as well as remarks on when there 
is such a value of p. If there is no such p, the 
behaviour can be more complicated. This is il- 
lustrated at the end of the Motivating Example 
section, and discussed further in Appendix B. 

The only constraint on the synaptic threshold 
is that it lie between the rapid upstroke and 
rapid downstroke of the coupled system. The 
rapid upstroke and downstroke are represented 
by the dotted lines in Figure 3a. Within this 
range, changing the synaptic threshold has no 
effect on the periodic trajectory of the limiting 

~ 0 system, and hence no effect on the period. 
This is dearly shown in Figure 3c where voltage 
versus time plots are shown for one of the cells 
at four different synaptic thresholds. 

Escape. The phase plane portrait in Figure 4a 
illustrates the intrinsic escape mechanism. Sim- 
ilar to Figure 3a, in Figure 4a, the sigmoidal 
and cubic-like curves are the nullclines of the 
system and the dashed line represents the synap- 
tic threshold voltage. The trajectory shown in 
Figure 4a is as follows: During the network os- 
cillation, the inhibited cell reaches k-, the end 
of its slow depolarization, and jumps up t o  j (k - )  
inhibiting the other cell. At that moment, the 
free cell jumps to its inhibited state from p to 
j(p). The voltage versus time plot which corre- 
sponds to this trajectory is shown in Figure 4b 
for the two cells. The dashed line represents 
the synaptic threshold voltage. 

The essential requirement for this mechanism 
is that the inhibited system be capable of oscil- 
lation or tonic activity; i.e., the 9 = 0 nullcline 
may not intersect the F = 0 nullcline on its left- 
hand branch. As before, in the e --+ 0 limit, the 
periodic solution is completely independent of 
the synaptic threshold, provided that the latter 
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Fig. 4. Intrinsic Escape Mechanism. (a) Phase-plane 
portrait, N versus V. There are two V- nullclines representing 
the free and inhibited systems and one N- nullcline which 
is the same for both free and inhibited cells. The synaptie 
threshold is 0 mV. The resulting trajectory passes through the 
local minimum of the inhibited nullcline. (b) Voltage versus 
time for the two cells using a synaptic threshold voltage of 
0 mV. (c) Voltage versus time for one cell using s:~aptic 
threshold voltages of -10, 0, 5, 10 inV. The dashed line 
represents the synaptic threshold voltage. Model parameters 
are: gsyn = 10 #S/cm 2, Ie.~ = 0,8 #A/cm 2, t~N = 0.000002 
msec -],  Vslope = 0.001 mV, and the other parameter values 
are shown in Appendix A. 
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is within the voltages of the rapid upstroke and 
rapid downstroke which again corresponds to 
the dotted lines in Figure 4a. For four differ- 
ent synaptic threshold voltages, the frequency 
and waveform do not change. This is shown 
in Figure 4c for one of the cells. As in the 
intrinsic release mechanism, there is a further 
restriction in order that there be a trajectory 
with duty cycle 1/2: there must be a point p on 
the right-hand branch of the f = 0 nulldine for 
which the time from j(k-) to  p equals the time 
from j(p) to k-. 

It has been pointed out (R. Calabrese, per- 
sonal communication) that the ease of intrinsic 
escape is especially interesting when neither the 
inhibited nor the uninhibited cell is an oscillator. 
In this mechanism, the inhibited cell recovers to 
a reduced level of tonic activity in the presence 
of continuous inhibition; in the reciprocal net- 
work, it can terminate the inhibition to return 
to full activity during a part of the network os- 
cillation. This may correspond to an oscillator 
based on an h-current (Calabrese and DeSchut- 
ter, 1992). 

Synaptic Mechanisms 

The synaptic mechanisms come into operation 
when the synaptic threshold lies outside the 
interval between the upjump voltage and the 
downjump voltage for the coupled system, as 
represented by the dotted lines in Figures 3a 
and 4a above. The synaptic threshold may then 
lie on the interval of voltages corresponding to 
either the upper branch of the uninhibited null- 
eline or the lower branch of the inhibited null- 
dine. These two cases correspond to synaptic 
release or synaptie escape respectively. 

Release. The synaptic release mechanism is 
shown in the phase plane portrait of Figure 5a. 
As before, the sigmoidal and cubic-like curves 
are the nullclines and the dashed line is the 
synaptic threshold voltage. For this case the 
upper branch of the free nulldine has voltages 
on both sides of the synaptic threshold. The 
jumps occur when the uninhibited cell's volt- 
age declines to the synaptic threshold. The 
trajectory in Figure 5a can be described as fol- 
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Fig. 5. Synaptie Release Mechanism. (a) Phase-plane 
portrait, N versus V. There are two V-nullelines representing 
the free and inhibited systems and one N-nuUeline which 
is the same for both free and inhibited cells. The synaptie 
threshold is 20 mV. The resulting trajectory does not pass 
through either the local maximum or minimum of the voltage 
nullclines. (b) Voltage versus time for the two cells using a 
synaptic threshold voltage of 20 mV. (c) Voltage versus time 
for one cell using synaptic threshold voltages of 15, 20, 25, 
30 mV. The dashed line represents the synaptic threshold 
voltage. Model parameters are given in Figure 4. 
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Fig. 6. Synaptic Release Mechanism. The two V-nullelines 
represent the free and inhibited systems. The trajectory 
goes through the points marked s, j (s) ,  p and j(p). 

lows: When the free cell of the coupled system 
reaches the synaptic threshold voltage, the free 
cell ceases to inhibit the other cell. The latter is 
now governed by the voltage nullcline of the free 
system, causing it to jump to the excited branch 
from p to j(p), and thus to inhibit the first cell; 
the first cell is then constrained to jump down- 
ward at the point from s to j(s). The point p 
in Figure 5a is determined by the requirement 
that the time from j(p) to the synaptic threshold 
s equals the time from j(s) to p. The voltage 
versus time oscillations which correspond to the 
trajectory in Figure 5a are shown in Figure 5b 
for the two cells. 

The existence of the synaptic threshold on 
the upper branch of the free system, plus the 
inhibitory coupling, indirectly prevents the free 
oscillator from moving past that threshold. Fig- 
ure 5a shows that the periodic solution does not 
pass through the local maxima or minima of the 
voltage nullclines (unlike the periodic solution 
for the intrinsic mechanisms). For this mecha- 
nism, the frequency and waveform are critically 
dependent on the synaptic threshold. This de- 
pendence is shown in Figure 5c where voltage 
versus time plots are shown for one of the cells 
at four different synaptic thresholds. There is 
a drastic decrease in network frequency as the 
synaptic threshold decreases. 

The reason for the dependence of the period 
and waveform on s can be seen in Figure 6. 
As the voltage corresponding to 8 increases (to 

s' in Figure 6), the voltage corresponding to 
the point p decreases (to the point p'). This 
decreases the amplitude and period, as can be 
seen in Figure 5c. 

Escape. In Figure 7a the phase plane portrait 
for the synaptic escape mechanism is illustrated. 
The curves representing the nullclines are the 
same as in the previous figures and again the 
synaptic threshold voltage is given by the dashed 
line. In this mechanism the lower branch of 
the inhibited nullcline contains voltages on both 
sides of the synaptic threshold. 

The trajectory in Figure 7a is described by the 
following: When the inhibited cell passes the 
synaptic threshold, the voltage is large enough to 
inhibit the other cell. This causes the latter to be 
governed by the inhibited nullcline, and hence 
to jump down to the unexcited branch from p to 
j(p). When it does this, the  first cell can escape 
from inhibition, and it jumps upward from s to 
j(8). The point p in Figure 7a is determined 
as in the release mechanism by the requirement 
that the time from j(p) to s equals the time from 
j(s) to p. The corresponding voltage versus time 
plot for the two cells is shown in Figure 7b. 

The coupling indirectly allows the inhibited 
cell to escape and jump upward when it reaches 
the synaptic threshold. Again the solution does 
not pass through local maxima or minima of 
the voltage nullcline. Similar to the synaptic re- 
lease case, the output generated via the synaptic 
escape mechanism is sensitive to the synaptic 
threshold. This sensitivity is shown in Figure 7c 
for one cell at four different synaptic thresholds. 
This time the network frequency drastically in- 
creases as the synaptic threshold decreases. The 
reason for the sensitivity is similar to that for 
synaptic release. 

For the synaptic mechanisms, neither cell in 
the free nor the inhibited systems needs to be 
capable of exhibiting autonomous oscillations. 
Similar to Wang and Rinzel (1992), bistability 
in our mechanisms can occur in several ways. 
For example, if the steady state is on the upper 
branch of the f = 0 nullcline, as shown for the 
synaptic release example in Figure 5a, the net- 
work can either exhibit oscillatory behaviour as 
shown in Figure 5b or both cells can be stable 
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at the steady-state voltage of the free system. If 
the steady state is on the lower branch of the 
F = 0 nullcline in the synaptic escape mecha- 
nism, bistability will exist between the oscillatory 
state and this steady state. However, this is not 
the case for the synaptic escape example shown 
in Figure 7a. 

In considering all four mechanisms, the escape 
cases can be thought of as occurring due to the 
initiative of the inhibited cell. The inhibited 
cell either escapes due to its intrinsic proper- 
ties or because it starts inhibiting the other cell. 
The release cases can be thought of as occur- 
ring due to the initiative of the free cell. The 
free cell either reaches the end of its plateau 
by virtue of its intrinsic properties or it stops 
inhibiting the other cell, allowing the latter to 
be released. However, as shown above, whether 
the mechanism is escape or release does not de- 
termine the sensitivity of the network oscillation 
to the synaptic threshold. The four mechanisms 
are summarized in Table 1. The conditions for 
each mechanism, how the transition between on 
and off occurs and the effect of changing the 
synaptic threshold on network period are briefly 
described in this table. 

In Figure 8 we show how frequency changes 
with synaptic threshold for the four mechanisms. 
The normalized period versus synaptic threshold 
voltage is plotted. The period is normalized such 
that at a synaptic threshold of 0 mV, the period 
is 1. The range of synaptic threshold values for 
which there is no period change corresponds 
to the region when the intrinsic mechanisms 
are in operation. However, where the synaptic 
mechanisms come into play, there is a signifi- 
cant change in period with synaptic threshold: 
The frequency increases with increasing synaptic 
threshold for the release case and the frequency 
decreases with increasing synaptic threshold for 
the escape case. Figure 8 gives frequency ver- 
sus synaptic threshold for two different sets of 
parameters. For one set (the solid line), synap- 
tic escape, intrinsic escape and synaptic release 
mechanisms are exhibited. This solid line corre- 
sponds to the nullclines shown in Figure 4a, 5a 
or 7a. For the other (the dashed line), synap- 
tic escape, intrinsic release and synaptic release 
mechanisms are exhibited. This dashed line cor- 
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Fig. Z Synaptic Escape Mechanism. (a) Phase-plane 
portrait, N versus V. There are two V- nullclines representing 
the free and inhibited systems and one N- nullcline which 
is the same for both free and inhibited cells. The synaptic 
threshold is -30 inV. The resulting trajectory does not pass 
through either the local maximum or minimum of the voltage 
nulMines. (b) Voltage versus time for the two cells using 
a synaptic threshold voltage of -30 inV. (c) Voltage versus 
time for one cell using synaptic threshold voltages of -35, 
-30, -25, -20 inV. The dashed line represents the synaptic 
threshold voltage. Model parameters are given in Figure 4. 
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Table 1. A Summary of the 4 mechanisms. 

Conditions 
Mechanism (on cells) 

Conditions (on synaptic 
threshold) 

Effect of synap- 
How transi- tic threshold on 
tion occurs period 

Intrinsic Free cell must be 
Release endogenous 

burster or silent, 
not tonic. 

Intrinsic Inhibited cell must 
Escape be endogenous 

burster or tonic, 
not silent. 

Synaptic Free cell must be 
Release tonic or endoge- 

nous burster, not 
silent. 

Synaptic Inhibited cell must 
Escape be silent or en- 

dogenous burster, 
not tonic. 

Synaptic threshold must be more 
hyperpolarized than the voltage 
at which free cell's burst termi- 
nates or more depolarized than 
free cell's silent state. 

Synaptic threshold must be more 
depolarized than voltage at which 
inhibited cell starts to burst or 
more hyperpolarized than inhib- 
ited cell's tonic state. 

Synaptic threshold must be more 
depolarized than tonic state of 
free cell and/or the voltage at 
which free cell's burst terminates. 

Synaptic threshold must be more 
hyperpolarized than inhibited ce- 
ll's silent state and/or the voltage 
at which the inhibited cell starts 
to burst. 

Free cell reaches Period unchanged by 
end of burst, ter- change in synaptic 
minates inhibition threshold. 
and allows inhib- 
ited cell to fire. 

lnh~ited cell Period unchanged by 
generates burst change in ~Tnaptie 
and shuts off free threshold. 
ceil. 

Free cell drops be- Period increases when 
low synaptic thres- synaptic threshold de- 
hold and allows in- creases. 
hibited cell to de- 
polarize. 

Inhibited cell cros- Period decreases when 
ses synaptic thres- synaptic threshold 
hold and starts to decreases. 
inhibit free cell. 

responds to the nullclines shown in Figure 3a. 

Effects of Relaxing Assumptions 

In the previous section, certain assumptions 
were made which allowed the distinction be- 
tween the four mechanisms to be sharp. If we 
now relax some of the assumptions, then we find 
that the concepts developed above are still use- 
ful. The assumptions that we relax are (i) E << 1 
which corresponds to the network elements be- 
ing of relaxation type, and (ii) sharp synaptic 
thresholds or steep synaptic activations. We do 
not relax the assumption of a fast time constant 
for the synaptic coupling. 

In Figure 9 we plot normalized period ver- 
sus synaptic threshold for two cases. These 
cases correspond to the nullclines shown in Fig- 
ures 4a, 5a or 7a. The solid line corresponds to 
parameters for which the oscillations are of re- 
laxation type, i.e., some processes have a much 
faster time constant than others. The dashed 
line corresponds to parameters for which the 

oscillations are not of relaxation type. The only 
difference in parameter values between these 
two situations is in the time constant of one of 
the processes. Again, the period is normalized 
such that at a synaptic threshold of 0 mV, the 
period is 1. 

As shown in Figure 9, if the oscillations are 
not of a relaxation type, then the frequency does 
change with synaptic threshold during the intrin- 
sic mechanisms. However, the frequency varia- 
tion is small when compared with the frequency 
variation during the synaptic mechanisms. Also, 
the switch between intrinsic and synaptic mech- 
anisms does not occur at the same positions 
since now the voltage trajectories do not closely 
follow the nullclines. 

The assumption made in the previous section, 
that there is a sharp synaptic threshold, means 
that the slope of the synaptic activation is very 
steep. For a synaptic threshold of 0 mV, the 
synaptic activation versus voltage is plotted in 
Figure 10b for four different slope values. The 
solid line represents the steepest slope or the 
sharpest threshold (Vslope = 0.001 mV). In this 
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mV. (h) Synaptic activation versus voltage for 4 Vslope values 
of 0.001, 2, 5, 10 mV and a synaptic threshold of 0 mV. 

case the synaptic activation changes from 0 to 
1 very sharply. In comparison, the least steep 
slope is described by the dotted line (V~lop~ = 
10 mV), and the synaptic activation takes about 
60 mV to change from 0 to 1 (i.e., about 30 mV 
on either side of a 0 mV synaptic threshold). 

Figure 10a shows plots of normalized period 
versus synaptic threshold for the four synaptic 
activations shown in Figure 10b. Again, these 
cases correspond to the nullclines exhibited in 
Figures 4a, 5a or 7a. As in previous figures, 
the period is normalized to 1 when the synap- 
tic threshold is 0 mV. From Figure 10a, it is 
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clear that as the synapse becomes less steep, 
the distinction between intrinsic and synaptic 
mechanisms becomes less sharp. This is easy to 
understand since if the synapse is not very steep, 
then the particular cell will not be entirely free or 
inhibited above or below the synaptic threshold 
respectively. Instead, each cell will experience 
some partial inhibition depending on how far 
removed its partner is from the synaptic thresh- 
old. In other words, the F = 0 nulldine will be 
changing in time. 

As the synapse becomes less steep, the range 
of synaptic threshold voltages for which there is 
no change in frequency decreases. The range 
of constant frequency is decreased by the range 
of voltages over which the synapse takes to ac- 
tivate from 0 to 1. As an example, consider 
the synaptic activation described by the dashed 
line in Figure 10b (V~lope = 2 mV). In this case, 
the synapse takes approximately 10 mV (or 5 
mV on either side of a synaptic threshold of 0 
mV) to activate from 0 to 1. When the cor- 
responding normalized period versus synaptic 
threshold curve is considered in Figure 10a, we 
see that the range of synaptic threshold voltages 
for which there is no variation in period has 
decreased by about 10 mV, 5 mV on each side 
of the non-changing frequency region. This ob- 
servation implies that if the voltage range that 
the synapse takes to activate from 0 to 1 is wider 
than the range of synaptic threshold voltages for 
which no frequency change is observed (when 
the synaptic activation is very steep), then there 
should not be a region of non-changing frequen- 
cies for this particular synaptic activation. This 
is illustrated for the example described by the 
dotted curves (V~lope = 10 mV) in Figure 10. 

A Motivating Example 

The determination of the mechanisms described 
above was motivated by a previous paper (Skin- 
ner et al., 1993) in which the behaviour of two 
cell reciprocally inhibitory networks were sim- 
ulated. In that paper we considered how net- 
work behaviour and the frequency of network 
oscillations were influenced by injected current. 
We found that it was possible to start, stop 
and restart network oscillations as the amount 

of depolarizing current injected into each cell 
was increased. This behaviour is shown in 
Figure l l a  (which is similar to Figure 13 in 
Skinner et al., 1993). In Figure l lb ,  we show 
phase plane portraits which correspond to the 
five levels of injected current values shown in 
Figure l la .  In each phase plane of Figure l lb,  
the sigmoidal and cubic-like curves are the null- 
dines and the dashed line represents the synap- 
tic threshold voltage. As the injected current 
levels are changed, the phase plane portraits 
(i.e., nulldines and trajectories) also change. In 
these simulations, the synaptic threshold voltage 
is unchanged. 

For the first two levels of injected current, the 
individual, uninhibited network elements are ca- 
pable of autonomous oscillations. In addition, 
since the synaptic threshold is located between 
the upjump and downjump voltages of the cou- 
pled system, the mechanism for oscillation in 
these first two cases can be identified as intrin- 
sic release. 

For the first intrinsic release mechanism an 
interesting behaviour is observed: The trajectory 
of the inhibited cell is temporarily closer to 
the free voltage nulldine. This results in a 
jump from one hyperpolarized voltage to a more 
hyperpolarized region. This behaviour can be 
seen in Figure l l a  for the first level of injected 
current shown. An analogue of this for the 
relaxation regime is discussed at the end of 
this section. 

At the third level of injected current shown, 
the network does not oscillate. Instead bistable 
behaviour is exhibited with one cell in a hyper- 
polarized state and the other in a depolarized 
state. In this scenario, since neither the free nor 
inhibited cell systems are capable of exhibiting 
autonomous oscillations and the synaptic thresh- 
old voltage does not lie on the upper branch 
of the uninhibited nulldine or the lower branch 
of the inhibited nullcline, synaptic mechanisms 
cannot come  into play. 

With a further increase in injected current, 
network oscillations are again possible via the 
intrinsic escape mechanism. This is shown by 
the fourth case in Figure 11. The phase plane 
portrait is changed sufficiently so that now the 
inhibited cell system is capable of exhibiting au- 
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Fig. 11. (a) Voltage waveforms for a 2 cell reciprocally inhibitory network at 5 values of injected current. The parameters 
used are: gsyn = 30 t~S/cm 2, ~bu = 0.002 msec -1, Vthres h = 0, Vslope = 15 inV. lea values are shown in the figure as i. See 
Appendix  A for other parameter values. (b) Phase-plane portraits for the 5 levels of injected current shown in (a). There  
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line represents the synaptic threshold voltage, and the trajectory is shown. I.R. = Intrinsic Release, I.E. = Intrinsic Escape, 
S.E. = Synaptic Escape. 

tonomous oscillations, and the unchanged synap- 
tic threshold is located between the upjump and 
downjump voltages of the coupled system. 

As the injected current level is increased fur- 
ther, we get to the fifth case. Rhythmic be- 
haviour in the network is still present but the 
underlying mechanism is now different. The un- 
changed synaptic threshold is now close enough 

to the lower branch of the inhibited voltage 
nullcline to allow oscillations via the synaptic 
escape mechanism. In these simulations, the 
synaptic activation is not very steep, and the os- 
cillations are not of relaxation type. Therefore, 
the transition between the different mechanisms 
are not sharp. 

For the third, fourth and fifth cases, the indi- 
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vidual, uninhibited cells are not capable of ex- 
hibiting autonomous oscillations. Several possi- 
ble behaviours are shown for these cases: bista- 
bility and oscillations via an intrinsic escape or 
a synaptic escape mechanism. Since the individ- 
ual, uninhibited cells are not capable of oscilla- 
tory behaviour, the oscillations are an emergent 
property of the network. 

This example illustrates that the properties of 
the individual network elements and the synaptic 
couplings, as well as the network configuration, 
can result in the use of different mechanisms 
for oscillation. 

As described above, the simulations given in 
Figure 11 have some different features from 
the periodic solutions constructed for our four 
mechanisms. One is that the simulations were 
not done in the relaxation range, and the other is 
that the simulations exhibit solutions with jumps 
from a hyperpolarized voltage to a more hyper- 
polarized one. The latter feature can be re- 
produced for solutions in the relaxation regime, 
provided that we consider solutions with duty cy- 
cles different from 1/2. As shown in Figure 12a, 
for the intrinsic release mechanisms in the re- 
laxation regime, we can obtain voltage versus 
time plots in which there is a jump from one 
hyperpolarized voltage to a more hyperpolarized 
voltage for one of the cells and a jump from 
one hyperpolarized voltage to a less hyperpolar- 
ized voltage for the other. The singular solution 
associated with this is discussed in Appendix B. 

Similarly, for the intrinsic escape mechanism 
in the relaxation regime, we can obtain voltage 
versus time plots in which there is a jump from 
one depolarized voltage to a more depolarized 
voltage for one of the cells and a jump from 
one depolarized voltage to a less depolarized 
voltage for the other cell. This is shown in 
Figure 12b. In both of these cases, the duty cycle 
is different from 1/2. For the simulations shown 
in Figure 12, in addition to the oscillations being 
in the relaxation regime, the synaptic activation 
was steep. 

In Figure 12b, the duty cycle is greater than 
1/2. This means that there is a region of overlap 
of firing for the two cells, despite the mutual in- 
hibition. For leech heart interneurons, there are 
experimental observations which show that such 

cell 1 ~ ~  0 mV 

b 

Fig. 12. Duty cycle # 1/2. (a) Intrinsic release mechanism. 
Voltage versus t ime for the two cells using gsyn = 2.5 #S/cm 2, 

$N = 0.000002 msec -1, Vthresh = 0, Wslop e = 0.001 mV, 
and le.,t = 0.15 #A/era 2. See Appendix A for the  o ther  
parameters.  (b) Intrinsic escape mechanism. Voltage versus 
t ime for the two cells using the  same parameters  as in (a) 
except I ~ t  = 0.78 #A/em 2. 

an overlap exists for two reciprocally inhibitory 
neurons (e.g. Calabrese and DeSchutter, 1992). 
Such an overlap could not be reproduced in 
a one-compartment model of a heart interneu- 
ron containing all identified ionic currents (Cal- 
abrese and DeSchutter, 1992; DeSchutter et al., 
1993). However, as pointed out by the authors, 
this could be caused by several factors such 
as the non-inclusion of spike-mediated synap- 
tic transmission. 

Discussion 

Neuromodulators are able to influence the out- 
put from neural networks by altering the intrin- 
sic properties of the neurons or by changing the 
synaptic properties in the circuit (Harris-Warrick 
and Marder, 1991). In this paper we have given 
a clear indication of how the frequency of a two 
cell reciprocally inhibitory network is controlled 
by both intrinsic and synaptic properties. 

Reciprocal inhibition between neurons is a 
common occurrence in many networks. Some 
examples include the pyloric and gastric net- 
works of crustacea (Selverston and Moulins, 
1987), the leech heartbeat network (AIbas and 
Calabrese, 1987), the swimming networks in ma- 
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rine molluscs and vertebrate embryos (Arshavsky 
et al., 1993; Satterlie, 1985), and the escape swim 
response in sea slugs (Getting, 1989b). In these 
networks, the individual cells may or may not 
exhibit oscillatory behaviour. For example, en- 
dogenous pacemaker activity has been recorded 
in isolated marine mollusc neurons (Arshavsky 
et al., 1993), but no intrinsically bursting neurons 
have been found in the leech heartbeat network 
(Calabrese and DeSchutter, 1992). As described 
in this paper, individual neurons with the abil- 
ity to oscillate in the absence of inhibition can 
use the release mechanisms and individual neu- 
rons with the ability to oscillate under sustained 
inhibition can use the escape mechanisms. 

It is important to realize that the mecha- 
nism for the generation of oscillatory behaviour 
in two cell reciprocally inhibitory networks can 
easily change. As shown in the previous section, 
changing the level of current injected into the 
two cells changes the mechanism by which os- 
cillations are generated. In our simulations, any 
model parameter which alters the phase plane 
portrait could lead to a change in the operat- 
ing mechanism, since the location of the null- 
clines relative to the synaptic threshold could 
change. For example, increasing the synaptic 
strength leads to a lowering of the voltage null- 
cline for the inhibited system. This could alter 
the mechanism by which network oscillations 
are generated or prevent oscillations from be- 
ing produced. 

The clear distinction between intrinsic and 
synaptic mechanisms disappears if the synapses 
are not steep. In the plot of period versus 
synaptic threshold, there is a transition between 
the portion with positive slope (frequency de- 
creasing) and the portion with negative slope 
(frequency increasing). See dotted line in Fig- 
ure 10a. In regions close to this transition, both 
intrinsic and synaptic mechanisms are in opera- 
tion, and modulating either intrinsic or synaptic 
properties can easily cause a switch between 
release and escape mechanisms. However, in 
regions far from this transition, synaptic mech- 
anisms dominate and a switch between release 
and escape mechanisms is unlikely. 

In preliminary experiments these mechanisms 
were investigated with leech heartbeat interneu- 

rons. These neurons are naturally connected 
by chemical inhibitory synapses and form a 
half-center oscillator (Calabrese and DeSchut- 
ter, 1992). After pharmacologically blocking 
the natural synapses, the dynamic clamp (Sharp 
et al., 1993) was used to introduce artificial in- 
hibitory chemical synapses between the leech 
neurons, and the synaptic threshold was var- 
ied. These experiments showed that the net- 
work period either increased or decreased as 
the synaptic threshold was artificially decreased 
(Skinner et al., 1994). This suggests that either 
synaptic release or synaptic escape modes dom- 
inate in determining network frequency under 
these experimental conditions, although under 
other conditions, intrinsic properties may play a 
stronger role. 

In reciprocally inhibitory networks whose indi- 
vidual neurons do not exhibit autonomous oscil- 
lations, the property of postinhibitory rebound 
(PIR) in individual cells has been found to be ad- 
equate to generate oscillatory behaviour. This 
property has been exploited in several model 
studies (Calabrese and DeSchutter, 1992; Perkel 
and Mulloney, 1974; Wang and Rinzel, 1992). 
Wang and Rinzel (1992) used a quantitative 
model of the T-type calcium current in tha- 
lamic neurons which is strongly inactivated at 
rest. Hyperpolarization of sufficient amplitude 
and duration can then deinactivate this current. 
Calabrese and DeSchutter (1992) included a sag 
or hyperpolarization-activated inward current in 
their model and Perkel and Mulloney (1974) 
specifically included a PIR variable which is aug- 
mented with the arrival of inhibitory postsynaptic 
potentials. As shown here and in other simula- 
tions (LoFaro et al., 1994; Rowat and Selverston, 
1993), the inclusion of a specific PIR-like current 
is not required to obtain oscillations in networks 
of reciprocally inhibitory cells in which the indi- 
vidual cells do not exhibit oscillatory behaviour. 
The mechanisms in this paper  are described in 
terms of the intrinsic and synaptic properties of 
the neurons, and do not rely on the inclusion 
of specific currents. However, PIR (and other 
cellular properties) could alter the ability of an 
individual cell to exhibit autonomous oscillations 
with or without constant inhibition and so alter 
the operating mechanism in the system. 
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The mechanisms that we have described can 
be considered as an expansion of the work initi- 
ated by Wang and Rinzel (1992). These authors 
limited themselves to nonoscillatory cells that do 
not exhibit all the mechanisms described in this 
paper. In their work, they identified two mech- 
anisms for oscillations in two cell reciprocally 
inhibitory networks. In the first mechanism, re- 
lease, the inhibition is turned off allowing the 
inhibited cell to fire. In the second mecha- 
nism, escape, the inhibited cell "escapes" from 
the maintained inhibition. In addition they ob- 
served the following: For the release case, the 
network frequency was found to be very depen- 
dent on the synaptic threshold whereas for the 
escape case, the network frequency was rela- 
tively insensitive to the synaptic threshold. This 
is true only if synaptic release and intrinsic es- 
cape are the only mechanisms considered. 

Despite the generality of our mechanisms, 
there are several shortcomings which should be 
highlighted. In our two cell reciprocally in- 
hibitory model network, we assumed that the 
two cells had identical properties and that the 
coupling was symmetric. This is clearly not the 
case for many biological neurons. However, we 
believe that our analysis can be shown to be valid 
provided that the cells are not too different and 
the coupling is close to symmetric, as has been 
shown by Kopell and Somers (in preparation) 
for excitatory synaptic coupling. Additionally, 
we did not relax the assumption of a fast time 
constant for the synaptic coupling. This was con- 
sidered by Wang and Rinzel (1992) who were 
able to obtain synchronous oscillations for the 
two cells if the synapses decay slowly. 

We feel that the mechanisms described here 
provide a clear picture of some basic principles 
underlying pattern generation in reciprocally in- 
hibitory model networks. As we remove assump- 
tions such as symmetric coupling and consider 
larger networks, we hope to uncover further 
principles governing network behaviour. 
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Appendices 

A. Model Equations 

For the simulations shown in this paper, we 
use the Morris-Lecar model (Morris and Lecar, 
1981). The basic model consists of two voltage 
dependent conductances and a leak current. In 
addition, we include an inhibitory synaptic cur- 
rent. The equations for cell 1 are shown below: 

dV 1 

d N  1 

dt 

and 

- - ( a L ( v  - v D  

+ g c o i L ( v  - vco) 

q" g K N I ( V  1 - VK) 

+ g, sL(v - 

1 1 = AN(N~o -- N 1) 

(2) 

(3) 

,( (v1 M~(V i)=~ l + t a n h  ~ (4) 

N ~ ( V  1) = g 1 + tanh ~ (5) 

A~v(V 1) = e s  cosh \ 2 ~  ,] (6) 

1 (1 + tanh ( V '  ~m-~- ~ / / ( 7 )  s L ( v ' )  = 

where 
C -- capacitance, 
V = membrane voltage, 
lea -- external or imposed current, 
gL, gCa, gK = leak, Ca 2+ and K + maximal con- 
ductances respectively, 
VL, Vca, VK = reversal potentials for the leak, 
Ca 2+ and K + conductances respectively, 
Moo, Noo = fraction of open Ca z+ and K + chan- 
nels at steady-state respectively, 
N = fraction of open K + channels with a rate 
constant of opening given by AN, 
CN = minimum rate constant for K + channel 
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opening, 
V1 ffi voltage at which half of the Ca 2+ channels 
are open at steady-state, 
1/2 = voltage whose reciprocal is the slope of 
voltage dependence of the fraction of open Ca 2+ 
channels at steady-state, 
V3 -- voltage at which half of the K + channels 
are open at steady-state, 
V4 = voltage whose reciprocal is the slope of 
voltage dependence of the fraction of open K + 
channels at steady-state, 
g~y. -- maximal synaptic conductance, 
V~yn -- reversal potential of the synaptic cur- 
rent, 
S~o = fraction of open synaptic channels at 
steady,state, 
Vthr~h = voltage at which half of the synaptic 
Channels are open at steady-state, 
V~lope = voltage whose reciprocal is the slope of 
voltage dependence of the open synaptic chan- 
nels at steady-state. 
The superscripts refer to cell 1 or 2 in the net- 
work. For the reciprocally inhibitory coupling, 
the fraction of open synaptic channels of cell 1 
is dependent on the voltage of cell 2, and vice- 
versa. Note that the activation of gca is assumed 
to be instantaneous, or significantly faster than 
the activation of gK. The synaptic activation is 
also assumed to be fast. The equations for cell 
2 are similar. 

With small values of V~xope the slope of the 
synaptic activation is very steep. This implies 
that above the threshold value, Vthr,h, the in- 
hibition is off, and below the threshold value 
the inhibition is on. Also, for small values 
of CN the oscillatory behaviour exists in the 
relaxation mode, i.e., the voltage trajectories 
stay close to the nullclines on the phase plane 
portrait. Numerical integrations are performed 
using LSODE, a double precision subroutine 
capable of handling stiff systems of first order 
ordinary differential equations, which is based 
on the Gear method (Gear, 1971). 

In the table below, the parameter values used 
in the simulations are shown: 

Parameter Value Units 
gK 20 #S/cm 2 
gca 15 pS/cm 2 
gL 5 #S/cm 9 

VCa 100 mV 
VK --80 mV 
VL --50 mV 
Vsy~ -80  mV 
C 1 #F/cm 2 
V1 0 mV 
V2 15 mV 
V3 0 mV 
V4 15 mV 
g,y,, CN, I~t as in Figure 
V~lope, Vth~h as in Figure 

B. Some Mathematical Details Concerning Exis- 
tence and Stability of the Singular Solutions 

In the limit e ~ 0, approximate solutions to 
the coupled system can be calculated explicitly. 
These trajectories, known as singular solutions, 
are the union of solutions to a pair of reduced 
equations. The "slow system" associated with 
the coupled oscillators has the form: 

N1 = g(V ,N1); 5"2 = g(V ,N2). (8) 

In (8), the values of V/ are functions of the Ni 
which satisfy the implicit constraints f(V, N) = 0 
or F(V, N) -- 0. Each of the latter two equa- 
tions has a pair of relevant solutions correspond- 
ing to the left hand branch (LHB) and right hand 
branch (RHB). Thus, (8) describes the flow of 
each of the cells along some branch of the cubic 
f = 0 or F -- 0. The construction of the singu- 
lar solution consists of choices of solutions to (8) 
which, along with instantaneous jumps between 
them, fit together in a consistent manner. 

The trajectories drawn in Figures 3a, 4a, 5a 
and 7a are singular solutions. We have previ- 
ously described the conditions on the system for 
a trajectory with duty cycle 1/2 to exist in each of 
the four cases. We now give more details about 
the existence and stability of those trajectories. 

We may ask whether there can be more than 
one such trajectory in each case, i.e., whether 
there is more than one point p which satisfies the 
time constraints discussed previously. Though 
we cannot prove that there is only one, we can 
show that the solution in each case is locally 
unique; i.e., there are no points p' near p for 
which the time constraints are satisfied. Both 
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f=0 

F=0 

Fig. A1. Compression in the Intrinsic Release Mechanism. 
For any subinterval I between k-  and b, the time to traverse 
I is larger than the time to traverse the corresponding 
interval on the RHB of f = 0 between j(k-) and j(b). 

the local uniqueness and stability follow from 
a property of the Morris-Lecar equations that 
is shared by other voltage-gated conductance 
equations. This is the property of "compres- 
sion" across jumps (Somers and Kopell, 1993), 
which we will illustrate in the context of the 
different mechanisms. 

For definiteness, we discuss intrinsic release; 
intrinsic escape is parallel. The singular solution 
is as in Figure A1, which is very similar to Fig- 
ure 3a. The "compression" condition we shall 
use was proved for the Morris-Lecar equations 
in some parameter ranges (Somers and Kopell, 
1993) and concerns the range of points p on 
the LHB of F = 0 for which there could be a 
trajectory with duty cycle 1/2. For the intrinsic 
release mechanism, this is the interval between b 
and k-  (or b and the intersection of F = 0 with 
g = 0 if this intersection is on the LHB). We 
require that, for each subinterval I of this range, 
the image j(I)  on the RHB of f = 0 takes less 
time to traverse than I. (See Figure A1). 

To see that this compression implies local 
uniqueness, consider a point q near p, say above 
p for definiteness. By compression, the time 
from q to p is larger than the time from j(p) to 
j(q). It follows from the definition of p that the 
time from j(q) to k + must be greater than the 
time from j (k  +) to q. Now consider a trajectory 

with oscillator 1 starting at k + and oscillator 2 
starting at q. Oscillator 1 immediately jumps 
to j(k+), and oscillator 2 jumps to j(q). It 
follows from the above arguments about times 
that when oscillator 2 reaches k +, oscillator 1 
will reach a position between q and p. This 
defines a map on the interval [q,p] for which 
fixed points correspond to singular periodic or- 
bits. Our argument shows that the only fixed 
point in this interval is the point p. 

The existence of a singular solution does 
not automatically guarantee the existence of a 
nearby solution to the full e # 0 system. In 
our equations, however, the actual solution is 
guaranteed, provided the compression hypoth- 
esis holds. This is proved using the work of 
Mishchenkov and Rosov (1980), as refined by 
Bonet (1987). The compression also implies 
that the E ~ 0 solution is asymptotically stable 
and locally unique. 

A similar argument works for intrinsic escape. 
In this case, the compression condition is placed 
on the interval on the RHB of f = 0 between 
the local maximum of the f = 0 curve (or the 
intersection with g -- 0) and the point on the 
RHB of f = 0 at the same height as the local 
maximum of F = 0. For each subinterval of this, 
the jump to the LHB of F -- 0 should compress 
the time it takes to traverse the interval. As be- 
fore, this compression implies local uniqueness 
and stability. A similar analysis applies to the 
synaptic mechanisms. 

The above analysis does not address the ques- 
tion of whether there/s  a point p with the right 
properties for any of the mechanisms. Consider, 
for example, the intrinsic release mechanism, as 
in Figure 3a. For the Morris-Lecar equations, 
the time from j(k +) to k-  on F = 0 is greater 
than the time from j ( k - )  t o  k + o n  f = 0. 

Furthermore, moving the point p upward from 
p = k-  toward p = b makes the times of traver- 
sal more equal. (This is a consequence of the 
compression described above.) This suggests 
that for some parameter ranges there should 
be a point p satisfying the time constraints im- 
posed by requiring that the duty cycle be 1/2. 
The numerical simulations show that there are 
indeed some parameter ranges in which this is 
true. However, under the constraint that the 
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a 

cell 1 

cell 2 

b 

Fig. ,42. (a) A portion of Figure 12, expanded and labelled. 
Figure 12 comes from a simulation in the relaxation regime, 
so the behaviour corresponds to some singular solution. 
(b) The phase plane diagram for oscillators 1 and 2, showing 
the singular solution corresponding to Figure 12. The labels 
on the diagrams correspond to the labels in Figure A2a. 
For example, in part A, oscillator 1 jumps downward and 
oscillator 2 jumps to the excited branch. In part B, oscillator 
2 traverses the excited branch, arriving at the maximum 
point before oscillator 1 reaches point b on F = 0. When 
oscillator 2 jumps downward (part C), oscillator 1 jumps 
from the F = 0 nullcline to the f = 0 nullcline, but stays 
on the LHB of the latter; oscillator 2 goes to the nullcline 
f = 0 because that oscillator is also not receiving inhibition. 
In a similar way, the rest of the trajectory can be traced out 
and seen to be compatible with the rule that the choice of 
nullcline of each oscillator depends on whether or not it is 
receiving inhibition from the other. The point p is chosen 
so that the total time around the cycle is the same for the 
two oscillators. 

duty cycle be 1/2, the point p may be varied 
only within the interval between k- and b, and 
there may be no point p in that interval satisfying 
the time constraints. In that case the coupled 
system has solutions that do not correspond to 
duty cycle 1/2. 

To understand what may happen, we consider 
the case of intrinsic release and assume that 
there is no point p between k- and b for which 
the time from j(p) to k + is equal to the time 
from j ( k  +) to  p. It is still possible to obtain 
a singular solution in which no more than one 
of the oscillators lies on a RHB at any given 
time. Figure A2 illustrates such a situation. 

In Figure A2a, the voltage.versus time plot of 
Figure 12a is shown, with different parts of the 
cycle labelled A through E In Figure A2b the 
phase plane diagram is given for both oscillators, 
with each part of the cycle labelled to correspond 
to voltage/time plot of Figure A2a. As shown in 
Figures A2a,b, in this regime the two oscillators 
do not follow the same path in phase space, 
and they do not have the same voltage versus 
time behaviour. 

A similar analysis can be done for the intrinsic 
escape case, to produce phase plane diagrams 
corresponding to Figure 12b. In this case, there 
is an interval of overlap in firing, but there is 
no more than one oscillator on a LHB at any 
given time. 
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