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Abstract

We study the probability that a sample of independent,

identically distributed random variables with a geometric

distribution is gap-free, that is, that the sizes of the variables

in the sample form an interval. We indicate that this

problem is closely related to the asymptotic probability that

a random composition of an integer n is likewise gap-free.

1 Introduction.

We study samples of independent, identically dis-
tributed random variables with a geometric distribu-
tion. Specifically, let Γ1,Γ2,Γ3, . . . be independent iden-
tically distributed geometric random variables with pa-
rameter p, that is, P(Γ1 = j) = pqj−1, j = 1, 2, . . ., with
p+ q = 1. We will be interested in the probability that
a random sample of n such variables is gap-free, that is,
that the sizes of the variables in the sample form an in-
terval. In addition if the interval starts at 1, the sample
is said to be complete.

We can restrict our attention to the probability
pn that a sample of length n is complete, since the
probability that a geometric sample of length n has no
ones is exponentially small.

In the case p = 1/2 this probability turns out to
be exactly 1/2. The case of p 6= 1

2 is more interesting.
In fact, in that case the sequence (pn) does not have
a limit, but exhibits small oscillations. An asymptotic
expression for pn in the case of p 6= 1

2 is derived in
Section 2.

Some of the previous studies relating to combina-
torics of geometric random variables are as follows. In
[12] the number of left-to-right maxima was investigated

∗The first author is supported in part by the NSA grant MSPF-

02G-043. The research was conducted during a visit to the John
Knopfmacher Centre for Applicable Analysis and Number Theory

at the University of Witwatersrand, Johannesburg, South Africa.
He would like to thank the Centre for the invitation and for

financial support. The material of the second author is based
upon work supported by the National Research Foundation under

grant number 2053740.
†Department of Mathematics, Drexel University, Philadelphia,

PA 19104, U.S.A.
‡The John Knopfmacher Centre for Applicable Analysis and

Number Theory, Department of Computational and Applied
Mathematics, University of the Witwatersrand, P. O. Wits, 2050

Johannesburg, South Africa.

in the model of words (strings) a1 . . . an, where the let-
ters ai ∈ N are independently generated according to
the geometric distribution. H.-K. Hwang and his col-
laborators obtained further results about this limiting
behaviour in [2]. The two parameters ‘value’ and ‘po-
sition’ of the rth left-to-right maximum for geometric
random variables were considered in a subsequent paper
[9]. Other combinatorial questions have been considered
by Prodinger in e.g. [13, 14].

The combinatorics of geometric random variables
has gained importance because of their applications in
computer science. We mention just two areas: skiplists
[3, 11, 15] and probabilistic counting [4, 8].

The special case p = 1/2 of geometric random
variables is closely related to compositions of n as shown
in [5, 6]. This led us to consider the same question for
compositions.

A composition of a natural number n is said to be
gap-free if the part sizes occuring in it form an interval.
In addition if the interval starts at 1, the composition
is said to be complete.

Example. Of the 32 compositions of n = 6, there are 21
gap-free compositions arising from permuting the order
of the parts of the partitions

6, 3 + 3, 3 + 2 + 1, 2 + 2 + 2, 2 + 2 + 1 + 1,

2 + 1 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1 + 1

and 18 complete compositions arising from permuting
of the order of the parts in

3 + 2 + 1, 2 + 2 + 1 + 1, 2 + 1 + 1 + 1 + 1,

1 + 1 + 1 + 1 + 1 + 1.

In the full version of this paper we will show that
the proportion of gap-free or of complete compositions
of n is

1/2 +O
(

log3/2 n/
√
n
)

as n→∞,

by reducing the compositions problem to the special
case p = 1/2 of geometric random variables.

2 Geometric samples.

Consider Γ = (Γ1,Γ2, . . . ,Γn) a sample of n i.i.d.
geometric random variables with parameter p. Let



pn = P(Γ ∈ C) be the probability that (Γ1, . . . ,Γn) is
complete. To obtain a recurrence relation we condition
on the number of Γj ’s that are equal to 1. Since being
complete implies that there is at least one 1 among the
values of Γi’s, by the law of total probability we find
that

pn =

n∑

j=1

P

(
{Γ ∈ C} ∩

{
n∑

`=1

IΓ`=1 = j

})

=
n∑

j=1

P

(
Γ ∈ C

∣∣∣
n∑

`=1

IΓ`=1 = j

)
×

× P
(

n∑

`=1

IΓ`=1 = j

)
.

We now observe that, given that j out of n Γk’s are one,
the sample is complete if and only if the remainining
n − j variables take on all the values between 2 and
their maximum. This is the same as to say that the
geometric sample (Γk − 1) of length n − j is complete,
given that all n− j of them are at least 2. But, by the
memoryless property of geometric random variables, the
conditional distribution of Γk − 1 given that Γk ≥ 2 is
just that of Γk. Since those of Γk’s that are at least 2
remain independent, this just means that

P

(
Γ ∈ C

∣∣∣
n∑

`=1

IΓ`=1 = j

)
= pn−j .

Since

P

(
n∑

`=1

IΓ`=1 = j

)
=

(
n

j

)
pjqn−j ,

substituting these two expressions and changing the
order of summation by letting k = n − j, we obtain
the following recurrence for pn’s:

pn =

{
1, if n = 0;∑n−1
k=0 pk

(
n
k

)
qkpn−k, if n ≥ 1.

(2.1)

Before analysing the general case let us note that if
p = 1/2 then the sequence p0 = 1 and pk = 1/2 for
k ≥ 1 is a solution. Indeed, proceeding inductively we
get

pn =

n−1∑

k=0

pk

(
n

k

)
qkpn−k

=
1

2n
+
n−1∑

k=1

1

2

(
n

k

)
1

2n

=
1

2

n∑

k=0

(
n

k

)
1

2n
=

1

2
.

The case of p 6= 1/2 is more interesting. In fact, in
that case the sequence (pn) does not have a limit, but
exhibits small oscillations. As illustrated in Figures
1,2,3 below, both the period and amplitude of the
oscillations depend on the size of p.
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Figure 1: Plot of pn for p = 1/3 and 1 ≤ n ≤ 1000.
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Figure 2: Plot of pn for p = 2/3 and 1 ≤ n ≤ 1300.
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Figure 3: Plot of pn for p = 0.99 and 1 ≤ n ≤ 1000.

To treat this case we will follow an approach that
became quite common in the analysis of certain algo-
rithms (see e.g. numerous examples in [7, 16]). We Pois-
sonize the problem by considering the Poisson transform
of the sequence (pn), analyse its asymptotics, and then
we de-Poissonize to recover the asymptotics of (pn). To
carry out this program let P (z), for z complex, be the



Poisson transform of (pn). That is

P (z) =
∞∑

n=0

pn
zn

n!
e−z

= p0e
−z +

∞∑

n=1

zne−z

n!

{
n−1∑

`=0

p`

(
n

`

)
q`pn−`

}

= e−z + e−z
∞∑

n=1

n−1∑

`=0

p`
q`z`pn−`zn−`

`!(n− `)!

= e−z + e−z
∞∑

`=0

p`
q`z`

`!

∞∑

n=`+1

pn−`zn−`

(n− `)!

= e−z + e−z
∞∑

`=0

p`
q`z`

`!
{epz − 1}

= e−z + e−qz
∞∑

`=0

p`
q`z`

`!

{
1− e−pz

}

= e−z + (1− e−pz)P (qz).

Hence P (z) satisfies the following functional equation

P (z) = P (qz) + e−z − e−pzP (qz)(2.2)

= P (qz) + e−z − e−z
∞∑

n=0

pn
qnzn

n!

= P (qz)− T (z),

where T (z) = e−z
∑∞
n=1 pn

qnzn

n! , and since it is clear
from (2.1) and the binomial formula that 0 ≤ pn ≤ 1,
the series converges absolutely for every z. Moreover,
for x ∈ R, T (x) = O(x) as x → 0+ and T (x)
has exponential decay as x → ∞. Thus the Mellin
transform of T (x) exists in the strip 〈−1,∞〉 := {s ∈
C : −1 < <(s) <∞}. By direct iteration we obtain for
every m ≥ 0

P (z) = P (qz)− T (z) = P (qm+1z)−
m∑

j=0

T (qjz),

and by passing to a limit with m,

P (z) = 1−
∞∑

j=0

T (qjz).

Letting Q(z) = P (z) − 1 = −∑∞j=0 T (qjz) and taking
the Mellin transform we obtain

Q∗(s) = −
∞∑

j=0

q−jsT ∗(s) = − T ∗(s)
1− q−s =

T ∗(s)
q−s − 1

,

provided that series converges. Since this happens for
<(s) < 0, Q∗(s) will exist in a strip 〈−1, 0〉. Inverting

the Mellin transform yields

Q(x) =
1

2πi

∫ c+i∞

c−i∞
Q∗(s)x−sds,

for any −1 < c < 0. This integral can be evaluated
with the aid of the residue theorem. Now, x−sQ∗(s) =
x−sT ∗(s)/(q−s− 1) has simple poles whenever q−s = 1,
i.e. at χk = 2kπi/ ln(1/q), k = 0,±1,±2, . . ., with
corresponding residues

( q
x

)χk T ∗(χk)

ln(1/q)
.

The main term comes from k = 0 and the remaining
residues will contribute oscillatory terms of relatively
small amplitude. In order to complete the proof we will
need to de-Poissonize this result. Once this is done we
will conclude that

pn ∼ P (n) = Q(n) + 1

∼ 1− T ∗(0)

ln(1/q)

− 2

ln(1/q)
<
( ∞∑

k=1

exp{χk ln(q/n)}T ∗(χk)

)
.

The values T ∗(χk) are given by

T ∗(χk) = M


e−z

∞∑

j=1

pj
qjzj

j!
; χk




=
∞∑

j=1

pj
qj

j!
M
(
zje−z; χk

)

=
∞∑

j=1

pj
qj

j!
Γ(χk + j)

=

∞∑

j=1

pjq
j Γ(χk + j)

Γ(j + 1)
.

Since the series converge geometrically fast, they can
be evaluated numerically with the aid of (2.1). For
example, setting k = 0 gives the main term

1− T ∗(0)

ln(1/q)
= 1− 1

ln(1/q)

∞∑

j=1

pj
qj

j
.

Its plot as a function of p is given in Figure 4.
To de-Poissonize we use the fact that P (z) satisfies

(2.3) which is a special case of [16, Theorem 10.5] (see
also [7]) with γ1(z) ≡ 0, γ2(z) ≡ 1, and t(z) = −T (z).
Thus we need to verify conditions (10.28) – (10.32) of



[16]. But this is straightforward: (10.28) holds for any
β > 0, (10.29) holds as well, since

|t(z)| = |T (z)|

≤ |e−z|
∞∑

n=1

pn
qn|z|n
n!

≤ e−<(z)
∞∑

n=1

qn|z|n
n!

≤ e−<(z)eq|z|,

which is bounded by 1 provided <(z)/|z| > q, which
holds in a cone

Sθ :=
{
z = reiθ : cos θ > q

}
.

(10.30) is trivial and (10.31) holds outside the cone since
for z 6∈ Sθ, <(z) < α|z| for some α < 1. Finally, (10.32)
is true since

|T (z)|e<(z) ≤ e<(z)|e−z|
∞∑

n=1

pn
qn|z|n
n!

≤ eq|z| ≤ 1

3
eα|z|,

as long as q < α < 1 and |z| is large enough.
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Figure 4: Plot of the non-oscillating limit term for pn
for 0 ≤ p ≤ 1.

3 Further Remarks.

As shown above the special case p = 1/2 does not
have oscillations. This also follows from the asymptotic
formula for pn in view of the fact that for p = 1/2 and
χk = 2kπi/ ln 2,

T ∗(χk) =
∞∑

j=1

1

2j+1

Γ(χk + j)

Γ(j + 1)

=
1

2

(
−1 + 2

2ikπ
ln 2

)
Γ

(
2ikπ

ln 2

)

= 0,

for k = ±1,±2,±3, . . . .

It is interesting to investigate the amplitude of the
oscillations on either side of the critical value p = 1/2.
As shown in Figure 5 these become very small near to
the critical value.
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Figure 5: Plot of pn for p = 0.499 and 1 ≤ n ≤ 1000.

For 0 ≤ p ≤ 1/2 the amplitude of the fluctuations
increase steadily up until around p = 0.48 and then
decrease rapidly to zero.
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Figure 6: Plot of the amplitude of the fluctuations for
p ≤ 0.5.

For p ≥ 1/2 the amplitude of the fluctuations
increase steadily and in general are orders of magnitude
larger that for p < 1/2.
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Figure 7: Plot of the amplitude of the fluctuations for
p ≥ 0.5.
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