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Average Number of Distinct Part Sizes in a Random Carlitz Composition

WiLLIAM M. Y. GOH AND PAWEL HITCZENKO

A composition of an integer is called Carlitz if adjacent parts are different. Several characteristics
of random Carlitz compositions have been studied recently by Knopfmacher and Prodinger. We will
complement their work by establishing asymptotics of the average number of distinct part sizes in a
random Carlitz composition.

(© 2002 Published by Elsevier Science Ltd.

1. INTRODUCTION

In this paper we obtain precise asymptoticsnas> oo, for the expected number of dis-
tinct part sizes in a random Carlitz composition of an integetet us recall that a tuple
(y1, ..., ») is acompositionof an integem if the y;’s are positive integers, called parts,
such thaty; yj = n. The numbek is the number of parts and the valuesypk are called
part sizes. There aré"2ldifferent compositions ofi. A composition is callecCarlitz if the
adjacent parts are different, i.e.,jf # yj41for j = 1,...,k — 1. For example, out of
16 compositions of the integer 5, seven are Carlitz, nart®ly(4, 1), (1, 4), (3, 2), (2, 3),
(1,3,1), and(2, 1, 2). For other values, sed,Sequence A003242]. We denote the set of
all Carlitz compositions of by 2. Carlitz compositions have been introduced by Carlifz [
who found the generating function for the total number of them. They have been subsequently
studied by Knopfmacher and ProdingB} (see also]). These authors found the asymptotics
of the total number of Carlitz compositions. They also studied several parameters (like the
number of parts, the size of the largest part, among other thinggrfidomCarlitz compo-
sitions. ‘Random Carlitz composition’ means a composition chosen according to the uniform
probability measure of2,. This measure will be denoted B/andE will denote integration
with respect tdP. In this setting, various parameters of Carlitz compositions become random
variables and their probabilistic properties are to be studied. For example Knopfmacher and
Prodinger found, among other things, the exact asymptotic behavior of the expected number
of parts and the expected size of the largest part. One question that they left open concerned
the expected value of the numberdi$tinctpart sizesDp, and the purpose of this note is to
answer their question. In order to state the result we need to introduce some more notation and
we will try to closely follow the notation of Knopfmacher and Prodinger. First, the number of
distinct part sizes is defined formally as follows(j, . .., k) is in Qp then

k

Dn = 1+ Z I{VI#VJ" j=l,,..,ifl}7
i=2

where | o denotes, as usual, the indicator function of the AeSecondly, we introduce a
functiono of a complex variable defined by

0 g
o(2) = Z(—l)l—l—..
] 1-2

The equatiorr (z) = 1 has the unique real solutign= 0.571349... on the intervalO, 1].
(The relevance of this is that, as was shown by Carlitz, the generating function of Carlitz
compositions is equal to/11 — o (2)).)
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THEOREM 1. With the above notation, and lettifg denote the fractional part, as#> oo,
we have

_In(n/a’(p)) 1 Y
n=——t - 7
In(1/p) 2 In(1/p)
wherey is Euler’s constant, fiis a mean zero function of periddwhose Fourier coefficients

are given by L oris
Co = r(— ! ) ¢ #0.
In(1/p) In(1/p)

Approximating all the constants and using the fact that the gamma function decays very fast
along the imaginary axis, it can be seen, in particular, that

+ho({pIn(n/a’(p))}) + 0(D),

EDn = C1lnn—Cz +ho({p In(n/a’(p))}) + 0(2),

whereC; = 1.786495.., C, = 2932545 .., and the amplitude ohg is bounded by
0.5882304 -- x 10",

The approach is as ifp] via generating functions. We lé{ denote the set of those Carlitz
compositions that contain at least one part of siZeUsing, without any risk of confusion,
the same notation for a set and its indicator we have

n
Dn=ZIj,
j:l

and therefore N N
EDh =) P(lj) =Y (1-P(f), 1)
i=1 j=1

where A° denotes the complement of a skt Denoting bya, anda, ; the number of all
Carlitz compositions of and the number of those Carlitz compositionsidghatdo notuse
size j we have an

P(If) = ?J'
The sequencéa,) was studied in Knopfmacher and Prodingg]; fo we need only to study
the numbers, ;. In order to do that we will build their generating function. The construction
follows the ideas off], but since that paper is short on some details and may be a bit difficult
to read for a new adept, we will provide a fairly detailed argument.

We would like to mention that the method of our paper does not appear to be strong enough
to yield information about the limiting distribution of the varialilg. A bivariate generating
function for D, would be extremely welcome. But, we were unable to get it. Although it is
known (cf. [6]) that the total number of parts in Carlitz composition satisfies the central limit
theorem, we think that it is unlikely thdd, will have the same property. It would be very
interesting and desirable to find the limiting distributionf.

2. GENERATING FUNCTION

In this section we will prove the following statement
PROPOSITIONZ. LetCj(2) be the generating function of the sequefggj, n > 0}. Then,

Cj(2 = —1—oj(z)’



Part sizes in a random Carlitz composition 649

where . j
_ A B Z
JMDZER—DE%1_ﬂ—%0=ﬂﬂﬁ—l_ﬂ- ()

=1

PROOF. Let a}k)(n, m) denote the number of Carlitz compositiongokith the properties:

e they have exactlk parts
e they do not contain a part of sige
e the last part is of sizen.

Then fork > 1 andm # j we have
a}k”)(n, m) = a}k)(n —m) — a}k)(n —m, m),

wherea®! (¢) is the number of Carlitz compositions 6fnto k parts, none of them equal jo
Sincej is fixed throughout the argument, for the ease of notation we supress the subscript
throughout the argument. We additionally require #f&t(¢) anda® (¢, m) vanish whenever
£ <0. Let
fkzuy = > a®n mz"um
m>1, n>0

Since the compositions enumeratedai® (n, m) do not contain a part of sizg, we have
a®(n, j) = 0. Hence

fr1(z, u) = Z Z a®*tDmn, myz"um

n>0m=>1

_ Z Z a®+D (n, myZ'u™ + Z a® D, j)z'ul

n>0 m=1 n>0
m#j

= Z Z(a(k)(n —m) —a®mn —m, my)z"u™
n>0 mx>1
mZj

=YY a®n—mzu"

n>0 m=1
mz]

=33 a®m —m mz"u™
n>0 m>1
mj

The first sum above is equal to

Z a®mn —m)z"u™ — Za(k)(n — phzZ"ul

n>0, m>1 n>0
= Z a® o) (zuy™zt — Z a® m)z™(zu)!
£>0, m>1 m>1

= 2 D2 iz D(zu)
1—zu

where, in the second step we changed the summation indieeer = ¢ andn — j = m,
respectively. By the same argument

Z a® e, mztzu™ = fi(z zu).

m>1, ¢{>0
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Thus, fork > 1 we have

1-—2zu
Letting fo(z, u) = 1 the last line can be rewritten as

fkr1(z, u) = f(z, 1)<A — (zu)j> — fk(z, zu).

@ ) = fu(z 1><A - (zu)i) — (2 2U) + 8o,
1—-zu
for k > 0. Introducing the function
Fizu=>)_ fkzu
k>1
and summing ovek > 0 we obtain

F(zu) = F(z. 1)(%J _ (zu)1'> ¥ (%J _ (zu)1'> — F(z zu).

This equation can be iterated to yield

4 Zu :
F(z,uy=F(z 1 (Z(—l)@ 1<1_ T (z‘fu)l))

>1

2 |
+Z(—1)€(1_ ;u - (#u)l>.

=1

Hence, foru = 1 we get
F(z,1) = F(z, Doj(2 +0j(2),

whereoj(2) is defined by 2). Finally, letting
Ci@=1+Fz),

we see that

Ci@—-1=(Cj@ —Doj(2 +0j(2,
which, since

FzDh=) fizh=> Y a®nmz =3 a,;2".

k>1 k=1 n=0 n>0

means that
Ci(g) = ——,
1@=1- i (2)

is the generating function of the sequeriag ). O

3. SINGULARITIES OF THE GENERATING FUNCTION

A starting point of our analysis is the fact that the generating function of Carlitz composi-
tions has the unique singularity in the dist: |z| < 0.663}. This singularity is the unique
real root,p, of the equatiow (z) = 1 on[0, 1]. The numerical approximation of that root is
p = 0571349 ... Sinces (z) andaj(2) = o(2) — 2} /(1 — 2)) do not differ by too much,
functionsoj will have the same feature, at least fios sufficiently large. In fact, on the disc
{z: |z] < 0.663 the functions satisfy the following: there exists> 0 such that for every
j = 6 the equatiorrj(z) = 1 has the unique real simple root {i 1]. Furthermore, these
roots, which will be denoted by;, have the following properties
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1.Vj>6,0<pj<p+34,
2. Vj = 6 allrootst of oj(2) = 1 other tharp; satisfy|£| > p + 25,
3. pj are strictly decreasing fgr > 6 andp; — p asj — oo.

A justification as well as a discussion of the remaining case 1 < 5 is postponed until
the appendix. We will need asymptotics @f and we will use the ‘bootstrapping method'.
Rewriting

oj(2)=1
as

O'(Z) = H, (3)

letting pj = p + ¢j, whereej = o(1) and substituting the latter expression fgrinto (3) we

get
1 1

T—(p+epl  1—pl(tej/p)
Using Taylor’s expansion on both sides we see that

o(p+ej) =

/ 2 ' €] j 2j
o(p) +o'(p)ej +O(ef) =1+ 0! <1+ ?> + O(p).
Sinces (p) = 1 we obtain that; = pl /o’ (p) + 0(pl). Hence

pj=p+ +o(ph), 4
) o’(p) “)
which is sufficient for our purpose. Le{j = —1/an(pj) be the residue of A1 — oj(2)) at
pj. Then

1 Aj

1-0j(2 - Z— pj
is analytic in the dis¢z : |z| < p + 8} and by the Cauchy integral formula we get

Aj 1
an) = — (o4 o<—>.
VRS o+
Finally, since
0j(2) =0(2) — 1—
we get _
-1
, , Jpj
oi(pj) =0'(pj) — L
1- Pj )
Hence, taking into accound) we get
1 .
Aj =———+0(jp)).
e
Consequently, foj > 6
1 : 1
anj=|——+0( ‘)) +O((p+8)™, 5
] (O'/(,O) Ip ( N jl+0(1))n+l o ( )
a’(p)

for somes > 0 (universal forj > 6).
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4. ASYMPTOTICS

The following claim will account for most of the asymptotic analysisBf (
LEMMA 3. As n— oo,

n

Z( _ @) = 2(1— 1-pla)" + o),
an j=0

=1

wherea = 1o/ (p).
This statement immediately implies our theorem since the asymptotic behavior of the series
on the right is known (see e.g2][[4], [7, Section 7.8 and references therein]).

PrROOF OFLEMMA 3. The sequencéa,) was studied inj] and one has

1 1 n+1
an = — (—) +0Wp+8™".
a’(p) \p

Combining this with §), for j > 6

: ipl
g 2#00P) ot ),

an C 1 140(1 n+1
<1+p1 1;%)))

whereA = §/p > 0. Consequently,

>(1-20) =y (1-22)

j=1 j=1

n

31 14+ O(jp)) O+ A
i\ (14l
We will show that N o
ZO(J—'OJ) =0(1),

= L+ pl et

where we have setj = 1/0'(p) + 0(1). To this end, we will split this sum as

in n .

O(jp))

2t 2 | aig e

j—1,.\n+1

(1=6 j=jn+1) (141 )

where j, will be chosen momentarily. Sineg — 1/0'(p) > 0 we have
n

3 __0Ur) _ _¢ Y i’ = Odinp™ = 0(D),

j—1, . \n+1
e L+ P e) i>in
as long agn — oo atanyrate. The other term of the sum is bounded by
jn . .
CY (+p 7)™ < Cjnexp(—nin(1 + pta))).
j=6
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Since Il + x) > x — x?/2, forx > 0 we get the bound

Cin exp(—nap‘"‘ <1 - T)) < Cjnexp(—cnp’n ™).
Choosingjn ~ wlogy,, n we see that this expression is bounded by

O(logn-e~™ ") = o(1),

whenevem < 1.
It remains to consider the sum

n-1 i

T n
Y (- (-155))
We first replace this sum by a more convenient one

n-1

D A—@-plap.
j=5

The difference is at most

1——._) —(1-plaj )
j=5 L+ plej

For ajo which will be chosen momentarily, we consider

io i n
PN i
(S )

j=5
Since each summand is nonnegative, this sum can be upperbounded by
o J n Jn
(2 ) = S 1)
= 1+ pl aj 4 1+ pl aj
oz,ojon

: ) < (jo+ 1) exp(—cplon),

<(o+D exp<—1+ o
j

for some absolute constamtBy choosingjo so that

colon >k Inn,

In((cn)/(x Inn))
0 ———
In(1/p)
we see that the sum up feis bounded by logn/n*. For the remaining range ¢fs we write

i 2j .2 n
( 1+pla1> A=p) ( N T gl ) T

2 2] ig \M1 .
gnap. 1 _P¢ < na?p?,
1+ pla 1+ pla

9
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where we have used the inequality + b)" — a" < nb(a + b)"~! valid for nonnegative
numbersa andb. Hence

pj“j A i o\n 2 2j 2j
2 (1w —asr) st ot zents
J=Jo 1=]o

The choice ofjg so thatplo = ®(logn/n) is within the previous constraint, and for that

choice we have o2
: og-n
cnp?lo = @( gn )

Using the same argument we can show thatan be replaced by its limit = 1/0'(p), i.e.,
that we have

n— n—1
D A=@=plaph =) A~ @-ple)" +o().
j=5 j=5

Finally, the sum on the right can be increased to

Y A-a-pla),
j=0
since

> A-a-pla) <an) ol =o)

j=n jzn

and is thus negligible. Also, for each fixgdwith 1 < j < 5,8, j/an = 0o(1) as we will
indicate in the appendix. This means that

5 .
Z( - ﬂ) =5+ 0(D),
o @
and proves the Lemma. O
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APPENDIX

In order to show thatj(z) = 1 has a unique real rogt; and the existence of & > 0
satisfying the asserted properties we rewsite) in a more convenient form

o0

Zm
D=2 T
m=1

which can be done by expandialy (1—z!) into geometric series and interchanging the order
of summation. Nowg (z) = 1 can be rewriten as

00 m i
Z Z
§ N ——)
1+zZm 1-2
m=1

We want to use Roud's theorem. To this end split the left-hand sidefag) + gj (z) where

6 ZM
f(z) = Z T -1
m=1

It can be verified that

min _|f(z)| > 0.28.
|2/=0.663

Actually Maple suggests that a stronger claim is true, namely that the minimuff on
that circle is attained a& = 0.663 and is ®83467. We have not tried to prove it and thus we
claim only the weaker statement, which can be verified by evaluafipgt sufficiently many
points and using its Lipshitz property: for| = |z3| =,

6

2 -2
@)l —I1f@)l | <If(z) - ()] < £|(1+ZT)(1+Z?)|
6 mrm—1

<|z1— 25| Z m <Clzy — 7|,
m=1

whereC < (1—r)~2 > m=amr™t < (1—r)~% Since for|z| = 0.663

= |zm |z|)
i(2) < -
19} (2)] _m§:71_ 2 + 1=z
0.663 0.663F

0.27,

= 1-0663)(1—0663 | 1-0663 —

we see that

min | f(2)| > |

max_|g;j (2|,
12/=0.663 Te6a!91 2

z|=0
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uniformly for all j > 6. Thusf + g; and f have the same number of roots in the disc

|z| < 0.663. Butf has a unique (and thus necessarily real) root on that disc (this again may
be verified by Maple after converting it to a polynomial equation). The existengéotlbws

since the same argument can be repeated for a disc with a radius just a bit smaller. As for the
monotonicity, it suffices to rewritej(z) = 1 aso(2) = 1/(1 — z) and notice that (z) is
increasing as a function of a real variable and that

1 1
— < —,
1—2z1 1—2z)2

wheneverj; > joand O< z < lisreal.

The same argument (with changed parameters) can be used to verify thatf@, 3, 4
and 5, onthe disfz| <r,0<r < 1,0j(2) = 1 has a unique real rogt > p. The hardest
case isj = 2. We found that the splitting

25 oM 1 00 ZM
RO=2 s iz 99T 2 i
m=1 m=26

will do the job. On the circléz] = 0.8 one hag f2(z)| > 0.06, |g(z)| < 0.016. The poly-
nomial resulting from multiplyingf, by the product of denominators is of degree 264 (after
cancellations). Maple (somewhat reluctantly) shows that the root closest to zero is real and is
about 078397 (there is another real root of abol827122) and the next closest to zero roots
are complex conjugate and have absolute value arol8i®04. Forj = 3, 4,5 one can get
away by lettingg(z) = Y 11 2"/(1+ z™), and choosing = 0.75.

The same method could presumably be used to force the argumentfot. However,
here matters would be computationally worse. Furthermore, the equatipn= 1 does not
have real solutions, and thus, its closest to zero root (if it exists) would have to come from
a pair of complex conjugates. Luckily, for that case we can use a different argument based
on the probabilistic approach used B [see also4]). Let us briefly sketch it. Consider the
setC, of all 2"~1 compositions of an integerand letQ be the uniform probability measure
on Cy. Since the restriction of such a measure to any subset is again the uniform measure on
that subset we can view the uniform measBren the set of all Carlitz compositions as a
conditional measure obtained by restricti@do 2y, i.e.,

P(-) =Q(- [S2n).

Let A be the set ofill compositions of that do not use part size 1 and recall this the
set of allCarlitz compositions with this property. Then,

QUAS N ) _ Q(AY)
Q@) ~ Q@)

Now, by the result of Knopfmacher and Prodinger

% — P(IS) = QAS| Q) =

N

1.75
Q(S2n) = c—5

= ¢(0.875",

and we need to upper bou{A). To this end we will use the observation made3hdr [4]
that a random composition afis distributed like

(I:lv'-'al:‘[)v
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where, with(T'j) being a sequence of i.i.d. geometric random variable with param&ewe
let

k
r=infik: Y Tq=n¢,
q:l

and )

Ty if g <,

l:q =

n—ZE;lqu if q=r.
Furthermorey is distributed like 1 plus a binomial random variable with parametersl
and /2. Therefore,

T -1
QAH =Q (ﬂ{fk > 1}) <Q (ﬂ{rk > 1})

k=1 k=1

-1
<Q(r < ko) +Q (ﬂ{rk > 1n(r > ko}>

k=1

ko
<Qr—Er<ko—Er)+ Q| ( (k> 1}

k=1

ko
§Q<|I—Er|>#—ko)+(l—%>

((N+1)/2 — ko)?
<2exp — 20— 1)/4 ) + exp(—kgIn2)
oh
< 2exp(—2n — 1> + exp(—koIn2),

where we have plp = (n+1)/2 — ¢ and¢n, = a(n+ 1), for some O< « < 1/2. Then we
get

Q(Ag) < C(e—Zaz)n + C(e—(l/Z—a) In2)n_

To be able to claim tha®(AS)/Q(2n) tends to zero, we need both of the inequalities

e2® 0875 and e ¥2®ih2_gg75

to be satisfied simultaneously. But this can be achieved by choestegbe any number
subject to 6 < a < 0.3. This completes the argument.
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