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ON THE MULTIPLICITY OF PARTS IN A RANDOM
COMPOSITION OF A LARGE INTEGER*

PAWEL HITCZENKO! AND CARLA D. SAVAGE?

Abstract. In this paper we study the following question posed by H. S. Wilf: what is, asymp-
totically as n — oo, the probability that a randomly chosen part size in a random composition of
an integer n has multiplicity m? More specifically, given positive integers n and m, suppose that a
composition A of n is selected uniformly at random and then, out of the set of part sizes in A, a part

size j is chosen uniformly at random. Let P(Aﬁf")) be the probability that j has multiplicity m. We
show that for fixed m, P(Agbm)) goes to 0 at the rate 1/Inn. A more careful analysis uncovers an

unexpected result: (In n)IP’(Aglm)) does not have a limit but instead oscillates around the value 1/m
as n — 0o.

This work is a counterpart of a recent paper of Corteel, Pittel, Savage, and Wilf, who studied
the same problem in the case of partitions rather than compositions.
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1. Introduction. In this paper we consider the multiplicity of a randomly cho-
sen part size in a random composition of an integer n. Let us recall that a multiset
A = {A1,..., Ak} is a partition of an integer n if the A; are positive integers, called
parts, such that Y A; = n. Compositions are merely partitions in which the order of
parts is significant. Thus, for example, the integer 3 admits three partitions, {1,1,1},
{2,1}, and {3}, and four compositions, namely (1,1,1), (1,2), (2,1), and (3).

Integer partitions (as deterministic objects) have been studied for quite some
time, but Erdoés and Lehner [6] were apparently the first to study integer partitions
from the probabilistic perspective; namely, they considered the set of all partitions,
P(n), of an integer n, as a probability space equipped with the uniform probability
measure. Quantities of interest are treated as random variables, and one can study
their probabilistic properties, most typically the limiting properties as n — oco. Erdos
and Lehner, for example, considered the limiting distribution of the total number of
parts in a partition. Their paper opened a new line of investigation.

Goh and Schmutz [11] obtained the central limit theorem for the number of dif-
ferent part sizes in a random partition; that is, they proved that the number of differ-
ent part sizes, appropriately normalized, has, approximately, the standard Gaussian
distribution. (Several years earlier, Wilf [18] found an asymptotic formula for the
expected number of distinct part sizes.) This approach culminated in an important
paper by Fristedt [10], who proved that the joint distribution of the multiplicities of

*Received by the editors November 2, 1999; accepted for publication (in revised form) October
8, 2003; published electronically December 9, 2004. Research supported in part by National Science
Foundation grant DMS9622772.

http://www.siam.org/journals/sidma/18-2/36315.html

TDepartment of Mathematics, Drexel University, Philadelphia, PA 19104 (phitczenko@mecs.drexel.
edu).

*Department of Computer Science, North Carolina State University, Raleigh, NC 27695-8206
(savage@Qcayley.csc.ncsu.edu).

418



MULTIPLICITY OF PARTS IN A RANDOM COMPOSITION 419

part sizes is that of independent geometric random variables (Y}), with parameters
(1 — p*), conditioned on the event {3 kY; = n}.

Fristedt’s work, in turn, opened new possibilities and resulted in further progress
in our understanding of the structure of random partitions. A good example is a
paper of Pittel [17] substantiating two well-known conjectures concerning integer par-
titions. Utilizing Fristedt’s result, Corteel, Pittel, Savage, and Wilf [4] quite recently
provided an answer to the following question. Consider the following two-step sam-
pling procedure: first choose uniformly at random a partition A of n. Then, out of
all different part sizes in A pick one uniformly at random. What is the asymptotic
unconditional probability that this part size has a certain specified multiplicity, say,
m? For example, partition A = {3,2,2,1,1,1} of the number 10 has three different
part sizes 1, 2, and 3, and only one of them has multiplicity three, namely 1. Thus,
for this particular partition, the probability of choosing a part that has multiplicity
three is 1/3. In order to find the unconditional probability of randomly choosing a
part of multiplicity three in a randomly chosen partition of 10, one would have to
average similar probabilities over all partitions of 10. Corteel, Pittel, Savage, and
Wilf showed that in general the probability in question approaches 1/(m(m + 1)) (in
particular, the probability that the randomly chosen part size in a random partition
is unrepeated approaches 1/2 as n — o).

Wilf then asked the same question for random compositions: what is the asymp-
totic value of the probability that a randomly chosen part size in a random compo-
sition of an integer n has multiplicity m? Our aim here is to provide an answer as
complete as we can. On the “first level” of precision the answer is simple: for every
fixed m this probability approaches zero. One would then like to know the rate of this
convergence. We will show that the rate is 1/Inn. Specifically, if Aﬁ{”) is the event
that a randomly chosen part size in a random composition of n has multiplicity m,
then there exist constants ¢1(m) < co(m) such that ¢1(m) < (In n)IP’(ASlm)) < co(m)
for n > 2.

The next natural step is to find possibly tight bounds on ¢;(m) and ca(m), or to

show that the limit (In n)IP’(A;m)) exists as n — oo. This is the place where things

become a bit tricky. In order to describe the difficulties let us briefly discuss the
argument. Letting Ur(bm) and D,, denote the number of parts of multiplicity m and
the number of distinct part sizes, respectively, we have P(A"™) = E(U{™ /D,). In
the case of partitions, Corteel, Pittel, Savage, and Wilf used Fristedt’s result to argue
that D,, is heavily concentrated around its expectation, and therefore, IE”(A,(zm)) is
asymptotic to the ratio of expectations EU,gm) /ED,, and one needs to find asymptotic
values of these two expectations. In the case of compositions, much of the story is the
same, with one crucial exception: the expected value of Uflm) does not have a limit,
but exhibits oscillations around 1/(m1n2). (This phenomenon is not new and was
observed in the context of head runs in coin tossing; see, e.g., [3], [12], or [13].) Since,

as we will show, the behavior of (In n)IP’(A%m)) is governed by the behavior of EU{™,

it will follow that (In n)P(Aglm)) oscillates around the value 1/m as n — oo.

The rest of the paper is organized as follows: in the next section we will introduce
notation and state our result precisely. In section 3 we will describe the probabilistic
set-up. In section 4 we estimate the number of distinct part sizes and show that D,
is heavily concentrated about its expectation. In section 5, we give an estimate for
the expected number of parts of given multiplicity. In section 6, we compute bounds
on the oscillation.
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2. Notation and statement of the result. A composition x of an integer
n is an ordered tuple (v1,...,7%), where ~1,...,7v are positive integers such that
Zle v, = n. The numbers ~q,...,7, are called parts, k is the total number of
parts, and the elements of the set {v1,...,v} are the part sizes of k. For example,
(2,1,2,3,1,1) is a composition of the number 10 into six parts with part sizes 1, 2,
and 3, where part size 1 has multiplicity 3, 2 has multiplicity 2, and 3 has multiplicity
1. We denote the set of all compositions of n by C(n) and note that |C(n)| = 2"1.
For a composition kK = (y1,...,7k) we let D, (k) denote the number of distinct part
sizes and, for fixed integer m, Uy(Lm)(H) will denote the number of part sizes of x that
have multiplicity m. More formally,

k
Do(r) =14 Iiyi,, j=1, i1}

=2

where 1,4, the indicator of event A, is 1 if A takes place and 0, otherwise. Similarly,

k
UT(Lm) (k) = Z Ip;,
i=1

where
Bi={vi#v, j<tandcard{{ >i: v =~} =m—1}.

We equip C'(n) with the uniform probability measure P (i.e., P(k) = |C(n)|~1 = 27 n*!
for every k € C'(n)), and we will denote the expectation with respect to that measure
by E.

Throughout the paper the letter c is reserved for an absolute constant whose value
is of no relevance and may change from line to line.

We consider the following experiment. First, a composition is chosen at random.
Then, out of all distinct part sizes one is selected uniformly at random. We would like
to know what the unconditional probability is that this part size has multiplicity m.
We will denote this event by Aﬁ{*‘). Since for a given composition x the probability
that a randomly chosen part size has multiplicity m is given by the ratio

U™ (w)
Dn(“) ’

the unconditional probability that a randomly chosen part size in a random compo-
sition has this multiplicity is just the expected value of that ratio. That is,

U™

n

P(A(™) =K

Thus, our goal is to approximate this expectation. Our result is as follows.
THEOREM 1. Under the above notation we have the following: for a fixed integer
m

(Inn)P(AT™) = 6(1),

n

i.e., there exist two positive constants c1(m) and ca(m) such that for all n > 2,

c1(m) < (Inn)P(A™) < co(m).
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2, 1, 2, 3, 1, 1)

0,1-sequence of length 10: (o 1, 1, o 1, 0 0 I, I, 1)

Composition of 10 : (

index of sequence: 1 2 3 4 5 6 7 8 9 10

Fic. 1. Correspondence between compositions of n and 0,1-sequences of length n which end
with 1.

More precisely, as n — o0,
m)y = L gom)
(Inn)P(A™) = — + H™ (clun) + o(1),
m

where H™) s a mean-zero function of period 1 whose Fourier coefficients are given
by

o= —(m=2 g0
m! In2

3. Probabilistic set-up. Much of our proof relies on an appropriate interpre-
tation of a composition, found, e.g., in Andrews [2]. This interpretation allows us to
connect the study of random compositions to another much investigated topic, namely
the study of runs of successes in independent Bernoulli trials (see, for example, Erdos
and Rényi [7] or Erdos and Révész [8]). In order to describe this connection we in-
terpret compositions as follows: consider a composition £ = (v1,...,7) of n into
parts 1,72, .., (for example, (2,1,2,3,1,1) is a composition of the number 10
into six parts 2,1,2,3,1,1.) Such a composition is associated with a {0, 1}-valued
sequence (Z1,...,&,) in which ; = 1 for i € {y1,71 +y2,.--,71 + -+ + Y&} and
otherwise z; = 0. (Note that this forces =, = 1.) For example, the composition
(2,1,2,3,1,1) is associated with the sequence (0,1,1,0,1,0,0,1,1,1), as illustrated
in Figure 1. Clearly there is a one-to-one correspondence between compositions of n
and {0, 1}-sequences (x1, ... ,x,) with z,, = 1.

To say that a composition is chosen at random is to say that the 0’s and 1’s
occur with probability 1/2 at each of the first n — 1 positions, and the occurrences at
different positions are independent of each other. In other words, the number of 1’s in
the first n—1 positions is a binomial random variable, Bin(n—1,1/2), with parameters
n —1 and 1/2. With this interpretation the total number of parts is just the number
of 1I's (including the one in the nth position) and thus it is equidistributed with
1+ Bin(n—1,1/2). (This contrasts with the case of “unordered” partitions where the
exact distribution of the number of parts is unknown and it took a considerable effort
to find a limiting distribution of the total number of parts; see Erdos and Lehner [6].)
Furthermore, the numbers 71,...,7; can be viewed as “waiting times” for the first,
second, ..., and kth appearance of 1 in the associated {0,1}-sequence (z1,...,x,).
(In our example, 1 appears in the second, third, fifth, eighth, ninth, and, of course,
tenth positions.) It is well known and easy to check that in an infinite sequence
of independent Bernoulli trials with the probability of success p, waiting times for
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successes are independent and identically distributed (i.i.d.) random variables whose
common distribution is that of a geometric random variable with parameter p. Since
we are considering only n — 1 trials, this is no longer true. But we have the following
fact.

PROPOSITION 2. Let I'1,T's... be i.i.d. geometric random variables with param-
eter 1/2 (that is, P(I'y = j) =277, j =1,2...) and define

r=inf{k>1: T'1+To+ -+ T} >n}.

Then we have the following: if the set C(n) of all compositions of an integer n is
equipped with the uniform probability measure, then the distribution of a randomly
chosen composition is given by

T—1

1—‘17]:‘27'”71_‘7'717”_2]?.]'

Jj=1

4. The number of distinct parts. In this section we will study certain aspects
of the behavior of D,,. For the purpose of approximating P(ASZ”)) we will work with

the ratio Uy(Lm)/ D,,, but it will be clear from our argument, for example, that

ED,,

—1 as n — oo.
logyn

We will proceed in the following fashion: we will establish the existence of two se-
quences of natural numbers (¢,,) and (k,) which increase to infinity and are asymp-
totically the same, i.e.,

ty

lim — =1
n—oo n

7

and such that both probabilities
P(D,, < ¢y), P(Dy, > kn)

tend to zero as n — oo at a rate faster than 1/log, n. This will allow us to replace the
D,, in the denominator by either of the sequences (¢,) or (k;), and then in the next

section, we will approximate the expected value of U,(Lm). We begin with establishing
the existence of (¢,,). For a composition kK = (y1,...,7%), let S, (k) denote the number
of consecutive part sizes (starting with size 1) in k. That is,

Sp(k)=max{l: Vj <l Fi<k:v,=j}
Consider for a moment an arbitrary integer ¢,,. Since S, (k) < D, (x) we have
(1) P(Dy < £) < P(Sy <€) < P(3j < by, Vi <7, : Ti # J),
where we purposely ignored the last part n — Z;;ll T'; by writing “¢ < 7.” In order

to bound the last probability we first notice that, since 7 is equidistributed with the
random variable 1 4+ Bin(n — 1,1/2), we have

Er=14+(n-1)/2=(n+1)/2.
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Moreover, 7 is well concentrated around its mean. Namely (see, for example, [1,
section A.1]), for every ¢ > 0 we have

P(|r —Er| > t) <2expq — t
X .
>t) < 1

In particular, letting ¢, = \/a(n — 1) Inn, we get
2
(2) P(jr — Et| > t,) < 2exp{—2alnn} = 2

(The value of « plays a minimal role in the argument, so we will set it to be 1 for the
rest of this section; we just want to mention that by increasing this value as necessary
we can get arbitrary polynomial rate of convergence to zero of this probability. This
will be useful in the next section.) Let ¢, = Er —¢t, = (n+1)/2 — /(n—1)Inn.
Then we can bound (1) by

(3) ]P(Elj Sﬁn, Vi < T, Iy 7£ ]) < ]P(‘T - ]ET| > tn)
+P{{3 <Ly, Vi<T, : Ty #50 {7 —Er| <t,}).
From (2), the first probability in the right-hand side (rhs) of (3) goes to 0 at a

polynomial rate, so we concentrate on the second. Since |7 — Er| < ¢, implies that
T>4q, =(n+1)/2—o0(n), we bound the second term in the rhs of (3) by

P({3j <lp, Vi<, : Ty £i}n{|7 —Er| <t,})

b, T—1 ln 97
<Pl U Hmi#itn{r>aq | <P | Ui #4}
Jj=11i=1 j=1i=1
L q, ln - ‘, 1 @
<o (N0 | = wm 2t =3 (1 5)
Jj= i=1 j=1 j=1

as long as q;/2€" > 1. Furthermore, the upper bound will go to 0 as n — oo if
q,, /2% — oo. For that it is enough to let £,, ~ logy(q;, /#(q;;)), where g, /¢(g;, ) — oo
as n — o0. For our purpose, the choice ¢(gq,, ) = log,(g,, ) will be convenient. With
this choice, we conclude that

P(D, < (,) g2exp{ qn/i:(qn)} < qi —O(n)

Using the fact that 0 < Ui /D <1, we infer that

U(m) U(m) U(m) EU(m)
) Ip,<e, +E Ip,se, <P(D, <4t,)+ én .
n

E
Dn Dn D”
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As we will see in the next section, EU™ = ©(1), so that the second term in the last
sum is dominating.

As for the lower bound, consider a sequence (k,) which will be specified later.
We then have

() gylm)

Eg >E-2— 5 Ip, <k, > k—IEU( M p, <k, = - (JEU,(Lm)—EUém)IDWkn).

We will choose (k,,) so that the term EUS™ Ip . will be of lower order than EUS™ .
Since the latter term will be shown to be bounded away from zero, this means that
it suffices to choose (k) so that

EU™Ip, <p, — 0 as n — 00.

Since the number of distinct part sizes is no larger than the largest part size, letting
¥ and T'f denote max{I'y,..., T, } and max{I';,...,[';}, respectively, we have

U™ <D, <T;<T}.

(The second inequality is valid since the size of the last part is no more than T';..) Tt
follows that

{Dy >k} C{T% >k},
and thus
EU{™Ip, >k, <ELfIrs >k, .

To find a choice of (k,,) that would make this latter expectation go to 0 we write

ET;, Ir; >k, = » tP(T <n) P =n) % - n(22+b2kn)
t=k,, t=ky, t=kn

Choosing k,, ~ logy(ni(n)), we get

2n + 2nlogy(neh(n))
nip(n) 7

EL Irs >k, <

which goes to 0 for ¢)(n) = log3 n, for example. Thus one can set k,, ~ log,(nloga n).
With these choices of (fn) ( ) we obtain that

(m) (m) pm
P(AM) = EDi =E—— D, 1o, <D, <k, + ]E Iy, <D <kn)e
(m) (m) o
=F " T E—~-T .
logy n &+ o(log n) D, Pt * D, ~Prrhn

By the choice of (¢,,) and (k,,) the last two expectations are bounded above by
P(D,, < £y) +P(Dy > k) <2279 /2" L P(TF > k)

—dla— 1 n 1
<2.2 ‘b(q'")—&—nIP’(Fl>kn)§O(n>+2kngO(2>7

logs n
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and we see that

(m)
@ (nn)PAT) = ==+ o),

provided that EUS™ = ©(1). Thus, the asymptotic behavior of (Inn)P(AL™) is

determined completely by the behavior of IEU,(Lm), and to complete the proof we need
to estimate IEU,Sm).

5. Parts of multiplicity m. In this section we will approximate EUT(Lm). Let
U™ =1 (k) denote the set of part sizes in & that have multiplicity m, and let us
write j € U™ to indicate that size “j” has multiplicity m. We have

EUS™ =B Y Ligyom = Y P(Geu™).

Jj<n/m js<n/m

Therefore, we need to estimate the sum of P(j € ¢("™). The degree of difficulty of this
approximation increases with the accuracy that one desires to achieve. Furthermore,
since, as we will see, EUS™ is an oscillatory function, explicit bounds on EUS™,
no matter how tight, cannot be used to show that (ln n)]P’(A;m)) converges. Thus,
one may consider devoting too much attention to an accurate approximation to be a
questionable investment. We will present the detailed argument for the fairly precise
bound on ]EU,(Lm), but the reader interested in just the fact that this expectation is
O(1) (which is all that is needed to establish (4)) will notice that the argument may
be simplified. To make this point more transparent, let fi(ﬁ)7 i=1,...,7(x), denote
the parts of a composition k, i.e.,

T(k)—1
Ti(k) =Ti(k) for i<7(k) and Truy(s)=n— Y Ti(k).

i=1

It is much more convenient to work with I'’s rather than with f"s7 because the last
part, f‘T, complicates the dependence structure. As a result, a nonnegligible part of
our argument is to show that “tildes” can be neglected. This is, of course, not an issue
if one is interested merely in a ©(1) result; tildes may be dropped since the single part
I, can be ignored without affecting U™ by more than 1. To estimate P(j € U™)

write
P(j e U™) =P (i Iy _; = m) =P ({fT =j¥n {TZ Ir—j =m — 1})
i=1 i=1
+P ({fT 7&.7} N {Tz_:lri_j = m})

=1

We begin by estimating the first probability in (5), and then we will show that the
sums over j of the last two probabilities are negligible. Let ¢ = (n+1)/2+t,. Asin
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the previous section, let ¢, = \/a(n — 1) Inn, but we now choose o = 2 so that from
(2) we get nP(|7r — E7| > t,) < 2/n®. To get an upper bound on the first term in (5)
write

P <Ti:[pi=j = m) <P <{|T —E7| <t,}nN {Tz_:fpi;j = m})

i=1

(6) + P(|7 — E7| > ty,).

The second probability in the rhs of (6) is O(1/n*) and for the first one we have

P ({TZI Ir,—j = m} N{|r—Er| < tn}>

:]P’< U ( {Ii, =J1n ﬁ {Fi#j}>m{r—lEr|§tn}>
/=1

1< < <0y <7 .
i=1

1701 5eesm

q, —1

§P< U (ﬁ{%:j}ﬂ N {Fi#j}>ﬂ{|T—ET|§tn}>

1<i < <im<gh \E=1 i=1
10150 im
m qn_l
Sp( U (ﬂ{rigj}m N {Fﬁéj}>>
1<ip < <ip<gf NE=1 i=1
1AL, im

ah\ 1 L\& ™
< - . 1 - .
= \m ) 2m 2

Similarly, to get a lower bound for the first term of (5) we have

P(S Ir,=j = m) > P({ Tz:_lfri:j = m} N{|r —Er| < tn}>

i=1

m @}
2[@( U (ﬂ{rie:j}ﬁ ﬂ {Fﬁéj}> ﬂ{|7‘—]ET|St.,L}>
1<i) < <ip<gy NE=1 i=1
i1y yim
m at
Zp( U <ﬂ{1“”:j}ﬂ N {Fﬁéj}>> —P(I7 = E7[ > tn)
1<i1 < <im<gn MN=1 i=1
i1 im

> () L (-1 —o(L).
m ) 2im 27 nt

It remains to bound the sum over j of the terms

(7) P <{ff =jin {TZ_: Ir,=j = m})
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and

(8) P ({fT —j}n {Z I—j =m — 1})

in (5) and to show that they are negligible compared to the sum over j of the first
term in (5). Since

{fﬂ':j} c {f'r 23} C {FT Z]}a

for the probability in (7) we have

(o nefEe )

<P <{r ~Er <30 {T, > ) {szn_j _ m}> (L)

In k—1
S p ({T KT = 730 {Zzn_j :m}> o (:4)

k=qn

at k—1 1
>op ({rk >IN {pri_j = m}) +0 (n4>
k=q, =1

ab k—1—m
1 (k—1\ 1 1 1
X5 ( ) m3) o)

k=qn
+ qn —Mm
/ an 1 1 1

by the definition of ¢;” and ¢, . Thus, summing up over j, we get

IN

IN

+\ M 4, —m
4 1 1 1
CV”1“”<m>sz<m+1><12j> *0(713)

Jj=1

SN et A B AL CRNE LY
<cvninn m . ST 9 T + e}
(N [ - 1
<c nlnn( ”)/ um(l—u)qn_mdu—kO(S)
m 0 n
+ - _
= c\/nlnn<qn> Lim + DI{g, —m+1) +0 <13)
m n

L(gn +2)
i)
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For the second probability (8) the argument is essentially the same:

P ({fT =4} m{TZ_lIFFj =m— 1}) <P ({FT >4k {Tz_lfrizj =m— 1})
1

+
qn

k—1
<> P({Tk}m{rkzj}m{zh_jm1}> +0<n4)

k=qy =1

N

<q" 1 (k-1 1 L] k=l-m+l of!

= 21 \m —1)2im=1 \" 2 TO\a
q

gc\/m( @ ) L (1 l)q"’_mw(l),

m—1)2m \" 2 nt

and in the same fashion as before we see that the sum over j of these terms does not

exceed ©(y/(Inn)/n).

We now observe that for ¢ = ¢, ~ n/2 the sum
AR ivae
9=im (] — g=iya=m

(m)z (1-279)

is easily seen to be ©(1) (it suffices to compare it to the integral [~ 27™*(1 —
27%)a=mdx). Therefore, since ¢ and g, are asymptotically the same, m is fixed,
and

Cim —j f—m _._i
22] (1—277) SZQ J_2n7

Jj>n ji>n

we conclude that
9 EU™ ~ (1 9=im(] — g=i)am,
) me(? I

A more detailed analysis reveals a quite interesting and unexpected phenomenon. The
rhs in (9) does not have a limit, but exhibits oscillations about 1/(m1n 2). To see this,
one approach is as follows (for convenience we will replace ¢ — m with ¢ in (9)—this
does not affect asymptotics): expanding (1 — 277)? using the binomial formula, and
summing over j, gives

[ee] q q 1
i g _ k

D22t =) (1) <k>2k+m_1

j=1 k=0
Alternating sums of this type appear surprisingly often in the analysis of certain
algorithms and can be approximated using methods of complex analysis. Since the
standard method, attributed to Rice, has been described recently in several papers,
we will not reproduce the details here. Rather, we refer to [16, section 5.2.2], [9], [14],
or [15] for some examples of applications and illustration of the method. In particular,
these last two papers explicitly treat the asymptotics of the sum

> 1 (f) g
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We would like to indicate an alternative approach to approximating (9) shown to the
first author by Bennett Eisenberg and Gilbert Stengle [5]. Although it seems less
general than the Rice method, in the case of our sum it gives a more elementary
and direct proof of the asymptotics. Consider a sequence (gs) such that for some
1<B8<2,qs/2° — B3=2% 0<z <1 Then, for s large, replacing g; with 2°** and
J with s +r we get

o fe’e] 2T s
qs 1 1 qs 2m(.’t+s) e —rm 1
— |1 - = ~ 2772 1-—
(m) et Q)™ ( 2J> m! Z 2827

r=—s+1

oo

1 m(z—r) , —2"7"
~ % Z 2 (& 5

T=—00

where the “legality” of passing to the limits is easily checked (see [5]). The latter
expression defines a 1-periodic function, and its Fourier coefficients are easily found:

IR o o
¢Z =— / Z 2m(m—r)e—2 e—27m€mdx
m! J,

r=—00
1 o
9T — ..
:7'/ ome , 2 e 271'7,€mdl‘7
m: J_~

which, upon substitution v = 2, becomes

1 % m—1-2rit/In2 — 1 2mil
— m 7il/ In Udy = T _ .
ot m!ln2/0 b © T mme T e

Note that ¢o = 1/(m1n2), so if we let

(m) 1H2 > m(mfr) _ogz—T 1
H (1‘) = W Z 2 € - %,

then H(™ satisfies the conditions of Theorem 1. Combining this with (4) completes
the proof of the theorem.

6. Bounding the oscillation. The sum below is used in section 5 of the paper
to approximate EUr(Lm):

10 q) 9=im (1 _ 9g=iya-m

(10) (2 Sorma-a)

where ¢ = [(n/2)]. The data displayed in Figures 2, 3, and 4 indicate that 1/(mIn2)
is a reasonable approximation to the actual value IEU,(Lm) for small m and that the
sum (10) is a good approximation to EUS™ as n gets large.

As noted in the previous section, the sum (10) oscillates about 1/(mln2). We
would like to note that the oscillation is not an artifact of our approximation. The
data show that the actual value of EUS™ does itself oscillate about 1 /(m1n2). This
is illustrated in Figures 5, 6, and 7 for m = 1,5,10, respectively. These plots use
successively coarser scales and show how the amplitude of the oscillation of EU,Sm)
about 1/(mInn) increases as m increases.
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In order to bound the amplitude of the oscillation, note that the coefficients

of Fourier expansion of the function H(™ /In2 (which is asymptotic to ]EUT(Lm) —
1/(m1n2)) satisfy

b

1 2mil
Z [Pl = m!ln?2 Z ’F(m "~ In2 )
(40

(40

and therefore,

(m)
limsup‘IEU,(lm) - ! ‘ < 'H (clnn)

In2

1 2mil
< - .
mIn?2 m!ln2z7ﬁzo‘r<m ln2>‘

Using the properties of gamma function,

|T(it)| = and T'(z+1) = 2I(2),

T
tsinh(7t)

and letting p = 27/1In 2, we get a bound on the oscillation:
9 00 m—1 e
< k — pli _
~ m!ln2 Z (I}_-[) [k =r Z|> plsinh(mpl)
0 m—1
2 1
(11) :LZ <H /k2+p2£2> -

£sinh(mpl)

For small m, this bound is very good, but as illustrated in Table 1, as m increases
it becomes increasingly weaker. In fact, for m exceeding the value 52, it becomes
useless, as this bound on the amplitude exceeds the mean value, 1/(m1n2). (Thus,
from this bound on the oscillation, one could not even conclude that the quantity (10)
is positive.) A more detailed analysis of the nature of these fluctuations is perhaps an
interesting question but we do not pursue it much further in this paper. One thing
worth pointing out is that oscillations of EUém) are highly nonsymmetric around
1/(m1n2). On one hand, considering ¢ of the form m2? and replacing the sum over
j by its largest term (corresponding to j = p) we find that

m g—m m —1/(12m)
hmsupIEUT(lm) > <q> (m) (1 - m> ~ T em > S
n m/) \ q q m! 2rm

by Stirling’s formula. On the other hand, we have

e—2m

lim inf EU{™ > :
n mln2

To see this, let

so that

EUS™ ~ > f())-

Jj=1
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TABLE 1
Comparison of the bound (11) with the mean value as m increases.

[ m “ The bound (11) on oscillation [ 1/(mln2) ]

1 .00001426024765 1.442695041

2 .00006502473820 .7213475205

3 .0002012028112 4808983470

4 .0004802854938 .3606737603

5 .0009517428766 .2885390082

6 .001642131452 .2404491735

7 .002550173579 .2060992916

8 .003650969724 .1803368801

9 .004904708738 .1602994490
10 .006265585898 .1442695041
50 .02756514237 .02885390082
51 .02757480454 .02828813806
52 .02757887758 .02774413540
53 .02757781675 .02722066115
54 .02757203860 .02671657484
55 .02756192443 .02623081892
56 .02754782372 .02576241145
57 .02753005703 .02531043932
58 .02750891844 .02487405243
59 .02748467827 .02445245832
60 .02745758499 .02404491735
100 .02546701322 .01442695041
150 .02295420798 .009617966940
200 .02098570878 .007213475205
250 .01942401432 .005770780164
300 .01813918847 .004808983470
350 .01704834346 .004121985831
400 .01610016200 .003606737603

Since

re= () (ox) o)

433

f is increasing for x < xy and decreasing for x > xg, where 2o = log,(q/m). Therefore,

letting ko = [log,(g/m)] be the integer part of zq, we see that

ko oo

f@ys+ [ fads

ko
0 ko+1

SO =Y i+ D fG) =
j=1 j=1 J=ko+1

:/OOO f(x)dac—/:OH f(z)dz.

0

The first integral upon substitution u = 277 is easily seen to be equal to 1/(mIn2),
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while for the second one, letting 6 = g — kg and then = = x¢ + t, we get

ko+1 wo+1-5 1-§
/ ' f(x)dac:/ ' f(x)d:v:/_é flzo+t)dt

ko Zo—é

1-6 q—m
_(a IR U SR U S
m _s 2mzo 2mt 29:0+t
q m\™ 101 m\T™
(Y[ )
W) [, (5

which upon substitution u = 27 becomes

q m\" 1 2° mu\ ™
— —/ w1 - — du.
m q In2 Jos-1 q

Using (gl) < ¢™/m! and letting ¢ — oo we see that the latter expression is bounded
above by

20 m2°
mm 1 1 1
_— ey < u™ e du,
m!n2 Jys-1 m!In2 J,

and by a successive partial integration, and because 0 < § < 1, we see that the last
integral is no more than

1

g (m = DI - e M2y < (e,
Thus,
ko+1 1 Com
[ e < e,
that is,
e—2m
EU’Sm) = mln2’

and the argument is completed.
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