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1. Introduction

Mathematics at many levels can be thought of wholly in terms of mappings. For exam-
ple, adding a number to both sides of an equation is normally taken for granted, but the
validity may be expressed by inputing two equivalent values into a well defined map. Even
evaluating a polynomial can be written as a progression of mappings. Many undergradu-
ates forget from time to time that sequences are indeed only mappings. The complexity
continues and for many (of us) analysts, we mostly gloss over these technical details. This
document will highlight familiar ideas as mappings in certain contexts, and allude to more
general cases.

In our discussion, we will limit (ha) ourselves to c ⊂ `∞, the convergent sequences.
This is a closed linear subspace under the `∞ norm and therefore a Banach space with
the infinity norm. To put the work in perspective, we are going to characterize continuity
by working in the category of Banach spaces where the morphisms are unbounded linear
maps which we will denote Banu.

2. Continuity of Linear Maps

We will formulate a definition for continuity of a linear function through the use of
mappings on Banach spaces. To do so, we must define the limit operator:

Proposition 2.1. Let L̂n : c→ R be defined such that

L̂n{xn}∞n=1 = lim
n→∞

xn,

then L̂n is an unbounded linear functional.

Proof. It is easy to verify from elementary properties of limits that this operator is linear.
�

Remark 2.2. We remark that in fact this operator is bounded. We call the operator
unbounded to reinforce that unbounded means simply a linear map that is “not necessarily
bounded.”

As we noted that this operator is in fact bounded, we may use Hahn-Banach to extend
this operator to all of `∞, and thus

Definition 2.3. The extension of L̂n to a mapping `∞ → R will be called the limit operator
and denoted Ln.
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Before defining continuity, we will need an operator to relate our original sequence {xn}
to a function f in such a way that we may define a concept of continuity. Let B ⊂ RR be
the set of functions bounded on every compact subset or R (We make the distinction that
this bounded is separate from operator boundedness floating around). Since continuous
functions are certainly bounded on compact sets, this function space is an ideal candidate
to draw elements from that may be continuous in our usual sense. Consider the following
proposition:

Proposition 2.4. For a linear function f ∈ RR such that f ∈ B, the mapping Af : c→ `∞
given by

Af ({xn}∞n ) = {(f ◦ πk){xn}∞n }∞k ,
where πk is a projection map, is an unbounded linear operator.

Remark 2.5. The codomain must be defined as `∞ because if f is not continuous, it is
possible that this sequence could be divergent. The functions we will defined as continuous
in our setting are also functions bounded on any compact set, as it would break our intuition
if there existed a continuous function that is unbounded on a compact subset of the real
line.

Remark 2.6. Also we want to point out that the function (f ◦ πk){xn}∞n = f(xn). We
used the projection to stress mappings being present.

Proof. Because any convergent sequence is bounded, by say M , then the elements of the
sequence “lie” in [−M,M ] and thus since f is bounded on [−M,M ] by assumption, the
resulting sequence after applying f componentwise will be bounded. Therefore the map is
well defined. Linearity follows from the fact that compositions of linear maps are linear. �

Remark 2.7. Notice that if f was not linear, we would have to work harder to define a
map to take the place of Af in our definition new of continuity.

Definition 2.8. The function Af will be referred to (and thought of) as an application
operator, as we are using it to “apply” f to our sequence component wise.

We are now ready to assemble a definition:

Definition 2.9. Using the definitions above, a function is “continuous” if the following
diagram of morphisms in Banu commutes:

c
Ln //

Af

��

R

f

��
`∞

Ln

// R

That is to say, Ln ◦Af = f ◦ Ln.
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Remark 2.10. Our construction of the operators and the linearity of f allows us to pose
this definition as a particularly “slick” commutative diagram in Banu but this will not be
the case in general.

This brings us to the result:

Theorem 2.11. A linear function in RR∩B is continuous if and only if it is “continuous”.

Proof. If f is continuous, we have that for any x = {xn}n ∈ c,

lim
n→∞

f(xn) = f
(

lim
n→∞

xn

)
.

This may be reformulated as

lim
n→∞

f(xn) = lim
n→∞

(f ◦ πn)(x) = (Ln ◦Af )(x)

and

f( lim
n→∞

xn) = (f ◦ Ln)(x).

Thus (Ln ◦Af )(x) = (f ◦ Ln)(x). Since this is true for any x, it follows that

Ln ◦Af = f ◦ Ln,

which is the defining equation for the commutative diagram. To show the converse, we
wish show f is continuous at every point. Fix y ∈ R, and let yn → y. Thus {yn}n ∈ c and
so by application of the commutative diagram,

(Ln ◦Af )({yn}) = (f ◦ Ln)({yn})

or in other words

lim
n→∞

f(yn) = f(y).

Since y was arbitrary, f is continuous. �

This theorem conveys that continuity in this setting is the same as this commutative
diagram of the morphisms of Banu.

3. Continuity of a General Function

If a function is not linear we must work harder. To do so, we will have to defined a
diagram for each point.

Consider a sequence x = {xn}n ∈ c. Then the sp{x} is a closed linear subspace and
a Banach space in its own right. For f ∈ B, we may define an operator Af,x : sp{x} →
sp{f(xn)}n by Af,xx = {(f ◦ πn)({xk})}n, and extend it by linearity to gain the desired
bounded linear operator. Again this function is bounded by our choice of function space
which also will yield boundedness of the operator as before.

Remark 3.1. Further, we may extend this to a map from `∞ using the formulation of
Hahn Banach in the appendix taken from [A]. This will allow us to define the operator on
the whole space if we so desire, but it is unnecessary as we see below.
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Now we will define a new operator, in particular for f and x as selected. Let Lf,x :
sp{Lnx} → R be given by its value on the basis

Lf,x(Lnx) = f( lim
n→∞

xn)

extended by linearity to obtain a linear map on the subspace. The boundedness f again
gives that the operator is indeed bounded by choosing a compact set containing the elements
of x (and here I go pretending the sequence is a subset of R!). So by Hahn Banach we
may extend this to all of R. Replace the function Lf,x with its extension. We note that we
only used Hahn-Banach here to make the diagram look nicer. We are now ready to define
continuity.

Definition 3.2. A function f ∈ RR ∩ B is “continuous” if the following diagram of mor-
phisms in Banu commutes for every x ∈ c:

sp{x}
Af,x //

Lf,x

!!

`∞

Ln

��
R

Remark 3.3. We already see a breakdown of the elegance from the definition problem,
but it is still a useful definition in the following sense:

Theorem 3.4. A function f ∈ RR ∩ B is continuous if and only if it is “continuous.”

4. Appendix

You may formulate a weaker form of the dominated convergence theorem by using the
fact that any sequence converging in norm is weakly convergence and apply this in L1.

Theorem 4.1. (Hahn-Banach Theorem) Let X and Y be Banach spaces, T : X → Y
a bounded linear operator of rank 1 and Z a Banach space containing X as a subspace.
Then there exists a bounded linear operator T̂ : Z → Y
(a) ‖T̂‖ = ‖T‖
(b) T̂ x = Tx for every x ∈ X.
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