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Believe it or not, “open” is not the most descriptive adjective in math. If someone were
to ask you why we use that word, could you tell them? A classical definition (in a metric
space) one can be given when introduced to the concept is that “A set S is open if it equals
its interior” or that is to say every point x ∈ S is an interior point. Assuming we’re in a
metric space X with metric d : X ×X → R, we can define for a point x ∈ X an open ball
around x with radius r > 0 to be

B(x, r) = {y ∈ X : d(x, y) < r}

This definition leads us to the characterization that for each x ∈ S, there exists an r > 0
such that B(x, r) ⊆ S; of course, that is the definition of an interior point.

As simple as that definition appears, like many seemingly simple concepts in math, it
encodes more information than we’d originally expect. The concept informally of an interior
point x of S is that you may find a (small) neighborhood around x which will provide
sufficient “elbow” or “wiggle” room. That is, you can move a little to the left or right
(or up or down.. etc) of x and stay in S. When you hear the word “open,” it may ellicit
thoughts of a “wide open” space, and rightly so– but if a closed set is the complement of
an open set, then what picture does closed paint?

Continuity is an example where having a geometric idea of a closed set may be helpful
to better one’s understanding. In light of the previous discussion, the usual topological
definition of continuity may leave one slightly confused (without a proof) about how that
definition captures the ε− δ definition. The definition I speak of is “A function f : X → Y
is continuous if for every open set V ⊆ Y then f−1(V ) is open.” However, once we establish
a clear geometric picture of what a closed set “looks like,” casting continuity in light of
closed sets captures the essense of continuity in a more clear and intuitive way for a first
time learner than any other definition.

One axiomatic approach to topology is Kuratowski’s Closure Axioms. The word closure
near topology will immediately ellicit thoughts of “closed” sets. If closed is the opposite of
open, how do the words closure and closed relate– besides that in English their definitions
and spellings are tangentially related? In this context, think of “closure” as “opposed to
far.” Let us make this more precise. Let A be a set and S ⊆ A. We define the closure
operator cl : P (A)→ P (A) where P (A) is all subsets of A to be to be given by

cl(S) = {y ∈ A : B(y, r) ∩ S 6= ∅ ∀r > 0}
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cl(S) = {y ∈ A : y is an adherent point of S}

cl(S) = {set of points “close to S”}

So this set, cl(S) is the set of points arbitrarily close to S. More imprecisely, it is all the
points “touching” S, “skimming” S or “abutting” S in some sense. This operator satisfies
the following properties:

1. S ⊆ cl(S) “S is close to itself”

2. cl[cl(S)] = cl(S) “the points close to the points close to S are close to S”

3. cl(A ∪ B) = cl(A) ∪ cl(B) This guarantees the union does not “expand” to be close
to more points

4. cl(∅) = ∅

It turns out that pairing A with the closure operator (A, cl) is a topological space (that is,
the closure axioms are equivalent to the definition of a topological space with open sets).

From this we may define closed in this context rather naturally in this setting: Definition

A set S is closed if cl(S) = S.

That is, a set S is closed if the only points close to S are points of S. This is an obvious
but seldom thought of consequence of our εδ definition of open sets, which we will discuss
in more detail below. Additionally, we can define an open set to be the complement of a
closed set. So what do we gain in this context? Mainly, we gain a different perspective on
intuition because of the natural focus on “closeness” from the closure operator.

For a point x in a closed set S, our definition indicates that x ∈ cl(S), or in other words x
is “close” to S. This is not new, but now consider y ∈ Sc (the complement of S). y 6∈ S
and therefore y 6∈ cl(S), or in other words, y is not “close” to S. (Picture)

Formally, y is an interior point as there exists an ε − ball around y that is contained in
Sc. So there is at least a distance of ε from y to any point in S. Although built into
the definition of an interior point, the ε-ball can mask what is truly happening due to its
complicated nature. We see that y is close to only elements of Sc. Remember Sc is an
open set, and so one insight from this is that interior points are separated (i.e. not close) to
points outside the set (which in this case is S, our closed set). This discussion of closeness
leads to a natural definition for continuous maps:

Definition A function f : A→ A is continuous on A if for any S ⊂ A

f(cl(S)) ⊆ cl(f(S))

So in other words, this is similar but easier to decode than the εδ definition, and since A is
only a topological space (and not a metric space), it gives an abstraction of the εδ definition.
Geometrically (if there is some sort of discernable geometry), it states that points close to
S are mapped to points close to the image of A under f . More simply and informally, f
maps points close together to points close together. If we imagine our space X as a large
rubber sheet; f could be seen as stretching X. If we color a part of X blue and call it
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S, and put a red dot touching S. When we stretch f , then the red dot should be still
close to the stretched blue part f(S). The intuition is built further from discontinuities:

Definition (Informal) A function f is discontinuous when there exists x ∈ cl(S) such
that f(x) 6∈ cl(f(S)).

In other words, there is a rip; the dot will be completely separate from the blue spot f(S).
The map takes points close to S and maps them to points not close to f(S). This is very
geometric but also englightening. However in a topological space the standard definition
for continuity is: for every open set U in the codomain, f−1(U) is open. This is unintuitive,
but some intuition can be gained from the context discussed above.

How can we reconcile this with our discussion? First we must move our discussion into
metric spaces. Notice the closure operator is equivalent to the idea of the closure of a set,
that is cl(S) = S. Therefore we may identify our idea of closed sets and the closure of a
set with the idea of “all points close to S.” If one recalls the definition of the closure of a
set, they will readily see these are equivalent. To rewrite our definition of continuity in a
metric space, it follows:

(New) Definition A function f : X → Y is continuous if for every S ⊂ X,

f(S) ⊆ f(S)

Take a second to compare this definition to our previous definition using cl. These are
worded equivalently, and to finalize that our newfound intuition is correct, we will prove
these two definitions of continuity are equivalent:

Theorem Let f : X → Y be a function. The following are equivalent:

(a) f is continuous, that is for every open set V in Y , f−1(V ) is open.

(b) For every S ⊆ X, f(S) ⊆ f(S)

Proof. (a)⇒ (b) It is equivalent to characterize continuity by: For every closed set V ⊂ Y ,
f−1(V ) is closed. We will use this. Let S be a subset of X. Then f(S) is closed in Y and
therefore, since f(S) ⊆ f(S), we have by applying f−1 to both sides

S ⊆ f−1(f(S)) ⊆ f−1(f(S))

However since f is continuous the rightmost set is closed. Therefore since S is the smallest
closed set containing E we have

S ⊆ f−1(f(S))

and by applying f again we get
f(S) ⊆ f(S)

(b)⇒ (a) Let V ⊆ Y be closed. Then f−1(V ) is in X and by assumption

f(f−1(V )) ⊆ f(f−1(V )) ⊆ V = V
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since V is closed. Further note that f(f−1(V )) ⊆ V instead of equal to V because f is not
neccesarily a surjection. So by applying f−1 again we have f−1(f(f−1(V ))) = f−1(V ) since
f is by definition onto its image of a set, and so

f−1(V ) ⊆ f−1(V )

Therefore the set f−1(V ) is closed and so f is continuous.

In light of this, it is clear because of the use of the word “closed” that we use open simply
because it is the opposite of closed.
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