
Differential Equations, Spring 11

Grinshpan

Homework 4, due April 25

Reading: 1.3.4, 2.4, and 2.5.

Problems:

1. A 100-L beaker contains 10 kg of salt. Water is added at a constant rate of 5 L/min
with complete mixing, and drawn off at the same rate. How much salt is in the beaker
after 1 hour?

2. A tank contains 25 lb of salt dissolved in 50 gal of water. Brine containing 4 lb/gal is
allowed to enter at a rate of 2 gal/min. If the solution is drained at a rate of 3 gal/min,
find the amount of salt and concentration at time t.

3. Consider the Allee model ẋ = 2x(1 − x)(x− 6). Determine the equilibria and their
stability. Draw the phase line.

4. Consider the logistic equation ẋ = x(1− x), where x(t) ≥ 0 represents population. What
is the maximal growth rate of x(t) and when does it occur?

5. Write a differential equation describing a population of bacteria x(t) that has each of the
following characteristics: (i) if x(0) < 1, the bacteria will die off (ii) if 1 < x(0) < 10, the
body is able to control x(t) near a safe level of x = 5 (iii) if x(0) > 10, the number of
bacteria grows without bound.

6. Consider the initial-value problem ẋ = x + t, x(0) = 0. Do the first three steps of Euler’s
approximation with the step size h = .1. Is your answer an over- or an
under-approximation to the exact solution x(t) = et − 1 − t? Why?

7. (bonus) Consider the initial-value problem ẋ = x, x(0) = 1. Let the Euler approximation
x0 = 1, x1, x2, . . . be performed with a given step size h. Argue that, as the step index k
increases, the approximation error ekh − xk grows monotonically without bound.


