
Numerical Analysis, Spring 09
Grinshpan

EXERCISES, weeks 9 & 10.

1. Apply the fixed point theory to find the positive root of x2 − 5 = 0. Use the
example from class (x2 − 2 = 0) for guidance.

2. Repeat the analysis outlined below in Homework 6 for F (x) = 3x(1− x).

3. Consider the data points (0, 1), (1, 1), (2, 5). Find the piecewise linear
interpolation function and the quadratic interpolating polynomial for the data.

4. Find the quadratic polynomial q(x) for which q(−2) = −15, q(−1) = −8,
q(0) = −3. Express your answer in the form of Lagrange and in the form of
Newton.

5. Find the quadratic polynomial q(x) for which q(0) = −1, q(1) = −1, q′(1) = 4.

6. Obtain a formula for calculating f [x0, x0, x1].

7. Let f(x) = x10. Calculate f [x0, . . . , x10] and f [x0, . . . , x11].

8. Consider the normalized Chebyshev polynomials T1(x) = x, T2(x) = x2 − 1
2 ,

T3(x) = x3 − 3
4 x. For each k = 1, 2, 3,

a) Graph Tk(x) on the interval [−1, 1].
b) Verify that max|x|≤1 |Tk(x)| = 1

2k−1 .
c) Verify that among all k-th degree monic polynomials on [−1, 1], Tk(x) has the
smallest maximum modulus.

HOMEWORK 6, due June 5.

Let F (x) = x(1− x), for x restricted to [0, 1].

A) Check that F (x) maps [0, 1] into [0, 1]. What are the fixed points of F (x)?

B) Set up the iterations xn+1 = F (xn), n ≥ 0. What is the behavior of xn?
Does your answer depend on x0?

C) Find the maximum of |F ′(x)| on [0, 1].

D) Can you rely on the Contraction Mapping Theorem to conclude convergence?

E) Determine the order and rate of convergence.


