
Probability and Statistics, Fall 2016

Grinshpan

Problem set 4

1. Suppose E and F are two events with P (E) = 0.5 and P (E ∪ F ) = 0.8. For what value of P (F )
is E ∩ F an event of zero probability? For what value of P (F ) are E and F independent?

2. Let E and F be two events such that P (E|F ) = P (F |E), P (E ∪ F ) = 1, and P (E ∩ F ) > 0.
Show that P (E) > 1/2.

3. One coin in a collection of 65 has two heads. The rest are fair. If a coin, chosen at random from the
lot and then tossed, turns up heads 6 times in a row, what is the probability that it is two-headed coin?

4. The joint probability distribution of two discrete random variables X and Y is given below:

x1 x2 x3 x4

y1 .1 .05 .02 .02

y2 .05 .2 .05 .02

y3 .02 .05 .2 .04

y4 .02 .02 .04 .1

Find the marginal probability distribution of X and of Y. Find the conditional distribution of X given
Y = y1 and of Y given X = x2.

5. Let a die be rolled twice and let X1 and X2 be the results. Find the probability distribution of
X1 +X2. Find the conditional probability distribution of X1 given that X1 +X2 = 5.

6. Consider the triangle ∆ of integer lattice nodes (i, j) with i, j = 0, . . . , 9 and i+ j ≤ 9. Let the
point (I, J) be uniformly distributed on ∆. Are the random variables I and J independent? Why?
Find the joint probability mass function mI,J(i, j) and the marginal probability mass functions mI(i)
and mJ(j). Find the conditional probability mass function mI|J(i|j) for each j = 0, . . . , 9.

7. Find the conditional density for the following experiments. (a) A number is chosen at random in the
interval [0, 1], given that it is a small distance ε away from the endpoints. (b) A number is chosen at
random in the interval [0, ∞) with exponential density with parameter λ = 1, given that it is in [0, a].

8. A radioactive material emits α-particles at a rate described by the density function f(t) = .1e−.1t.
Find the probability that a particle is emitted in the first 10 seconds, given that a particle is emitted in
the first 20 seconds.

9. Two numbers X and Y are chosen independently at random in the interval [0, 1]. Given that their
sum is in [0, 1], find the probability that max(X, Y ) < 1/2.

10. Let (X, Y ) be uniformly distributed in the triangular region with vertices (−1, 0), (1, 0), (0, 1).
Find the joint probability density function fX,Y (x, y) and the marginal probability density functions
fX(x) and fY (y). Find the conditional probability density function fX|Y (x|y) for each 0 < y < 1.

11. If a point (X, Y ) is uniformly distributed in the disk x2 + y2 < 1, are the random variables X
and Y independent?

12. A point is chosen randomly in the unit disk x2 + y2 < 1. Find the marginal density of x-coordinate.

13. Let X and Y be independent and uniform in [0, 1]. Find the c.d.f. and p.d.f. of XY.


