
Probability, Fall 2016

Grinshpan

Problem set 7

1. Find the density of the sum of three independent random variables X1, X2, X3 uniformly distributed
in [0, 1]. Check that the sum X1 +X2 +X3 has a mean of 3/2 and a variance of 1/4. Plot the density
function of 2(X1 +X2 +X3 − 3/2). It has a mean of 0 and a variance of 1.

2. Let X and Y be independent random variables on [0, ∞) having the same density function
f(t) = e−t, t ≥ 0. Compute the convolution f ∗f(t), the density of X + Y. You should obtain a gamma
density, with parameters n = 2 and λ = 1.

3. A fair coin is tossed 100 times. What does the Chebyshev inequality tell us about the probability
that the number of heads that turn up deviates from the expected number by three or more standard
deviations?

4. Let X be a random variable with E[X] = 0 and Var(X) = 1. What integer value k will assure us
that P (|X| ≥ k) ≤ .01?

5. A street musician performs outside 30th Street Station. Suppose that every 20th passerby drops a coin
into musician’s hat. About how much money would the musician collect by the end of the day (say, 10000
passersby)? Explain your answer.

6. Estimate the probability that in 1 million (independent) fair coin tosses the proportion of heads is at
least 0.51.

7. Let Sn be the number of heads that turn up in n tosses of a fair coin.
Estimate P (S100 ≤ 45), P (45 < S100 < 55), and P (S200 = 100).

8. A gambling die is rolled 24 times. Use the central limit theorem to estimate the probabilities that the
sum is greater than 84 and that the sum is equal to 84.

9. The average time to service a customer at a checkout counter is 1.5 minutes with variance 4.
Find the probability that 100 customers can be serviced in less than 2 hours.

10. Once upon a time, there were two railway trains competing for the passenger traffic of 1000 people
leaving from Chicago at the same hour and going to Los Angeles. Assume that passengers are equally
likely to choose each train. How many seats must a train have to assure a probability of .99 or better of
having a seat for each passenger?

11. A computer adds 1000 random numbers that have been rounded off to the nearest tenth. Find the
probability that the total roundoff error exceeds 1 (i.e., the sum exceeds the true value by more than 1).

12. Jack had a few drinks and executes a random walk in the following way: each minute he takes a step
north or south, with probability 1/2 each, and his successive step directions are independent. His step
length is 50 cm. Use the central limit theorem to approximate the probability distribution of his location
after 1 hour. Where is he most likely to be?

13. Answer Problem 12 under the assumption that Jack has some idea of where he wants to go, so that
he steps north with probability 2/3 and south with probability 1/3 .


