
Probability and Statistics, Winter 2015

Grinshpan

Homework 8

not to be handed in

1. For any positive x, lnx ≤ x− 1. Use this fact to conclude that
m∑
i=1

ni ln(pi) ≤
m∑
i=1

ni ln(ni/n),

where ni are nonnegative numbers summing to n and pi are nonnegative numbers summing to 1.

2. For x close to 1, x lnx ≈ (x− 1) + (x− 1)2/2. Use this fact to conclude that, if the observed counts
Oi = ni are close to the respective expected counts Ei = pin, i = 1, . . . ,m, then

2
m∑
i=1

Oi ln(Oi/Ei) ≈
m∑
i=1

(Oi − Ei)
2

Ei
.

3. Consider testing goodness of fit for a multinomial distribution with two cells. Let p1, p2, be the
hypothesized cell probabilities, p1 + p2 = 1, and let N1, N2 represent the cell counts, N1 +N2 = n.
Check that the Pearson cumulative statistic can be written as

X2
n =

(N1 − np1)
2

np1(1− p1)
.

Conclude that, if the null hypothesis is true and n is large, then X2
n is approximately distributed as a

chi-square random variable with one degree of freedom.

4. If gene frequencies are in equilibrium, the genotypes AA, Aa, and aa occur in a population with
frequencies (1− θ)2, 2θ(1− θ), θ2, according to the Hardy-Weinberg law. In a sample from the Chinese
population of Hong Kong in 1937, blood types occurred with the following frequencies, where M and
N are erythrocyte antigens:

M MN N

Frequency 342 500 187

The null hypothesis will be that the multinomial distribution is as specified by the Hardy-Weinberg
equilibrium frequencies, with unknown parameter θ. The alternative hypothesis will be that the
multinomial distribution does not have probabilities of that specified form.

The maximum likelihood estimate for θ is (see exam 1 solutions)

θ̂mle =
N2 + 2N3

2n
=

500 + 2 · 187
2 · 1029

≈ 0.4247.

Multiplying the resulting probabilities 0.331, 0.489, 0.180 by the sample size, we find the expected
frequencies, which can be compared to the observed frequencies:

M MN N

Observed 342 500 187

Expected 340.6 502.8 185.6

Calculate the Pearson cumulative statistic X2
1029, the log-likelihood ratio statistic −2 lnΛ, the

appropriate p-value, and the generalized likelihood ratio Λ.

5. For a given p-value α, which chi-value (upper α-quantile) is greater, χ2
2 or χ2

3?


