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Baire’s theorem

Let (X, d) be a metric space.

B(x, r) = {y ∈X ∶ d(x, y) < r} is the r-neighborhood of x, open by definition.

Claim: The closure B(x, r) of B(x, r) is contained in {y ∈X ∶ d(x, y) ≤ r}.
Proof : If x′ is a limit point of B, there is xk ∈ B such that d(xk, x′)→ 0.
So d(x,x′) ≤ d(x,xk) + d(xk, x′) < r + d(xk, x′). So d(x,x′) ≤ r. ◻

For r < r′, B(x, r) ⊆ B(x, r′) ∶ d(x, y) ≤ r⇒ d(x, y) < r′.

A set E is dense in X if E =X. A set E is nowhere-dense in X if X ∖E is dense.

Theorem [René Baire, 1899]: Let (X,d) be complete and Gk be a sequence of dense
open sets in X. Then Gk have a non-empty intersection.

Proof : Select x1 contained in G1 together with B(x1, r1) for some r1 > 0. This is
possible as G1 is open. Select x2 contained in G2 ∩B(x1, r1) together with B(x2, r2)
for some r2 < r1/2. This is possible as G2 ∩B(x1, r1) is open and non-empty. Select x3

contained in G3 ∩B(x2, r2) together with B(x3, r3) for some r3 < r2/2. This is possible
as G3 ∩B(x2, r2) is open and non-empty. Continue inductively:

B(x1, r1) ⊇ B(x2, r2) ⊇ B(x3, r3) ⊇ . . . .
The sequence xk ∈ Gk is Cauchy: d(xk, xk+m) < rk → 0. By completeness, xk → x∗ ∈X.
Since x∗ is in the closure of {xk, xk+1, xk+2, . . .} ⊆ B(xk, rk), x∗ ∈ Gk, for every k. ◻

Restatement: A complete metric space is not a countable union of nowhere-dense sets.

Proof : Contradictory to the above, if Ek are nowhere-dense in X and
X = E1 ∪E2 ∪E3 ∪ . . . , then Gk =X ∖Ek are open and dense in X and

G1 ∩G2 ∩ . . . =X ∖ (E1 ∪E2 ∪ . . .) = ∅. ◻

A set E ⊆X is of first category or meager if it is a countable union of nowhere-dense
subsets of X. A set E ⊆X is of second category if it is not of first category.

A complete metric space is not meager (in itself).

The Cantor set is a meager subset of [0, 1].

[0, 1] is not a union of countably many nowhere-dense sets.

The set of continuous functions on [0, 1] with d(f, g) =max ∣f − g∣ is a complete metric
space. The subset of functions differentiable at at least one point is meager.


