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Bayes’ formula

Two very similar examples illustrating Bayes’ rule.

Example [Grinstead & Snell] A doctor gives a patient a test for a particular virus. Before
the results of the test, it is believed that 0.1% of the population has this virus. Based on
experience, the doctor knows that, in 99% of the cases in which the virus is present, the
test is positive; and in 95% of the cases in which the virus is not present, the test is
negative. If the test turns out to be positive, what is the chance that the virus is present?

Let V be the part of the population carrying the virus and H be the remaining part.
The prior probabilities are

P (V ) = 0.001 and P (H) = 0.999.

Furthermore, we have the following information:

P (+|V ) = 0.99 and P (−|H) = 0.95.

Hence the posterior probability P (V |+) is

P (V |+) =
P (+, V )

P (+)
=

P (+|V )P (V )

P (+|V )P (V ) + P (+|H)P (H)

=
.99× .001

.99× .001 + .05× .999
=

11

566
≈ 0.02.

This means that among the positive results nearly 98% are false positives.

Example [Rice] Polygraph tests are often routinely administered to employees. Let
+(−) be the event that the polygraph reading is positive (negative), suggesting that the
subject is lying (telling the truth); let T (L) be the event that the subject is telling the
truth (lying). According to polygraph reliability studies (Gastwirth, 1987),

P (+|L) = 0.88 and P (−|T ) = 0.86.

Suppose that on a particular question the vast majority of subjects have no reason to lie:

P (T ) = 0.99 and P (L) = 0.01.

If a subject produces a positive response on the polygraph, what is the probability that the
polygraph is incorrect and that he/she is in fact telling the truth?

P (T |+) =
P (+, T )

P (+)
=

P (+|T )P (T )

P (+|T )P (T ) + P (+|L)P (L)

=
.14× .99

.14× .99 + .88× .01
=

63

67
≈ 0.94.

Thus, in screening this population of largely innocent people, 94% of the positive
polygraph readings will be in error. Most of those placed under suspicion because of the
polygraph result will, in fact, be innocent.


