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Change in volume

Let (x, y, z) = (4, 5, 6). Consider the parallelepiped B determined by the vectors

⟨ax, by, cz⟩, ⟨cx, ay, bz⟩, ⟨bx, cy, az⟩,
where a, b, c are parameters.

Check that the volume of B is V = C xyz and C = |a3 + b3 + c3 − 3abc|.

Let us assume that C = 1 (note that B is not necessarily upright).

If x, y, z are perturbed, say dx = 0.1, dy = −0.2, dz = 0.3, then B and V change.

The exact change in volume is

∆V = V (4.1, 4.8, 6.3)− V (4, 5, 6) = 123.984− 120 = 3.984.

The linear approximation formula says that

∆V ≈ dV = Vxdx+ Vydy + Vzdz

= yzdx+ xzdy + xydz

= 30dx+ 24dy + 20dz

= 3− 4.8 + 6

= 4.2.

Is this approximation accurate? Did the volume change by much?

Relative to the original volume, we have

∆V

V
=

3.984

120
≈ 0.033 and

dV

V
=

4.2

120
= 0.035.

So the volume has increased by about 3.3% and this is more or less captured by dV/V.

The set of all points (x, y, z) in space that yield a parallelepiped of fixed volume is a

surface, xyz = const, with normal vector field ∇V = ⟨yz, xz, xy⟩.

Suppose now that the increments are dx = 0.02, dy = −0.05, dz = 0.03.

Then the differential of the volume at (4, 5, 6) is dV = 30 ·0.02−24 ·0.05+20 ·0.03 = 0.

This means that ∇V and the vector of displacements ⟨dx, dy, dz⟩ are orthogonal,

so ⟨0.02, −0.05, 0.03⟩ displaces (4, 5, 6) along the plane tangent to V = 120.

The true change in volume in such a case is not necessarily 0, but it is small.

Check that ∆V = 119.99097− 120 = −0.00903 and ∆V/V ≈ −0.000075.


