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CHANGE OF VARIABLES IN A DOUBLE INTEGRAL

Let Q be a region in the uv-plane. Let R be a region in the xy-plane. Let
T be a one-to-one and onto correspondence between the points (u, v) of Q
and the points (x, y) = (x(u, v), y(u, v)) of R. Assume that x and y are
continuously differentiable functions of u and v.

We will need the following observation. Let AB be a segment in Q. Its
image T (AB) is an arc in R. If AB is short, T (AB) is almost straight and
can be matched closely by the vector (T (A), T (B)). In turn,
(T (A), T (B)) ≈ (dx, dy) = (xudu+ xvdv, yudu+ yvdv), where the partial
derivatives are evaluated at A.
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Figure 1. Local distortion by T .

Partition Q into infinitesimal rectangles β of size du× dv with sides
parallel to the coordinate axes. Then R becomes divided into small
nonoverlapping pieces T (β) that are the images of rectangles β.
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Figure 2. ABCD and its image.



Choose any infinitesimal rectangle β in Q and let A,B,C,D be its vertices
as shown in Figure 2.

As the segment AB is very short, its image is almost straight and can be
matched closely by the vector (T (A), T (B)). Since v does not change along
AB, we have (T (A), T (B)) ≈ (xudu, yudu) = (xu, yu)du, where the partial
derivatives are evaluated at A.

As the segment AD is very short, its image is almost straight and can be
matched closely by the vector (T (A), T (D)). Since u does not change
along AD, we have (T (A), T (D)) ≈ (xvdv, yvdv) = (xv, yv)dv, where the
partial derivatives are evaluated at A.
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Figure 3. Approximation of T (β).

It appears that T (β) is approximated by the parallelogram spanned by the
vectors (T (A), T (B)) and (T (A), T (D)). So the area of T (β) is close to the
area of the parallelogram, i.e. to the modulus of the cross product
|(T (A), T (B))× (T (A), T (D))|. Using the approximate equalities we find:

area of T (β) ≈ |(xu, yu)× (xv, yv)|dudv = |xuyv − xvyu|dudv.
Thus the modulus of J = xuyv − xvyu tells us by how much the area of β is
distorted under T . J is called the Jacobian factor of T .

Now choose a point (uβ, vβ) in each rectangle β. Let (xβ, yβ) be the image
of (uβ, vβ) in T (β). Form the Riemann sum∑
all T (β)

f(xβ, yβ) area(T (β)) ≈
∑
all β

f(x(uβ, vβ), y(uβ, vβ))|J(uβ, vβ)| area(β).

As the rectangles β become smaller, the pieces T (β) also shrink. In this
process the Riemann sum approaches

∫∫
R f(x, y)dxdy on one hand and∫∫

Q f(x(u, v), y(u, v))|xuyv − xvyu|dudv on the other. We infer that∫∫
R
f(x, y)dxdy =

∫∫
Q
f(x(u, v), y(u, v))|xuyv − xvyu|dudv.

This is the change of variables formula.


