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Sets countable and not

Two sets are said to be of the same cardinality if there exists a bijection between them.

This definition provides us with a way of comparing sets. Particularly, infinite sets.
For clearly, two finite sets admit a bijection if and only if they have the same number of members.

A set is said to be countable if it is either finite or has the same cardinality as the set of natural
numbers N. Thus the elements of a countable set may be listed in sequential order, one after
another. An infinite countable set may be referred to as countably infinite.

Each of the following sets is countable and so may be indexed by natural numbers: the set of even
natural numbers 2N, the set of integers Z, the set of rational numbers Q, any collection consisting
of disjoint nondegenerate intervals of the real line R.

Each of the following propositions is within our reach:
· A subset of a countable set is countable.
· The union of two countable sets is countable.
· The Cartesian product of two countable sets is countable.

A set that is not countable is said to be uncountable.

CANTOR’S THEOREM

The set of real numbers is uncountable.

A proof was given in class. This theorem provides us with examples of uncountable sets, such as
(nondegenerate) intervals of the real line: no interval of positive length may be put in a
one-to-one and onto correspondence with the set N.

Using set operations and applying functions, we may form sets of structure considerably more
complicated than that of an interval. So whether or not two sets have the same cardinality may
become less obvious, and finding a one-to-one and onto correspondence explicitly may be difficult,
if at all possible.

BERNSTEIN-SCHRÖDER THEOREM

Two sets containing injective images of each other admit a bijective correspondence.

A proof will not be given.

The Bernstein-Schröder theorem is a powerful instrument of comparison. It may help us to assert
the equality of cardinalities without having to construct an actual formula for the bijection.

EXAMPLE

Consider the intervals A = [0, 1) and B = [0, 1]. Observe that f(x) = x and g(x) = x/2 are
injective mappings from A to B and from B to A, respectively. So, by the above theorem, a
bijective correspondence between A and B exists, and the sets have the same cardinality.
Try, however, to write down a one-to-one function that maps A onto B.


