
FIXED POINT THEOREMS FOR NONCOMMUTATIVE

FUNCTIONS

GULNARA ABDUVALIEVA AND DMITRY S. KALIUZHNYI-VERBOVETSKYI

Abstract. We establish a fixed point theorem for mappings of square matri-

ces of all sizes which respect the matrix size and direct sums of matrices. The

conclusions are stronger if such a mapping also respects matrix similarities, i.e.,
is a noncommutative function. As a special case, we prove the corresponding

contractive mapping theorem which can be viewed as a generalization of the

classical Banach Fixed Point Theorem.

1. Introduction

In a joint work of the second author and Victor Vinnikov [13], foundations of a
theory of noncommutative (nc) functions are laid out. Based on pioneering ideas
of Joseph L. Taylor [20, 21], the nc difference-differential calculus is developed,
which is further used for studying various questions of nc free analysis, in particular
extending the classical (commutative) theory of analytic functions to a nc setting.
A special case of nc rational functions which is important for various applications
in optimization and control where matrices are natural variables and the problems
are dimension-independent (see [3, 8, 9] for a detailed discussion) can be developed
independently — see [11, 12]; the theory of nc rational functions is also motivated
by and useful in nc semialgebraic geometry — see, e.g., [2, 7, 10, 4]. We notice
that a closely related approach to nc functions which is also a continuation of J. L.
Taylor’s work and which is intended for applications in free probability has been
developed by D.-V. Voiculescu [23, 24]; we also mention the work of Helton–Klep–
McCullough [5, 6], of Popescu [15, 16, 17], and of Muhly–Solel [14].

The goal of the present paper is to establish a certain type of fixed point theorems
as a useful tool in nc analysis. We provide the reader with the basic definitions
from [13] while no results from [13] are used here and no preliminary knowledge of
the nc function theory is needed.

Let R be a ring. For a bi-module M over R, we define the nc space over M,

(1) Mnc :=

∞∐
n=1

Mn×n.

A subset Ω ⊆ Mnc is called a nc set if it is closed under direct sums; that is,
denoting Ωn = Ω ∩Mn×n, we have

(2) X ∈ Ωn, Y ∈ Ωm =⇒ X ⊕ Y :=

[
X On×m

Om×n Y

]
∈ Ωn+m,

where Op×q denotes the p× q matrix whose all entries are 0.
Notice that matrices over R act from the right and from the left on matrices

overM by the standard rules of matrix multiplication: if T ∈ Rr×p and S ∈ Rp×s,
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