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Linear Convergence

Let a positive sequence {an} converge to 0 and satisfy the condition

(∗) lim
n→∞

an+1

an
= C,

for some C ≥ 0.

Condition (∗) implies that C ≤ 1. Indeed, since an → 0, there exist infinitely many
indices n such that an+1/an ≤ 1. So the limit, if it exists, cannot exceed 1.

The case of 0 < C < 1 is termed linear convergence. A linearly convergent sequence
ultimately behaves like a geometric sequence with common ratio C. In particular,
C = lim

n→∞
n
√
an . Its logarithm ultimately behaves like a linear function of n,

log an ∼ n logC + d.

For instance, an = 2−n converges to zero linearly.

The case of C = 1 is termed sublinear convergence. This category features sequences that
converge slowly, like an = 1/n, and intolerably slowly, like an = 1/ log log log n.

Superlinear convergence takes place if C = 0.
For instance, an = n−n converges to zero superlinearly.

Given an error sequence |xn − α|, one says that it converges at least linearly, at least
sublinearly, or at least superlinearly if there is a sequence an, with an ≥ |xn − α|, that
converges respectively linearly, sublinearly, or superlinearly.

Superlinear convergence (quadratic, cubic, etc) is regarded as fast and desirable, while
sublinear convergence is usually impractical.

EXERCISE Let an be positive numbers converging to 0. Determine the order and rate
of convergence if (a) an+1 = a2n (b) an+1 = an(1− an) (c) an = n−n.

SOLUTION The first two cases are straightforward:

(a)
an+1

a2n
= 1, so p = 2 and C = 1 (quadratic convergence).

(b)
an+1

a1n
= 1− an → 1, so p = 1 and C = 1 (sublinear convergence).

In the third case we have

(c) p = 1 and C = 0 (superlinear convergence). To show this, argue that
an+1

apn

converges only if p ≤ 1, in which case the limit is 0.


