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The pigeonhole principle

If k pigeons are put in m < k holes, there is a hole with more than one pigeon.

This assertion is known as the Dirichlet or pigeonhole principle.

To confirm it, we will prove the contrapositive statement.

Proposition. Let there be finitely many pigeons occupying finitely many pigeonholes.
If no pigeonhole contains more than one pigeon, then the number of pigeons does not exceed
the number of pigeonholes.

Proof (induction on the number of pigeons).

Base case. If there is only one pigeon, there is at least one pigeonhole.

Induction hypothesis. Let the proposition be true for some number of pigeons k ≥ 1.

Induction step. Suppose that k + 1 pigeons occupy m pigeonholes and no pigeonhole

contains more than one pigeon. Since k + 1 ≥ 2, we have m ≥ 2.

Select a pigeonhole that is occupied.

Then the remaining m− 1 pigeonholes contain k pigeons, and no two pigeons share.

By the induction hypothesis, k ≤ m− 1. Hence k + 1 ≤ m and the step is complete.

By the principle of induction, the proposition holds for any natural number of pigeons. �

Applications of the pigeonhole principle are abundant and, sometimes, unexpected.

Question. Is it possible to assign one of two colors, red or blue, to every point of the plane
in such a way that any two points 1 unit apart are colored differently?

Answer. No. Consider an equilateral triangle of sidelength 1. If each of its three vertices
is assigned one of two colors, red or blue, some two vertices have to be the same color, by
the pigeonhole principle.

Question. Is it possible to assign one of three colors, red, blue or green, to every point of
the plane in such a way that any two points 1 unit apart are colored differently?


