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Population median

Let x1, . . . , xN be the observation data arranged for convenience in non-decreasing order.

The median m is the “middle” observation:

m =

{
xk+1, N = 2k + 1,

(xk + xk+1)/2, N = 2k.

For instance, the median of five observations 2, 3, 4, 6, 6 is m = 4. The median of four
observations 2, 3, 6, 6 is m = 4.5.

Graphically, the median is a the point where the cumulative frequency
# xi ≤ x

N
is closer to 1/2.

It may not be true that P (x ≤ m) = 1/2 or that P (x < m) = P (x > m) = 1/2. In fact, the
median is more useful in describing a continuous distribution or a discrete case of very large N.

The median has an extremal property: a(x) =

N∑
i=1

|xi − x| is minimized at x = m.

Indeed, a(x) is a continuous piecewise-linear convex function, differentiable except at finitely
many points. Differentiating, we find:

a′(x) = (# xi < x)− (# xi > x).

Hence a(x) is decreasing for x < m and is increasing for x > m.

For a symmetric data, the median agrees with the mean µ =
1

N

N∑
i=1

xi.

However, the mean of a probability distribution is its center of gravity, while the median divides
it into two equal parts. So the gap between m and µ can be substantial. For instance, the
median and mean of three observations 0, 0, 300 are very different: m = 0 and µ = 100.
When N is very large, an empirical relation involving the mode xmax (most frequent
observation), mean, and median is often observed: xmax ≈ µ+ 3(m− µ).

The gap |µ−m| is bounded above by the standard deviation σ.
The median is easily tractable when the data is subjected to a monotone transformation.
Unlike in the case of the mean, the median of the entry-wise sum of two lists of N observations
is not the sum of respective medians.


