
Introduction to Optimization. HW#2. Due: Wednesday, April 24, 2019

1. (20 points) The fundamental objects of this course are linear equations and linear inequali-
ties. Let’s try to picture these objects.

Let a ∈ Rn be a non-zero vector. Think of x 7→ aTx as a linear map from Rn to R. Call this
linear map Ta.

(a) What are the rank and nullity of Ta : Rn → R?

(b) Note that the set of points x ∈ Rn that satisfies the linear equation
∑n

i=1 aixi = 0 is
exactly the null space of Ta. Describe how this set looks like.

(c) Let Pb := {x ∈ Rn :
∑n

i=1 aixi = b}. Prove that there is a vector c ∈ Rn such that
Pb = P0+c. Argue that such a vector c is non-zero exactly when the scalar b is non-zero.
(Note, however, that the choice of c is not unique.) Now, describe how Pb looks like.

(d) Describe how the set Hb := {x ∈ Rn :
∑n

i=1 aixi > b} looks like. Suggestion: again you
can begin by visualizing how H0 = {x ∈ Rn :

∑n
i=1 aixi > 0} looks like.

2. (20 points) Page 27, Exercise 2-2-3. Recall that “the row rank of a matrix is the same as the
column rank of a matrix”: Given a m×n matrix A, the m rows of A span a certain subspace
of Rn, and the n columns of A spans a certain subspace of Rm. There seems to be no reason
to believe that these two subspaces have anything to do with each other, but it turns out
that these two subspaces (residing in two Euclidean spaces of different dimensions) always
have the same dimension.

3. (20 points) Page 35, Exercise 2-4-2.

4. (20 points) Page 37, Exercise 2-4-6.

5. (20 points) Page 38, Exercise 2-4-8.
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