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Abstract. This note aims to clarify a couple subtleties in the duality theory of linear programming
and its application in proving the celebrated minimax theorem of von Neumann in game theory.

1. Weak and Strong Duality Theorems

Recall that the weak duality theorem says that if a (primal) LP is of the form minx p
Tx s.t. Ax ≥ b,

x ≥ 0, with its dual LP being maxy b
T y s.t. AT y ≤ p, y ≥ 0, then if x is primal feasible (i.e. x is

a point in the primal feasible region) and y is dual feasible (i.e. y is a point in the dual feasible
region), we must have

bT y ≤ (Ax)T y = (xTAT )y = xT (AT y) ≤ xT p = pTx.

Notice that the above argument assumes that both the primal and dual feasible regions are non-
empty. In this case, the strong duality theorem says that the minimum value of the primal LP is
equal to the maximum value of the dual LP.

(*) What if one of the feasible regions is empty? Does it say anything about the other LP?

Thinking about it from scratch, it is not clear (to me) what to expect. But, recall the following
logic: if the primal LP is unbounded, i.e. the minimum value of the primal LP is −∞ (this, of
course, can only happen if the primal feasible region is unbounded and, in particular, non-empty),
then the dual feasible region must be empty. Proof by contradiction: Assume not, then let y
be any point in the dual feasible region, by the weak duality theorem, we must have bT y ≤ pTx
for any x in the primal feasible region, hence it is impossible for the minimum value of the primal
problem to be −∞. Q.E.D. To conclude:

a LP is unbounded =⇒ its dual LP is infeasible.(1.1)

But “A =⇒ B” is not the same as “B =⇒ A”. The implication in (1.1) does not quite answer
the question (*) above.

The strong duality trichotomy theorem says that exactly one of the following three alternatives
holds: (i) Both the primal and dual LPs are feasible and have the same optimal value, (ii) exactly
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one of the problems is infeasible and the other problem is unbounded, (iii) both problems are
infeasible.

It appears that the most phenomenal case is that in (i). And (ii) and (iii) give an answer to the
question (*) above: when the feasible region in one LP is empty, the other LP is either unbounded
or infeasible.

2. Paper-Scissors-Rock

One day I made a hasty comment in class that when a problem is in the situation of (ii) or (iii), the
problem is probably boring or meaningless. I am still not sure about (iii), but here is a meaningful
problem that put us in the situation of (ii).

Consider the paper-scissors-rock payoff matrix:

A =

 0 1 −1
−1 0 1
1 −1 0

 .
Recall that the way we proved von Neumann’s minimax theorem was by “reversing history”: von
Neumann’s minimax theorem predates the duality theory of LP, but we use results in the latter to
prove the former. The primal-dual pair that is associated with the paper-scissors-rock game is the
following:

(P): minx x1 + x2 + x3 s.t. Ax ≥ [1, 1, 1]T , x ≥ 0,

(D): maxy y1 + y2 + y3 s.t. yTA ≤ [1, 1, 1], y ≥ 0.

A simple but elegant argument shows that if both LP problems are feasible, then the common
optimal value, θ, of which the reciprocal 1/θ is the value of the game and the optimal distribution
for the first player should be x∗/θ and that for the second player should be y∗/θ, where x∗ and
y∗ are the optimizers for the primal and dual problems, respectively. Since paper-scissors-rock is a
fair game, its value must be 0, and since the payoffs are symmetric, the optimal distribution must
be [1/3, 1/3, 1/3] for either player.

But wait, this means θ = ∞ and how are we supposed to get 1/3 after a division by ∞? Is the
proof wrong, then?

Notice: for the payoff matrix above, the primal problem is infeasible. (Check: for the primal LP,
we have x2 − x3 ≥ 1, −x1 + x3 ≥ 1, x1 − x2 ≥ 1, add up the first and last inequality, we get
x1 − x3 ≥ 2, which contradicts the second inequality.) The dual problem, however, is feasible.

Recall a technicality in the proof: if the primal LP is infeasible, we can, and we must, change the
payoff matrix from A to A+ αE where E is the matrix with all ones. This only shifts the payoffs
by a constant amount and would not affect the mixed strategies used by either player. It is easy
to check that by using a big enough α > 0, the primal problem becomes feasible.

In the case of paper-scissors-rock, it’s easy to verify that by using α = 1/3 we can guarantee that
[1, 1, 1]T is in the primal feasible region. Whatever big enough α we use, the resulted optimal value
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will be exactly 1/α. So the value of the shifted game is α, and that of the (original) paper-scissors-
rock game is α− α, which is 0.

3. Challenge

In fact, whenever A is a skew-symmetric matrix (i.e. the payoff matrix of a fair zero-sum game),
the feasible region of (P), namely the set {x ∈ Rn : Ax ≥ [1, . . . , 1]T , x ≥ 0}, is always empty.

Can you prove it?
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