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FOR

FALL 2013 MATH 520 STUDENTS

More basic math. The “L2-conspiracy”: To some people outside of mathematics, mathematicians
seem to have the annoying habit of taking some very simple ideas and making a big deal out of
them. Here is one example: The usually notion of distance in space can be quantified, thanks to
the Pythagorean, Decartes, etc., by

d(x, y) :=
√

(x1 − y1)2 + (x2 − y2)2 + (x3 − y3)2.

Then, by introducing the notation of the norm ‖x‖2 =
∑

i x
2
i , we rewrite the above equation as

d(x, y) = ‖x − y‖2. Then, by introducing the notation of an inner product 〈x, y〉 =
∑

i xiyi, we
have ‖x‖22 = 〈x, x〉 and we may further rewrite the distance function as

d(x, y) = ‖x‖2 =
√
〈x− y, x− y〉.(0.1)

(Aside: If you have seen some basic analysis, you know that the distance function d also allows you
to define open balls Br(x) := {y : d(x, y) < r}. Mathematicians think of the collection of all open
balls as a fundamental system – called a topology of the space – that allows one to formulate just
about anything related to continuous deformations. To summarize, we have:

inner product→ norm→ distance→ topology.)

Formula (0.1) gives us a first hint of why an inner product may be a cool thing: it underlies the con-
cept of distance, and it also captures the notion of angle (recall the formula 〈x, y〉 = ‖x‖‖y‖ cos(θ).)
A more concrete fact: Given a plane P in space (R3) and a point x outside of this plane, the
point in P closest to to x is the unique point z ∈ P so that the line zx is perpendicular to P . In
mathematics, this fact is extended to Rn: for any linear subspace P of any Rn, we have:

z solves min
z∈P
‖x− z‖2 ⇐⇒ 〈x− z, v〉 = 0, ∀v ∈ P.

The notion of distance and the notion of angle are two different but subtly related concepts, the
theorem above brings out a kind of conspiracy between distance and angle.

One conspiracy leads to another (more general) conspiracy: Let A be any fixed symmetric positive
definite matrix, define a new distance function by 〈x, y〉A := yTAx 1 and use it to define a norm

and a distance function the same way as before, i.e. ‖x‖A :=
√
〈x, x〉A and dA(x, y) = ‖x − y‖A.

It turns out the following is true:

z solves min
z∈P
‖x− z‖A ⇐⇒ 〈x− z, v〉A = 0, ∀v ∈ P.(0.2)

1A hint of where this comes from: every symmetric positive definite matrix A is of the form TTT for some non-
singular matrix T . Therefore, 〈x, y〉A := yTTTTx = 〈Tx, Ty〉. This means changing your standard inner product 〈, 〉
to 〈, 〉A is just the same as using the original inner product but viewed in a different coordinate system induced by a
linear, but possibly non-orthogonal, transformation.

1



2

We shall develop the theory, applications, and numerical methods of (0.2) extensively in Winter
2014. We now see how the concept of inner product shows up in the context of quasi-Newton/secant-
like methods. Note: although (0.2) is ultimately related to these methods, you won’t really need it
for this homework. For now, all you need to know is that there are inner-products other than the
standard one.

(1) Let a matrix B0 and vectors v and w be given. Show that there is a unique matrix B of
the form B = B0 + E so that Bv = w and Bv′ = B0v

′ for all v′ so that 〈v′, v〉 = 0. Derive
a formula for the ‘update matrix’ E in terms of B0, v and w. What is the rank of E?

(2) Part (1) is a linear algebra problem. Explain how it is connected to the Broyden’s method
for solving nonlinear equations, and in particular to equation (7.14) on Page 293.

(3) Let a matrix B0 and vectors v and w be given. Let A be a given symmetric positive matrix.
Show that there is a unique matrix B of the form B = B0 + E so that Bv = w and
Bv′ = B0v

′ for all v′ so that 〈v′, v〉A = 0. Derive a formula for the ‘update matrix’ E in
terms of B0, v, w and A. What is the rank of E?

(4) Part (3) is yet another linear algebra problem. Explain how it is connected to a secant-like
method for minimizing a nonlinear function, and in particular to equations (7.42)-(7.43)
on Page 314.

(5) People sometimes say simple is good2 but lazy is bad. Broyden’s method for solving non-
linear equations tries to update the Jacobian matrix in an as simple and as lazy as possible
way. So without a computer and/or mathematical analysis, it seems difficult to guess if
Broyden’s method is good or bad. How does the Broyden’s method, based on faked Jaco-
bians, compare to the honest and hardworking Newton’s method? Mathematical analysis
tells us that while Broyden’s method does not enjoy quadratic convergence, it enjoys su-
perlinear convergence. This is one reason why the Broyden’s method is successful. Here
is another reason: in any quasi-Newton, the Jacobian matrix needs to be inverted in each
iteration; but inverting a matrix is very expensive. The fact that your new faked Jacobian,
Qk, is of the form (Qk−1+ a simple update) means that there is a easy way to compute Q−1k

from Q−1k−1. Derive such an update formula for the inverses based on the Sherman-Morrison
formula (equation (3.57) in the textbook.)

(6) Explain why using your update formula is better than inverting Qk from scratch. You can
assume the fact that inverting an n× n matrix takes O(n3) time and memory.

2Ever heard of the Occam’s razor?


