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(1) Prove Property 8.2. See Problem 11, Page 377.
(2) Implement the following curve modelling methods: (i) Bézier curve, (ii) Parametric cubic

B-Spline, (iii) interpolatory cubic spline. For simplicity, use uniform knots and assume the
control polygons are closed (so we can assume periodic boundary conditions.)

Create some pictures akin to those in Figure 8.16 to demonstrate your implementations.
For (ii), you can use the formula for cubic B-splines on Page 363, but shift it to the left

by two knots so that it centers at the knot xi.
(3) Using a Fourier domain calculation, we showed that the cubic B-spline in the uniform knot

case satisfies the two-scale relation B(x) = 1
8(B(2x) + 4B(2x− 1) + 6B(2x− 2) + 4B(2x−

3) + B(2x− 4)). If you center B(x) at the origin, then the relation becomes:

B(x) =
1

8
(B(2x + 2) + 4B(2x + 1) + 6B(2x) + 4B(2x− 1) + B(2x− 2)).

This relation can be used to devise an iterative algorithm for evaluating B-Splines. Consider
a parametric cubic B-spline curve

p(x) =
∑
k

c0kB(x− k).

It can be re-expressed as p(x) =
∑

k c
1
kB(2x − k) for some coefficients c1k, k ∈ Z. We can

iterate this to finer and finer scales j ≥ 0:

p(x) =
∑
k

c0kB(x− k) =
∑
k

c1kB(2x− k)

=
∑
k

c2kB(4x− k) = · · · =
∑
k

cjkB(2jx− k) = · · ·

The two-scale relation implies an algorithm (or, in mathematical terms, a linear operator

S : `(Z) → `(Z)) that maps the sequence (cjk)k∈Z to the finer sequence (cj+1
k )k∈Z, for any

scale j. Notice that B-Splines do not interpolate its control data, so cjk 6= p(2−jk). But

when the scale j is fine enough, the control polygon (cjk)k∈Z is visually no difference from
the parametric curve p(x).

Work out the linear map S and implement it. Apply your code to the same control
polygon in (2) and check that you get the same curve as in (2)(ii).

The algorithm in Problem 3 is called a subdivision algorithm. A non-trivial generalization of it can
be used to model surfaces of arbitrary topology, such as:

1



2

The topology of curves is quite simple, it is either open (with two end points) or closed.1 In this
homework, we avoid any topological issue by dealing only with closed curves. The topology of
surfaces is much more challenging.

1In geometry, ‘closed’ means ‘no boundary’.


