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FALL 2013 MATH 520 STUDENTS

1. 1-D Quadrature

Let I = [a, a+ h], and f : R→ R is Ck+1 smooth. By Taylor’s theorem,

f(x) = p(x) +
f (k+1)(ξ(x))

(k + 1)!
(x− a)k+1︸ ︷︷ ︸

=:r(x)

, x ∈ I,

where p ∈ Pk is the degree k Taylor polynomial of f taken at the point a, and ξ(x) ∈ [a, x]. For
convenience, we use the notation Q(·|I) to denote a quadrature rule:

Q(f |I) := h
∑
i

wi f(xi).(1.1)

Assume that Q is exact on all polynomials of degree not exceeding k, i.e.∫
I
p(x) dx = Q(p|I), for all p ∈ Pk.

Then if you apply Q to approximate
∫
I f(x)dx, the error is:

Error =

∣∣∣∣∫
I
f(x)dx−Q(f |I)

∣∣∣∣
=

∣∣∣∣∫
I
p(x)dx+

∫
I
r(x) dx−Q(p|I)−Q(r|I)

∣∣∣∣ =

∣∣∣∣∫
I
r(x) dx−Q(r|I)

∣∣∣∣
=

1

(k + 1)!

∣∣∣∣∫
I
f (k+1)(ξ(x))(x− a)k+1dx−Q(f (k+1)(ξ(·))(· − a)k+1|I)

∣∣∣∣
≤ maxx∈I |f (k+1)(x)|

(k + 1)!

(
hk+2

k + 2
+ hO(hk+1)

)
≤ cmax

x∈I
|f (k+1)(x)|hk+2,

for some constant c > 0 which is independent on f and h but is dependent on k and Q. Note
that in the analysis above we assume the integrand f is Ck+1 smooth, which would imply that
its (k + 1)-th derivative is uniformly bounded on I. This result also means that if Q is used to

approximate
∫ b
a f(x)dx in a composite setting, then the error is:

Error =

∣∣∣∣∣∣∣∣
∫ b

a
f(x)dx−

n∑
i=1

Q
(
f
∣∣[a, a+ i

b− a
n︸ ︷︷ ︸
=h

])∣∣∣∣∣∣∣∣ = n max
x∈[a,b]

|f (k+1)(x)|O((
b− a
n

)k+2) = O(hk+1).
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This result shows that the accuracy order of a quadrature can be determined from its degree of
polynomial exactness property (1.1). Recall that we can always assume without loss of generality
that the interval is the fixed interval [−1, 1]. By linearity the condition (1.1) is satisfies if and only
if it is satisfies only for p(x) = 1, x, x2, . . . , xk. Moreover,

• If Q uses k+ 1 pre-specified quadratures points x0, x1, . . . , xk ∈ I, then the condition gives
a system of k + 1 linear equations in the k + 1 unknowns w0, . . . , wk. This linear system
has a unique solution.

In the special case when k + 1 is odd and the quadrature points are symmetrically
distributed on I, i.e. xi = xk−i (assuming I = [−1, 1]), the unique quadrature rule being
exact on Pk is also exact on Pk+1.
• If Q uses k + 1 quadratures points x0, x1, . . . , xk ∈ I but we now view all of xi and wi

as degrees of freedom, then you have a total of 2k + 2 of variables and you may aim for a
quadrature rule which is exact for P2k+1. In this case, the polynomial reproduction condition
gives a system of 2k+ 2 nonlinear equations in the 2k+ 2 unknowns x0, . . . , xk, w0, . . . , wk.
There is a beautiful connection of this nonlinear system with the theory of orthogonal
polynomials which also tells you that this nonlinear system has a unique solution (for any
k.)1 The resulted quadrature rule is usually called a Gaussian quadrature.

Hardly surprisingly, for any k, odd or even, the quadrature points of the unique Gaussian
quadrature rule happen to be symmetrically distributed on I.

The goal of this homework is to construct some quadrature rules for 2-D integrals over a triangle
T , i.e. ∫∫

T
f(x, y)dxdy ≈ area(T )

∑
i

wif(xi, yi).

From our experience in 1-D, we would like the quadrature points (xi, yi) to be symmetrically
distributed on T .

By an affine invariance property, we can work without loss of generality on a specific reference
triangle. So we let T be the triangle with vertices (1, 0), (−1/2,

√
3/2) and (−1/2,−

√
3/2). In this

case, the symmetry group of T can be represented by six matrices

D3 = {I,R,R2, F, FR, FR2}, I = ( 1 0
0 1 ) , F =

(
1 0
0 −1

)
, R =

(
cos(120◦) sin(120◦)
− sin(120◦) cos(120◦)

)
.

2

We say that a set of (quadrature) points S is symmetrically distributed on T if whenever [x, y]T ∈ S
then so are A[x, y]T for all A ∈ D3.

1A good reference for it is Isaacson & Keller’s classics, Analysis of Numerical Methods.
2In contrast, the symmetry group of the 1-D interval [−1, 1] is {1,−1}. It is worth noting that the symmetry

group of the n-D simplex (interval in 1-D, triangle in 2-D, tetrahedron in 3-D, etc..) is isomorphic to the permutation
group of n+ 1 symbols: any linear isomorphism of the n-D simplex can be uniquely identified with a permutation of
its n + 1 vertices. This is only true for simplicies, for instance the symmetry group of a square has 8 elements and
cannot be isomorphic to the permutation group of 4 symbols (which has 4! elements.)
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2. Assignments

(1) We would like to use a symmetric quadrature rule with more than one but less than 10
quadrature points. A moment of thought reveals that the following are the only possible
configurations for up to 7 points:

3-point 3-point 4-point 4-point

6-point 6-point 7-point 7-point
(There are several ways to distribute 9 points symmetrically on T , but let’s explore only

the eight cases above.)
For each of the eight cases, set up the nonlinear system for any given target polynomial

degree of exactness L and solve it using the solve() function in the symbolic toolbox. In
each case, find out the largest possible value of L for which a solution exist. Document the
resulted quadrature rules with optimal degree of exactness in each case.

Note: The vector space of polynomials of total degree up to L is span{xiyj : 0 ≤ i+ j ≤
L}, its dimension is (L + 1)(L + 2)/2. Your nonlinear systems of equations will in most
cases be a non-square one, i.e. #unknowns 6= #equations. The solve() function can
accommodate that. However, there is no guarantee that the symbolic equation solver will
crank out closed form solutions for your nonlinear systems. Keep your fingers crossed.

(2) As you can see, generalizing a mathematical construction from 1-D to 2-D can be non-
trivial. But what about the error analysis on Page 1? Can you extend it to the 2-D case
using the multivariate Taylor’s theorem?

(3) A round torus with major and minor radii R and r (R > r) can be parametrized by

P (θ, φ) =

(R+ r cos(2πφ)) cos(2πθ)
(R+ r cos(2πφ)) sin(2πθ)

r sin(2πφ)

 , (θ, φ) ∈ [0, 1]× [0, 1].

We know from Pappus’ theorem that its surface area equals (2πr)(2πR) = 4π2rR. So we
have

(2.1) 4π2rR =

∫∫
[0,1]×[0,1]

‖Pθ × Pφ‖ dθ dφ.
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Using any one of the triangular quadrature rules you constructed in (1), verify (2.1).
Also, generate a suitable log-log plot to verify the rate of convergence of your quadrature
rule when used in a composite setting. Note that you can partition the square [0, 1]× [0, 1]
into n × n sub-squares with sides of length h = 1/n, and then partition each of these
sub-squares into two triangles.

(Use floating point computation for Problem (3) and symbolic computation for Problem (1).)

If you want to explore something more advanced for extra credits, use your code to compute the
Willmore energy

∫∫
H2dA of the torus, where H is the mean curvature. It is easy to verify that the

Willmore energy is only dependent on the ratio ρ := R/r. Use your code to generate a plot for the
Willmore energy versus ρ ∈ (1,∞), then verify the Willmore conjecture that W (ρ) is minimized
when ρ =

√
2.
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