
Math 538 Differential Geometry and Manifolds
HW #7

Due: Thursday December 13, 2018

1. Let S =
{

(x, y, z) : z = +k
√

x2 + y2, (x, y) 6= (0, 0)
}

.

(a) Show that S is a regular surface.

(b) Calculate the mean and Gauss curvature at each point.

(c) Prove that S is locally isometric to the plane, regardless of the value of k.

2. You have seen a surface with constant positive Gauss curvature, namely the sphere (K =
1/R2). And you have seen a surface with constant zero Gauss curvature, namely the plane.
You should now see a surface with constant negative Gauss curvature. The best way to
describe such a surface is to think of it as a specific manifold with a specific Riemannian
metric; it looks kind of awkward1 to picture it as a surface in R3, but that is what we will
do here.

This surface is called the pseudosphere.

The three types of constant curvature surfaces (K = 1, 0,−1) form the basis of the celebrated
uniformization theorem. Roughly speaking, the theorem says that any surface, depending
on its topology, can be mapped conformally to one of these three surfaces, hence the term
‘uniformization’.

(a) Look up Do Carmo C&S for its definition. See that it is not a regular surface. (No
need to prove this statement rigorously.)

(b) Prove that in the neighborhood of most points the pseudosphere can be regularly pa-
rameterized. Call these points regular points.

(c) Show that K = −1 at all regular points.

3. It would be good to leave this course knowing the meaning of local isometry and the first
fundamental form. Suggestions:

(i) Consider examples of local isometries f : S → S between surfaces, such as f : (Helicoid)→
(Catenoid) (Page 7, Lecture 8), or f : plane→ cylinder. Explain why:

length(any curve C on S) = length(f(C) on S),

area(any region R on S) = area(f(R) on S).

(ii) Convince yourself that area-preserving alone does not imply locally isometric. Prove
that there is an area preserving map from a sphere to a cylinder with the same radius. (I
think this is credited to Archimedes.) But the sphere is not locally isometric to the cylinder
– Why?

1D. Hilbert proved that every complete constant negative curvature Riemannian manifold cannot be immersed
into R3.
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