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Manifold-Valued Data
(see Figure 1 and also [7]), (ii) aircraft (pitch,roll,yaw) (see Figure 2), (iii) diffusion tensor imaging (see Figure 3),
(iv) curve design on surfaces (e.g. [83]), (v) array signal processing, (vi) numerical solution of y′(t) = F (y(t)), t ≥ 0,
where y(0) ∈ M and F is a vector field on M ; M is a Lie group in many applications, see [66, 58, 57] and the
references there-in.

Figure 1: Motion capture (or
MoCap) gives rise to time se-
ries taking values on a product
Lie group, this is an example
of nonlinear range data com-
ing from an important real-life
application.

In all these applications, we are faced with the problem of finding efficient way to approximate functions with a
flat Euclidean domain (that usually models time and/or space) but a co-domain being a nonlinear manifold. As an
example, motion capture gives rise to time series of the form

f : [0, T ] → SO(3)︸ ︷︷ ︸
neck

×SO(3)× SO(3)︸ ︷︷ ︸
shoulders

×SO(2)× SO(2)︸ ︷︷ ︸
elbows

×SO(3)× SO(3)︸ ︷︷ ︸
wrists

× SO(3)× SO(3)︸ ︷︷ ︸
hips

×SO(2)× SO(2)︸ ︷︷ ︸
knees

×SO(3)× SO(3)︸ ︷︷ ︸
ankles

×SO(3)× SO(3)× SO(3)× SO(3)︸ ︷︷ ︸
spine

.
(1)

Such application areas are growing by leaps and bounds, we believe that many more such applications are going
to be seen in the future. For instance, we are even seeing orbifold-valued data arising from the musical field [89, 12].
We mention also the recent series of papers [3, 2, 4] from Farhart’s aeronautics group at Stanford, which show
how techniques for Grassmannian-valued data interpolation are used in building reduced-order models for real-time
CFD-based aeroelastic computations.

Nonlinearity. The processing of such manifold-valued data require techniques fundamentally different from tra-
ditional signal processing approaches due to the inherent nonlinearity. For example, since SO(3) is a Lie group, it
makes perfect mathematical sense to talk about a “smooth path of rigid motions”, but it makes no sense to talk
about ‘linear combinations of rigid motions’. Traditional linear methods such as Fourier or wavelet analysis simply
cannot be directly applied to a function of the form (1).

3.1.1 “Wavelets” for manifold-valued data

There is a way to represent manifold-valued data in a multiscale fashion [78], very much similar to how linear wavelet
transforms are used to transform digital signals. In such multiscale representations, a high resolution signal that
takes up a lot of space is first approximated by a very coarse resolution signal, then the error in this approximation is
made up by adding the ‘details’ at different scales. The key mathematical fact is that these ‘details’ are very ‘sparse’
if the underlying signal is smooth at most places. (We note that ‘piecewise smoothness’ is a property possessed by
many naturally occurring signals.) The sparsity then allows, among other applications, one to encode the signal
using many fewer bits than its original raw format.

Underlying the aforementioned multiscale methods is a technique known as subdivision. In a nutshell, these
are methods for taking coarsely sampled data and recursively creating very finely sampled data consistent with the
coarse-scale data. In its simplest form [27, 28], a subdivision scheme can be used to ‘fill in the blanks’ in a multiscale
fashion: given a real-valued discrete signal; i.e. a real value f(k) associated with each integer position k, a subdivision
scheme can be used to recursively generate data at the half-integers f( 12k), quarter-integers f( 14k), and so on, in
such a way that the denser and denser data converges to a smooth limit function f(x) that interpolates the coarsest
level data f(k). Moreover, the whole process is linear. With a local linearization technique (see Section 3.1), such a
subdivision scheme can be extended to handle nonlinear range data such as the one depicted in Figure 2. However,
the latter subdivision schemes are bound to be nonlinear and their mathematical properties are highly nontrivial to
understand.

This connection between wavelets and subdivision is already highly nontrivial even in the linear setting, and is
exactly what underlies the famous wavelet construction of Daubechies, Mallat and Meyer. See the seminal papers
[65] and [23].
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subdivision level
Figure 2: Subdivi-
sion of SO(3) data:
one of the many ex-
amples of multiscale
refinement of non-
linear range data.

Figure 3: Diffusion tensor imag-
ing (DTI): instead of traditional
pixel values, a diffusion tensor
image has a diffusion tensor (a 3×
3 symmetric positive definite ma-
trix) associated with each pixel.
DTI is a breakthrough in mag-
netic resonance imaging (MRI)
which also gives rise to nonlinear
range data.

We need technology, or technology needs us? As technology advances, such manifold-valued data will be
acquired at higher and higher resolutions, and the multiscale methods we explore in this proposal will become more
and more practically relevant. This is saying that the mathematics developed here can only be useful if technologies
such as motion capturing and MRI diffusion tensor imaging really do advance. However, things may even go the
opposite way: the mathematics developed in this proposal may one day lead to faster and finer acquisition of
manifold-valued signals.

We now elaborate on this convoluted claim. The multiscale methods developed in this proposal will lead to
novel methods for efficiently representing complex geometric data. For traditional signals, such kind of parsimonious
representation is the basic building block of a compressed sensing [31, 13] acquisition system. In a nutshell, the
revelation of compressed sensing is that once we know that the signals of interest can be efficiently represented in a
certain mathematical basis (wavelets, curvelets, for example) then a subtle but efficient procedure of random linear
projections, combined with a nonlinear reconstruction algorithm, has the magical power of directly sensing nothing
but the sparse and useful components of the signal. It means that it may no longer be necessary to use lots and lots
of costly sensors to acquire a signal at a high resolution, and subsequently realize in a transform coder that most
of the acquired information can be compressed away. In order to have a chance to bring the compressed sensing
paradigm to the context of geometric data, efficient representations of manifold-valued data is imperative.

3.1.2 Theoretical questions

In order to better understand, and improve, the method for multiscale representation of manifold-valued data pro-
posed in [78], it is very helpful to first backup and ask the following natural questions:

[Q1] Given discrete data sampled from a smooth manifold-valued function f : [0, 1] → M (e.g. (1)) on a grid
of size h, how can one come up with an approximant fh that approximates f to order O(hR) for any given
approximation order R, assuming that the target function f is smooth enough?

[Q2] Can the approximant itself be made as smooth as one desires?

For real-valued data, i.e. M = R, it is well-known that there are numerous ways to solve [Q1] and [Q2]: spline,
subdivision, etc.. In communication with Arieh Iserles, it appears to us that there is no known method – at least no
known practical solution with provable properties – for even the case of a matrix Lie group, e.g. M = SO(3). A key
difficulty is that when M has a nontrivial topology, meaning that it cannot be covered by a single chart, then it is
not trivial to apply the known techniques in the Euclidean setting.

Not immediately interested in wavelets and multiscale representations, Arieh Iserles and his “Lie group” have for
many years been interested in [Q1] and [Q2] above because of their interests in numerical solution of ODEs evolving
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Mo-Cap: [0,T ]→ SO(3)︸ ︷︷ ︸
neck

×SO(3)× SO(3)︸ ︷︷ ︸
shoulders

×SO(2)× SO(2)︸ ︷︷ ︸
elbows

×

SO(3)× SO(3)︸ ︷︷ ︸
wrists

× SO(3)× SO(3)︸ ︷︷ ︸
hips

×SO(2)× SO(2)︸ ︷︷ ︸
knees

×

SO(3)× SO(3)︸ ︷︷ ︸
ankles

×SO(3)× SO(3)× SO(3)× SO(3)︸ ︷︷ ︸
spine

DTI: [0,L]3 → SPD(3)
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Linear Subdivision of Real Data

(Slinx)2h+σ =
∑

` a2`+σ xh−`, σ = 0,1, h ∈ Z

x Slinx

S2
linx S3

linx

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Symmetry in 1-D linear subdivision

‘Time-Symmetry’:

Primal Dual

e.g. Dubuc scheme, Donoho’s AI scheme,

odd deg. B-Spline even deg. B-Spline

Slin(x−k ) = (Slinx)−k Slin(x1−k ) = (Slinx)1−k

a−k = ak a1−k = ak

Data associated with Data associated with

dyadic points dyadic intervals

‘Space-Symmetry’:

Slin(ax + b) = aSlin(x) + b.

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Subdivision of SO(3) Data
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Subdivision Curve on Poincaré Disk

6 · J. Wallner and H. Pottmann

Fig. 5. Hyperbolic swordfish (Geodesic analogue of B-Spline subdivision B3

with C2 limit curves). One hyperbolic control polygon is also shown.

2.2.2 Subdivision in Riemannian
manifolds. The word Riemannian
manifold means a manifold (which for
the purposes of Computer Graphics
is realized as a piece of Rd or a
parametrized surface or a triangula-
tion), where the way of computing
the scalar product of two tangent
vectors attached to the same point is
not the one of ambient space, but is
allowed to change smoothly with the
point quite independent of the way
the manifold lies in some other space.
Of course we might as well use the
scalar product of ambient space, so
every surface in the ordinary sense
is a Riemannian manifold. It turns
out that the theory dealing with
smoothness of limits extends easily to
Riemannian manifolds, so for the sake
of completeness we give an example
of subdivision in terms of geodesics of
a Riemannian manifold.

The Poincaré disk model of hyperbolic geometry (here thought to be contained in the unit disk of R2,
see Fig. 5) is a fascinating geometry which appears in Computer Graphics e.g. because it is suitable for
visualization of surface-like data which will not fit well into the Euclidean plane. Geodesics are easily
computable [Alekseevskij et al. 1993] – they appear as circles which intersect the boundary of the hyperbolic
disk orthogonally. The geodesic midpoint g-av1/2(a,b) of points a, b is computed by

g-av1/2(a,b) = ψ
( φ(a) + φ(b)

|||φ(a) + φ(b)|||
)
, where |||x|||2 = x21 − x22 − x23, (6)

φ(x) = 1
1−x2

(
1 + x2, 2x1, 2x2

)
, ψ(x) = 1

1+x1

(
x2, x3

)
.

Equ. (6) is sufficient for defining hyperbolic B-spline subdivision analogous to Equ. (2). because

g-av1/4(a,b) = g-av1/2(a, g-av1/2(a,b)), g-av3/4(a,b) = g-av1/4(b,a). (7)

The curves which appear in Fig. 5 are the result of hyperbolic B-spline subdivision analogous to B3.

2.2.3 Intrinsic shape properties of geodesic schemes. If a planar subdivision rule S works by corner cutting
(the B-spline schemes do), then it enjoys the variation diminishing property: A straight line intersects the
edges of each polygon Sip at least as often as it intersects the edges of the polygon Sjp, if j > i (j = ∞ and
i = 0 are allowed). This follows directly from the fact that two line segments have at most one intersection
point.
Therefore geodesic subdivision rules in a 2-dimensional surface or manifold have the same property, pro-

vided geodesic segments intersect in one point only. This is not the case in general, but can be guaranteed
for any compact surface if the shorter of the two segments in question is not longer than a certain constant,
which depends on the intrinsic curvature of the surface [do Carmo 1992]. This geodesic variation diminishing
property is illustrated by Fig. 3.

ACM Transactions on Graphics, Vol. V, No. N, Month 20YY.

Escher J. Wallner
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Subdivision Schemes for Manifold-Valued Data
based on a linear scheme Slin with mask (a2`+σ)

Extrinsic: based on embedding and projection
Intrinsic:

Single base-point scheme
(Sx)2h+σ = Expxh

(∑
` a2`+σ Logxh

(xh−`)
)
, σ = 0,1, h ∈ Z

Related to a non-redundant wavelet-like transform for
manifold-valued data due to Donoho et al

Two base-point scheme (with bh±1/2 judiciously chosen
from data (xh))

(Sx)2h = Expbh−1/2

(∑

`

a2`+σ Logbh−1/2
(xh−`)

)

(Sx)2h+1 = Expbh+1/2

(∑

`

a2`+σ Logbh+1/2
(xh−`)

)

Others...
Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Log and Exp maps

M

Tp (M)

θ(t)θ(t1)
0

p0=p(0)

p(t1)
Np

γ(t)=Expp(θ(t))

v0

Logp(p(t1))

0

0

Expp(θ(t1))0 0

0

Figure 3.5: A manifold, its tangent plane, and the correspondence between a line in the tangent
plane and a geodesic in the manifold.

The procedure of fixing a vector in θ ∈ Tp(M) as an initial velocity for a (constant-speed)
geodesic establishes an association between Tp0(M) and a neighborhood of p in M . This asso-
ciation is one-one over a ball of sufficiently small size in Tp0(M) – up to the so-called injectivity
radius ρ. The association is formally captured by the exponential map p1 = Expp0(θ). Within an
appropriate neighborhood Np0 of p0, the inverse map – the so-called ‘Logarithm map’ – is well-
defined, takingNp0 ⊂ M into Tp0(M). Formally, this correspondence is written as θ = Logp0(p1).
This correspondence is illustrated in Figure 3.5.

We are only interested in manifolds for which Log/Exp maps can be explicitly given; examples
will be provided below.

3.2 M-valued Interpolatory Approach

Clearly, the interpolatory pyramid βj,k = p(tj,k) makes just as much sense as in the R-valued
case, has the same ‘hard’ redundancies βj+1,2k = βj,k, and the same ‘expected’ redundancies
βj+1,2k+1 ≈ βj,k for smooth functions. We first discuss how to ‘predict’ coarse-to-fine on man-
ifolds, giving M -valued two-scale refinement schemes, and then describe a wavelet pyramid
(αj,k)j,k removing the redundancy from (βj,k)j,k.

3.2.1 Interpolatory Refinement on Manifolds

Given a sequence p(k), k ∈ Z taking values p(k) ∈ M , we can (often) impute data at the
half-integers by a scheme which might be called “Deslauriers-Dubuc in the tangent space”.

Fix an odd integer D, for example 3. To get an imputation p̃(1/2), we use the data p(�) at
the D + 1 integer sites � nearest to 1/2. Letting p0 = p(0), we then map these points to the
tangent plane Tp0(M) via

θ(�) = Logp0(p(�)), � = −(D − 1)/2, . . . (D + 1)/2.

The resulting θ(�) belong to a vector space and it makes sense to add, scale, subtract, and so
on. We take a basis (ej) for this vector space, getting a d-dimensional coordinate representation

12
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Analysis Questions

‘Time Symmetry’: Slin has a primal or dual symmetry ?
=⇒

so is S
‘Space Symmetry’: For symmetric space M with group
action by G,

S ◦ g ?
= g ◦ S, ∀ g ∈ G

Smoothness Equivalence: Slin is Ck ?
=⇒ so is S

Approx. Order Equivalence: Slin has O(hR) accuracy ?
=⇒

so is S

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Easy Observations

All the schemes we consider satisfy ‘space symmetry’
when applied in a Lie group or symmetric space setting.
If Slin has a dual symmetry (e.g. even degree B-Spline),
then so does the associated single base-point scheme.
The two base-point scheme S, with appropriately chosen
base points bh±1/2, can preserve both primal and dual
symmetry.

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Proximity Condition⇒ Smoothness Equivalence
Definition
S and Slin satisfy the order k proximity condition if

‖∆j−1(Sx− Slinx)‖∞ . Ωj (x), j = 1, . . . , k ,

where Ωj (x) :=
∑

(γ1,··· ,γj )

∏j
i=1 ‖∆ix‖γi∞,

∑j
i=1 i γi = j + 1.

Order k Condition: Order k − 1 proximity conditions +

0,1 ‖Sx− Slinx‖ . ‖∆x‖2

2 ‖∆1Sx− ∆1Slinx‖ . ‖∆x‖3 + ‖∆x‖‖∆2x‖
3 ‖∆2Sx− ∆2Slinx‖ . ‖∆x‖4 + ‖∆x‖‖∆3x‖ + ‖∆2x‖2

4 ‖∆3Sx− ∆3Slinx‖ . ‖∆x‖5 + ‖∆x‖‖∆4x‖ + ‖∆x‖2‖∆3x‖ + ‖∆2x‖‖∆3x‖ + ‖∆x‖‖∆2x‖2

Theorem (Wallner, Dyn, streamlined by Xie and Y.)

Assume that Slin is stable and Ck , k > 1. If S and Slin satisfy
the order k proximity condition, then S is also Ck .

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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A stronger proximity condition

Definition
S and Slin satisfy the strong order k proximity condition if

‖///////∆k−1(Sx− Slinx)‖∞ . Ωk (x).

Obvious: Strong proximity condition⇒ proximity condition.
Proof: ‖∆kx‖∞ 6 2k‖x‖∞
Theorem
The two conditions are equivalent if S and Slin are interpolatory.

Proof: Use Hermite-Biehler theorem to show ∆k : `∞ → `∞ is
invertible when restricted to the subspace
{(· · · 0,d−1,0,d0,0,d1,0,d2, · · · , )}.

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Calculation of Proximity Condition

Pick a chart φ :V ⊂ M → Rn, or an embedding Φ : M → RN

Former case: Slin and S act on Rn-valued data
Latter case: Slin and S act on RN -valued data
Convert subdivision data x0, x1, x2, x3, . . . to D0,D1,D2, . . .

D0 = x0,D1 = x1 − x0,D2 = x2 − 2x1 + x0, . . .

xk =
∑(

k
j

)
Dj

Take Taylor expansion of S, based on the Taylor
expansions of Exp and Log at x0

Analyze terms (the ‘bad guys’) that cannot be
automatically absorbed into Ωk (x)

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Key Question

Which way (single base-point scheme, two base-point scheme,
etc.) of adapting Slin to manifold-valued data produces a
(nonlinear) scheme S which satisfies the order k proximity
condition?

Donoho’s conjecture: His (single base-point) scheme is always
as smooth as the underlying Slin.

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Result I: interpolatory case

Theorem (Xie and Y.)
If Slin and S are interpolatory, then all the mentioned schemes
satisfy order k proximity condition whenever Slin reproduces Πk .
Therefore, smoothness and approximation order equivalence
hold in the interpolatory case.

Non-interpolatory case much more subtle.

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Result II: non-interpolatory + two base-point scheme

Theorem (Xie and Y. 2008)
For any k, there exists a efficient way to choose bh±1/2 in the
two base-point scheme so that S satisfies the proximity
condition of order k with the underlying linear scheme Slin.

Result unreasonably general: no geometric concept
(symmetry, curvature, property of the Exp and Log maps,
whatsoever) enters the proof of the above result!
In particular, one is free to replace Expx and Logx by any
f : TM → M18 ESFANDIAR NAVAYAZDANI AND THOMAS YU

x
y

log
x
(y) x

y

g
x
(y)

x 
y 

g
x
(y) 

x
y

g
x
(y)

(a) Exponential map (b) Orthogonal projection (c) Stereographic projection (d) Center projection

Figure 1. Different retractions on the sphere

However,

∂3f

∂v3

∣∣∣
(φ0,0)

=





0 exponential map
1 orthogonal projection
−1/2 stereographic projection
−2 center projection

.

Therefore, condition (3.51) is satisfied for the exponential map but not for the other retractions.
Of course the former is not surprising as we know a priori that with the exponential retraction on
S1 the ‘nonlinear’ scheme S is simply the linear scheme T applied to the angular variable φ, hence
satisfies Ck equivalence for arbitrary k in a trivial way. (This is a direct consequence of the Abelian
Lie group structure of S1, a structure not shared by Sn for n > 1.) Moreover, numerical results
suggest that the other three retractions all fail to produce C3 limit functions.

In contrast, Theorem 8 says that the exponential map on Sn = SO(n+1)/SO(n) satisfies condition
(3.51) for any dimension n. When n is larger than 1, Ck (k > 2) equivalence is not guaranteed.
Numerical results suggest that we get C3 but no higher order smoothness equivalence in general.

Instead of locally embedding Sn into SO(n + 1) and reduce the verification of condition (3.51) to
the GL(n) calculation in Section 4.1, one may use the standard embedding of Sn into Rn+1 and
the Log and Exp maps are given by:3

Expx(v) = cos(‖v‖)x+ sin(‖v‖) v

‖v‖ , Logx(y) = arccos(〈x, y〉) y − 〈x, y〉x
‖y − 〈x, y〉x‖ .(4.56)

To use Theorem 5 and its companion Remark 7, one has to first extend the definitions of these two
maps to suitable open neighborhoods of Rn+1 × Rn+1, e.g. modify the expression arccos(〈x, y〉) to
arccos(〈x, y〉/‖x‖‖y‖) in order to allow for points x, y not on the sphere. This approach actually
works but leads to a relatively more tedious calculation.

4.4. SO(n), Sp(n), SL(n). We first compare the standard exponential map on SO(n) with the
following retraction derived from the Cayley transform:

fCay(x, v) := x(I +
1

2
v)(I − 1

2
v)−1, gCay(x, y) := −2(I − x−1y)(I + x−1y)−1.

To show that fCay(x, ·) and gCay(x, ·) are inverse of each other, use the fact that (I−A) and (I+A)−1

commute. Note that gCay(x, y) = 2(I + x−1y)−1 − 2(I + y−1x)−1, so gCay(x, y) = −gCay(y, x), and
therefore (4.52) is satisfied also by gCay. However, one can check, using the same kind of calculation
in Section 4.1, that (fCay, gCay) does not satisfy condition (3.51). Experiments also suggest that it
does not generate C3 curves.

3See Section 4.6 for a discussion of Lie group versus Riemannian definitions of the exponential map.

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Result III: non-interpolatory + single base-point

Single base-point scheme is another story...

(Sx)2h+σ = fxh

(∑

`

a2`+σ gxh (xh−`)
)
, σ = 0,1

Theorem (Easy)
S and Slin satisfy the order 2 proximity condition for any
f : TM → M.

Theorem (Navayazdani, Duchamp and Y.)
S and Slin satisfy the order 3 proximity condition if f = Exp.

We don’t really need Exp, just that we cannot use any f .

E.g. On SO(n), ez =
1+ 1

2 z+ 1
12 z2

1− 1
2 z+ 1

12 z2 + O(z5) works,

ez =
1+ 1

2 z
1− 1

2 z
+ O(z3) does not.

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Result III: finer version
Theorem (Navayazdani)
S and Slin satisfy the order 3 proximity condition if Pf ≡ 0.

Theorem (Coordinate independence of Pf = 0 cond., Y.)

Pf is a ( type (1,3)) tensor associated with f : TM → M. (Note:
same type as the curvature tensor Rf .)

Theorem (Geometric interpretation of Pf = 0 cond., Duchamp)

Pf = 0 if and only if f and expf agree up to 3rd order along
M ⊂ TM.

Recap: no such differential geometric condition on f is required
in the analysis of the two base-point schemes.

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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A hasty conjecture

Having gotten his result, it is natural for Tom Duchamp to
speculate that S and Slin satisfy the order k proximity condition
if f and expf agree up to the k th order along M ⊂ TM.

This conjecture is far from the truth!

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data
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Result IV: non-interpolatory + single base-point

Assume S is the single base-point scheme based on Slin and a
retraction map f with Pf = 0.

Theorem (Duchamp, Xie and Y.)
Order 4 proximity condition is satisfied if either

[(a) Basically Nothing] Slin has a dual symmetry, or
[(b) Basically Impossible] The curvature tensor from f
vanishes and f and expf agree up to the 4-th order.

Not surprising: symmetry improves proximity by one order
Very surprising to us: No 4th order behavior of f : TM → M
is required in (a)!
Auslander & Markus (Ann. of Math, 55): If a manifold has a
complete, torsion free, flat affine connection then it’s
universal cover is Rn.

Tom Duchamp, Gang Xie, Thomas Yu Subdivision of Manifold-valued Data



Introduction
Analysis

Summary

Analysis Questions
Key Analysis Tool: Proximity Condition
Our Findings

ON DONOHO’S LOG-EXP SUBDIVISION SCHEME: CHOICE OF RETRACTION AND TIME-SYMMETRY 23

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−1

−0.9

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3
Degree 6
Degree 7

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−5

−4

−3

−2

−1

0

1

2

3
Degree 6
Degree 7

1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6

−6

−4

−2

0

2

4

6

8

10

12

Degree 6
Degree 7

Limit curves 3rd derivatives 4th derivatives

Figure 3. Dual (time-)symmetry gives the Log-Exp scheme an extra order of
smoothness equivalence.

5.2. Beyond symmetric spaces. While our proof of Theorem 8 is heavily dependent on a sym-
metric space structure, we suspect that the result itself may actually have little to do with symmetric
spaces. An open question is whether the same result holds on a general Riemannian manifold.

Experiments on surfaces of revolution shed some light to this question. The computation of exp
and log is rather simple for a surface of revolution x(u, v) = (ϕ(v) cos(u), ϕ(v) sin(u), ψ(v)), because
its Christoffel symbols Γkij can be easily expressed in terms of the univariate functions ϕ and ψ [5,
Section 4.3]. The exp and log maps can then be accurately computed by using an initial value and a
boundary value ODE solver (e.g. ode45 and bvp4c in Matlab). We have experimented with such
subdivision curves on the surfaces of revolutions. Numerical experiments give exactly the same kind
of plots as Figure 2, suggesting a subtle role played by the geodesic reproducing property of the
log-exp scheme in its smoothness properties and, of course, a possible generalization of Theorem 8
beyond symmetric spaces.
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Even with time-symmetry, analysis and computation both
suggest that order 5 prox. cond. is impossible for the
single base-point scheme, unless the manifold is flat.
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Result on approximation order: interpolatory case
Proximity Condition ⇒ Approx. Order Equivalence

Theorem (Xie and Y.)
Assume that Slin (and hence also S) is interpolatory.If S and
Slin satisfy the order k proximity condition, then if Slin has a
O(hk+1) accuracy order, so does S.
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Invariance Property of Proximity Condition

Theorem (Xie and Y.)
The proximity condition is
insensitive to the choice of
coordinates on the manifold.

Also shown in the same paper:

Intrinsic proximity condition⇐⇒ Extrinsic proximity condition
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Interest in approximation tools for manifold-valued data
Order k Proximity condition⇒ Ck equivalence
Proximity condition⇒ Approximation order equivalence
(for quasi-interpolatory schemes)
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Surprises

Surprise I: Difference between interpolatory and
non-interpolatory cases
Surprise II: Difference between single and two base-point
schemes
Surprise III: In single base-point scheme:

Choice of retraction matters
Time-symmetry matters
Space-symmetry does not matter (for the analysis, but
desirable in practice)
Curvature tensor manifests itself and ‘everything stops’ at
order 5.

Surprise IV: For two base-point scheme, judicious choice
of base-points gives arbitrary smoothness, nothing else
matters.
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