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ABSTRACT. We study the zero surface tension limit of three-dimensional interfacial Darcy flow.
We start with a proof of well-posedness of three-dimensional interfacial Darcy flow for any positive
value of the surface tension coefficient. The primary tool for this well-posedness proof is an
energy estimate. The time of existence for these solutions will, in general, go to zero with the
surface tension parameter. However, in the case that a stability condition is satisfied by the
initial data, we prove an additional energy estimate, establishing that the time of existence can be
made uniform in the surface tension parameter. Then, an additional estimate allows the limit to
be taken as surface tension vanishes, demonstrating that three-dimensional interfacial Darcy flow
without surface tension is the limit of three-dimensional interfacial Darcy flow with surface tension
as surface tension vanishes. This provides a new proof of existence of solutions for the problem
without surface tension.

1. INTRODUCTION

We consider a sharp-interface model of two-phase Darcy flow in three spatial dimensions. The
fluid velocities are given by Darcy’s Law, which models flow in a porous medium. To be precise, in
the bulk of each fluid, the fluid velocity is given by

b2
(1.1) vi(@,y,2,t) = =5~ V(pi + pigz).
Vi
The fluids are take to be incompressible as well, so that
(1.2) div(v;) =0.

Here, the subscripts denote the two fluid regions, with ¢ = 1 corresponding to the lower fluid and
i = 2 corresponding to the upper fluid; the point (x,y,z) is a point in R* which is in fluid region
i at time t. The constant b is a physical parameter related to the porosity and permeability of the
medium, and g is the constant acceleration due to gravity. The constants v; and p; are the viscosity
and density, respectively, of fluid i. Of course, v; and p; are the velocity and pressure of fluid 3.

This interfacial problem is well-posed in the case that surface tension is accounted for at the
interface [13], and also in the case of zero surface tension (this is the Muskat problem) if the Saffman-
Taylor stability condition is satisfied [19]. In the case in which this stability condition is violated,
it has been shown in the case of two-dimensional case that analytic solutions exist [20], and the
zero surface tension limit can then be studied for these solutions. Dai, Tanveer, and Siegel, and
separately Ceniceros and Hou, have shown that the solutions without surface tension are not the
limit of solutions with surface tension as surface tension vanishes when the Saffman-Taylor condition
is violated [21], [22], [10], [11].

The second author previously studied the two-dimensional case in [2]. The lines of the argu-
ment are the same, but many details are more difficult in the three-dimensional case. In the
two-dimensional case, the interface is one-dimensional, and the interface can be described by its
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tangent angle and arclength element; furthermore, the arclength element was taken to depend only
on time. In the present setting, we instead study the mean curvature of the interface and the first
fundamental form of the free surface, and it is not possible to insist that the first fundamental form
be independent of the spatial variable. As a result, instead of becoming semilinear, the problem
with surface tension in the present case is only quasilinear. Furthermore, one of the primary ideas
of the argument is to approximate the Birkhoff-Rott integral with simpler singular integrals; the
Birkhoff-Rott integral is a singular integral which gives the velocity of the interface. In the case of
a one-dimensional interface, the Birkhoff-Rott integral is approximated by a Hilbert transform, and
the remainder from making this approximation is very smooth. In the present case, we approximate
the Birkhoff-Rott integral with Riesz transforms, and the remainder is smooth, but not nearly as
smooth as in the previous case. This does complicate the argument, although we are able to deal
with the complication. As a result, we will rely on the parabolic smoothing that is available in the
problem to simplify the energy estimates. In the case of the one-dimensional interface in [2], we
noted the presence of the parabolic smoothing, but we did not make use of it.

The present work continues the use of a method which has its roots in the numerical works of Hou,
Lowengrub, and Shelley (HLS) [14], [15]. In these papers, to remove the stiffness from numerical
computations of interfacial Darcy flow with surface tension and interfacial Euler flow with surface
tension, HLS used an arclength parameterization and introduced a small-scale decomposition of
the problem, identifying the most singular terms in the evolution equations. These ideas were
subsequently used analytically, including an extension by the second author and Masmoudi for
interfacial Euler and Darcy flows in three spatial dimensions [1], [4], [5], and by Cordoba, Cordoba,
and Gancedo for the three-dimensional interfacial Darcy problem [12]. The generalization of the
arclength parameterization used by HLS to a two-dimensional free surface used in these works is an
isothermal parameterization; this is discussed in Section 2.1 below.

Subsequently, the extension of the HLS to analysis for three-dimensional fluids was brought back
to numerical studies, with Ambrose, Siegel, and Tlupova making an extension of all of these works
to develop a non-stiff numerical method for 3D interfacial Darcy flow [6], [7]. These ideas have
also been used in numerical analysis, as Ceniceros and Hou have shown that a version of the HLS
numerical method is convergent [9], and in [3], Ambrose, Liu, and Siegel have shown that a version
of the method of [7] is convergent.

The plan of the paper is as follows: in Section 2, we describe the equations of motion for the 3D
interfacial Darcy flow problem. This includes specifying our isothermal parameterization and our
small-scale decomposition; the small-scale decomposition requires making decompositions of singular
integral operators. In Section 3, we provide some lemmas giving bounds for useful operators, and
use these to make some preliminary estimates. In Section 4, we prove well-posedness of the problem
with surface tension, finding existence on a time interval which depends badly on the surface tension
parameter. In Section 5, in the case that the Saffman-Taylor stability condition is satisfied, we
extend the time of existence of solutions for a time interval which is independent of surface tension,
and pass to the limit as surface tension vanishes.

2. THE EQUATIONS OF MOTION

We study a surface X (a,t) = (z(a,t),y(a,t), z(a,t)), where & = (a, 3) € R? is the spatial param-
eter of the curve, and t is time. We use the following frame of unit tangent and normal vectors at
each point of the surface:

S e Xp
Xl X5/’
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We write the velocity of the free surface using its normal and tangential components,

(2.1) X; = Un+Vit! + Vat?

2.1. The tangential velocities and choice of parameterization. While the normal velocity is
determined by the fluid dynamics, the tangential velocities are not. Instead, the tangential velocities
can be chosen arbitrarily, as these only determine the parameterization of the free surface. That is,
the location of the free surface will not be changed, no matter our choice of V; and V5. Our choice
of parameterization is to always maintain a global isothermal parameterization. To this end, we
introduce the first fundamental coefficients of the free surface:

(2.2) E=X, X, F =X, Xg, G =Xz Xg.
Then, our choice is to have
(2.3) E =G, F=0,

for all @ and for all ¢. For any surface, such a parameterization always exists locally, and in some
cases globally. Fortunately the case we consider has been proved to have a global isothermal pa-
rameterization. In the sequel, we consider the case in which the interface between the two fluids is
asymptotic to the flat plane at infinity, and in this case, it is known that the isothermal parameteri-
zation exists gloablly [12]. The tangential velocities are then found by using (2.1) together with the
the time derivative of (2.3), E; = Gy and F; = 0. The corresponding calculation is given in detail in
[4]. As a result, we find that the tangential velocities V; and V5 should satisfy the equations

o (1) (%) - vy
. \/E . \/E 5 E )
\%1 Vs 2UM
2.5 — ] +== - =
2) (6). (). - %
Here, L, M, and N are the coefficients of the second fundamental form of the free surface,
(2.6) L=-X, -1, =Xy, 1, N =-Xg-ng=Xgg-1, M =-X,-0ig=-Xg -1, = Xyg -0

Then, if V3 and V; satisfy (2.4) and (2.5), and if the initial surface satisfies (2.3), then the surface
will satisfy (2.3) at positive times as well.

2.2. Geometric identities. We will differentiate the normal and tangential vectors many times in
the sequel, and therefore, formulas for these derivatives in the context of the isothermal parameter-
ization will be helpful. We have the following;:

L ., M.

L 2
(2.7) n, = _E1/2t - ﬂt ;
(28) nﬁ = —mt - mt s
~ FEg.
(2.9) i = —£t2+E€/Zﬁ,
N E, - M
1 _ Lar N
(2.10) tﬂ = 2Et + E1/2n,
~ Es.
(2.11) £2 = %tl + %n
N FE, - N
2 _ al ~
(212) tﬁ = _ﬁt + El/?n'
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2.3. The normal velocity and the fluid dynamics. We mentioned above that the normal com-
ponent of the velocity of the free surface, U, is determined by the fluid dynamics. There are two
equivalent descriptions of the relevant fluid dynamics which can lead us to the appropriate formula
for U : one directly from potential theory, and one which considers the Biot-Savart law for recov-
ering the velocity from the vorticity (and thus using potential theory indirectly). We focus on the
calculation which uses potential theory directly.

From (1.1), we see that the velocity is equal to the gradient of a potential in each phase, with the

potential, ¢;, given by
2

b
¢ = —?Vi(pi + pz'gz),

for i € {1,2}. Combining equations (1.1) and (1.2) with this definition of ¢;, we see that A¢; = 0,
for i € {1,2}. The normal component of the velocity of the free surface must be the same when
calculated from above and below (this is one of the boundary conditions for the problem); we recall
that the normal derivative of ¢; is the normal velocity of the interface. Therefore, since there will
be no jump in the normal derivative, we may express ¢; by means of a double-layer potential (we
use the name p for the source strength, and we suppress time-dependence):

(x 2) = i & (x,y,z)—(x(d),y(d),z(&))
(213) ¢1( » Y, ) :i:27_r RJN( )|($,y,2)—(x(d),y(d),z(&))P

While there is no jump in the normal derivative, there is of course a jump between ¢; and ¢- at
the free surface, and this jump is equal to p :

(&) da.

b2 b2
(2.14) uzi(_guzg)_i(plgz_%)'
12\ v ) 12\ n Vs
If we instead add the two potentials at the free surface, we get
b2 b2
(2.15) ¢1+¢2:—(—&—@)_7(%+%).
12\ vy v/ 12\ 1y Vo

The equations (2.14) and (2.15) can be solved for p; and pe (we omit the algebra). Then, we
can subtract p; and py, and make use of the Laplace-Young jump condition (the jump in pressure
across the interface is proportional to the mean curvature of the interface, with the constant of
proportionality being a material parameter depending on the chemical makeup of the two fluids).
Then, the resulting equation can be solved for p :

(2.16) pw=71k—-A,(d1+ P2) — Rz,

where 7 is the non-negative, constant coefficient of surface tension, and A, and R are given by the
formulas

A :1/1—V27 R:bQQ(Pl_PZ)'
V1 + Uy 6(1/1 +V2)
Notice that (2.16) is actually an integral equation for p, as the expressions for ¢; and ¢ in (2.13)

involve p under the integral. We could restate this as
(2.17) pw+A,Dp=7k- Rz,

where ® is the resulting integral operator.

We can differentiate (2.16) with respect to each of @ and 8. When doing so, we must remember that
¢1 and ¢, are functions defined not only on the interface; thus, for instance, we have 9,¢1 = Vo1-X,.
We find the following, upon differentiating (2.16):

(2.18) e Tha — Ay, (Vo1 - Xo + Voo - X,) — Rza,
(2.19) 1%} Thg — Ay (V¢1'Xﬁ+v¢2'Xﬁ)—RZg.
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To find the limiting values of V¢; for i € {1,2}, the gradient of (2.13) can be taken, and then the
Plemelj formulas can be used (see [8] or [17] for discussion of the Plemelj formulas). Carrying out
this calculation, we find the following limiting values for the gradients of the potentials:

1, M5 i2,
2.20 Vor = W+ —=t'+ =
(2.20) ” N_ 2/E
Mo g PO g2,
2VE  2VE
We will give the definition of W, the Birkhoff-Rott integral, shortly. Using (2.20) and (2.21) with
(2.18) and (2.19), we find the following;:

(2.21) Vos = W-

(2.22) o = Tka-— 24, VEW -§' - Rz,,
(2.23) Mg = TRpg— QAV\/EW : £2 - RZ[;.
The Birkhoff-Rott integral is
SN 1 I~/ 1~z X-X -
(2.24) W(d) = --PV Rf!(uaxﬁ ~HX0) % e 40

In the integrand in (2.24), functions followed by a prime are evaluated at &', and unprimed functions
are evaluated at &. Notice from (2.20) and (2.21) that we can find the normal velocity of the free
surface by taking the dot product with the normal vector:

(2.25) U=W-i

Remark 1. While the normal component of the velocity does not jump at the free surface, the
tangential velocity does have a jump. Since the velocities are given by the gradient of a potential
in the bulk of the two fluid regions, the fluids are irrotational in the bulk. However, since there is
a jump in velocity at the free surface, the vorticity is actually measure-valued; that is, the vorticity
can be expressed by means of a Dirac mass supported on the free surface, and thus the free surface
is a vortex sheet. The alternative derivation of the Birkhoff-Rott integral and the formula (2.25)
which we mentioned above makes use of this structure of the vorticity, and uses the Biot-Savart law
to find the velocity from the vorticity. The interested reader might consult [18] or [8] for details of
the derivation of the Birkhoff-Rott integral for a vortex sheet in the case of three-dimensional fluids.

Remark 2. We have mentioned above that (2.17) is an integral equation for u, and thus equations
(2.22), (2.23) are a system of integral equations. All of these integral equations are solvable. For
existence and regularity of u, see Lemmas 3.12 and 3.13 below.

2.4. Evolution of F and k. With the free surface being parameterized by an isothermal parame-
terization, the formula for the mean curvature can be written as

L+N
2F

Our primary estimates will be energy estimates for x. The evolution equation for x can be inferred
from (2.1), using (2.26) with (2.2) and (2.6). For the moment, a convenient way to write the evolution

equation for the curvature is
\/_ VE \/_ " \/_ “ovE\VE), 2E\VE 8

(Detailed calculations leading to (2.27) and related formulas in this section may be found in [4].)
Of course, to specify k;, we would need to use (2.27) together with an evolution equation for E. We
can infer an evolution equation for F from (2.1), using the definition F = X, - X,,, or alternatively

(2.26) K =

(2.27) (\/_H)t (\/_ Ja +
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we could use the isothermal parameterization, ¥ = G = Xg - Xg. These considerations yield the
following:

UL VyEg UN WViE,
2.2 B =2VE(Via- 22 = oVE (Vo - T .
229 = 2VE (Vi T ) VB (- T2 B

If X is parameterized according to (2.3), then we have the following two derivatives which will be
used for iteration in Section 4.2. On one hand, since £ = X, - X, = X3 -Xg and X, - X =0, we
have

(2.29) AE =2(Xa5-Xap) - 2(Xaa - Xaga)-
On the other hand,

AX = (AX-A)f = (L + N)h = 2Exh.

2.5. The Birkhoff-Rott integral and its consequences. The most singular term on the right-
hand side of (2.27) is the term which includes AU. We seek a more useful expression for AU, and
in light of (2.25), it will be helpful to find more useful expressions for W and its derivatives. To
this end, we will be rewriting W and its derivatives in terms of well-understood singular integral
operators such as Riesz transforms.

We begin with the following formula, which can be found simply by applying the Laplacian to U
and using geometric identities as appropriate:

(230) AU =[(Wq-fi)a + (Wp-0)s] + ((W.El) (_ﬁ) +(W-$%) (_E]\f/g))a

(ol ) vl ),

Our immediate goal is to rewrite the most singular terms here, which are the terms in the square
brackets on the right-hand side of (2.30), in terms of Riesz transforms.

We follow the development of the Birkhoff-Rott integral as given in Section 2.2 of [1]. Our goal
in this section is to extract the most singular terms from the Birkhoff-Rott integral, allowing us to
find a useful expression for the quantity AU in (2.27).

To begin, we develop an expression for Ay and pqg. First, we differentiate p, with respect to «,
finding simply

. o AE .
(2.31) lla = Thao — 24, EYPW - 1L - 24, EY*W,, -§! - T;W ! - Rzga.

As part of our effort to rewrite this, we rewrite 2. We denote ng =1 -(0,0,1), and we have

%o = (E'?81-(0,0,1)) .
Applying the a-derivative, this becomes
_ Eoza
- 2E
Using the identity (2.9), this becomes

+ BY2(@L - f)ng + (B - %) 2.

Za(x

(232) Raa =
2E 2E
We have the corresponding formula for zgg

- _ EﬁZﬁ _ Eaza
PB=9F T 2E

+Nn3.
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Continuing, we combine (2.31) with (2.9) and (2.32):

AvE wZa RE
oo = Thaa+ A1 1= Thaa=24, LU+ 2 WA Dloyiion, piltw, it et 5% _pr
/2 E1/2 2F 2F
We make the same calculation of g4, finding the following:
_ . A E5 £2 A E, 1/2 2, RE, HlaZa REﬂZﬁ
Hap —TKJﬁ/@-!-Ag = THIQB—QAVNU E1/2 Wt + E1/2 Wt 2A E W o°F oF —RNn3
Adding the above two equations, it follows that
2.33 Lao + 1188 = Thaa + Thag — AA, UEK - 2RErns — 2A,VE (W, -t + Wj - £2).
BB BB B
Using the identity (2.10), we have a formula for z,gs
Egzoa  Eq
Zap = p% + 25 + Mns.
2F 2F
Moreover, we have the following expression for pqg :
A E, AJE REgz, RE,
o = Thagt Ay = Thas =24, MU="EZa W= L0 WA 24, B'PW st -2 2020 R,

We now introduce three integral operators. Given some function F, we define K[X]F, J[X]F,
and Jl [X]]:

K[X]F —PV][]—“ o) x K(&,a") dé',
j[X]}‘(@):EPVf/}'(& < J(a,a") da',
R2

(2.34) L[X]F () = ﬁpv ] 7@y % L@ ') de
RQ

In (2.34), we take i € {1,2}. The kernel K is given by
X(a)-X(a) Xa(d)(a-a)+Xg(@)(B-p5)
X(a) - X(a)PF B (aa - a'P
 3Xaa(@)(a-a')®+ 5Xps(a") (8- ) + Xap (@) (a = a) (B - )
E32(a))a - a3
, 3 (Ea(@)(a-a")+ Eg(a) (8- ') (Xa(d)(a-a) + X4(d") (5 - 7))
4 E52(a)|a - a3 '
The kernels J, L1, and Lo are somewhat simpler:
(6, &) = X(a) -X(a) Xa(d)(a-a) +Xg(@)(B-5")
X(a) - X(@)P B (a]a - o' ’

K(a,d') =

Li(&,d") = (Dg+ Dy)J(a,ad"
Ly(a,d’) = (D3+D@f)J(oz,a).
We have the following formula for W :

_ Mo 4~ 122N
(2.35) W= H, (72E1/2 n) + Hy (2E1/2 ) + J[X]g,

where we have introduced the notation

(2.36) 9= 1pXa ~ paXs.
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We now differentiate (2.35) to find formulas for W, and Wpg. To begin, we write the following,
which makes use of (2.7):

o oL, oM L, M,
WQ:Hl(L““ ﬁ)+H2(“5 ﬁ)—Hl(“ tl)—Hl(’“‘ t2)—H(”’3 t)—Hg(—’“‘B t2)

2E1/2 2E1/2 2F 2F 2F 2F
Manz ~ MﬂEa A~
_H1(4E3/2n)_H (4E3/2 ) +DaJ(X]g

We continue to rewrite this; for now, we pull the vectors outside of the Riesz transforms, incurring
commutators:

Paa ) A Hap \ uaL)q (MaM) 2 (MBL) -1 (MBM)AZ
W, = H L H _H B _m 2_m i, (M) g
1(2131/2)11 2(2]51/2)11 1( 2% "\ E 2\2E 2\ 2E

HaEo . ,uﬂE =
_H1(74E3/2)n—H ( E3/2)n Z1+ Do J[X]g.

The collection = is defined as

(31) 21 (Ha) (fos )+ ) (S ) - .8 () - 18 (M

- [Ha,t'] (M) - [Ha, %] (M) ~[Hy, 0] (Z“E”‘) - [H,, 4] (@)

2F 2F E3/2 4F3/2

Notice that =; includes second derivatives of u; we decompose it further such that the remainder
only includes at most first order derivatives of . That is,

— ~ Koo ~ Ra
(2.38) == 7(H 8] (W) F 7L 0] (2E1/2) s

with

Ry = [H1,0]A; + [Hy,8]A; - [Hy,§'] (“O‘L) - [ ¥ (NQM)

E 2F
-8 (455 ) - ) (5 ) o () - o) (5555

2F 4F3/2 4F3/2

Furthermore, notice that we can write D, J[X]g as follows:
DaJ[X]g = T[X]ga + L1[X]g.

Similarly, we differentiate (2.35) with respect to 3, making use of (2.8), finding the following
formula for Wy :

BB A NaM N*z)_ (MﬁM"l)_ (/iﬁN 2)
W = Hl( 212 ) HQ( E1/2n) Hl( °F ) H1(2E M\t )\t

taEp psEs
o (4E3/2n) H2(4E3/2n)+D5J[X]g.

As before, we rewrite this by pulling the vectors through the Riesz transform, yielding the following;:

B Maﬁ )A ( Mﬁﬁ )A (‘LLQM)Al ('UIO{]V)A2 (MﬁM)Al (‘LLBN) t*
W= H H, i toH 2o, (P2 e £
p 1(2E1/2 o )\ R "\ 2E 2\2E 2\2E

takip mgEg\ .
_H ( E3/2) HQ(W)n+:2+DﬁJ[X]g.
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Of course, the collection =5 is defined as
- o Hap o BB\ c1q( PaMY s [ HPalN
(2.39) Hg_[Hl,n](2E1/2)+[HQ,n](QEl/Q) [Hy, % ]( = ) [Hy, 2 ]( " )
_ psM psN MaEﬁ) N (MBEB)
[#2,% ]( 2F ) [, ¢ ]( 2F ) L, 2] (4E3/2 LB\ e )
We plug in the formulas for p.g and pgg, and this becomes

- _ ~ Rag N
(240) \_.2—T[Hl,n](W)+T[H2,n](2El/2)+R2,
with

Ry = [Hy, 2] As + [Ha, 0] Az - [Hi, ] (”;24) -] (u; )

~1q (M o (18N o HaEp (HsEs
- L ]( 28 )_[HQ’t ]( 28 )_[Hl’n](sz?’/?)_[H27n](4E3/2)'
Furthermore, as before, we can rewrite DgJ[X]g
(2.41) DpJ[X]g = T[Xlgp + L2[X]g.

2.6. Our small-scale decomposition. First, we take inner product with €' and t? respectively,
then

oL L\ _ . )

W, -t _—H1(2E) Hy (le)+:1-t1+DaJ[X]g~t1,
12_ NaN)_ (NﬁN) = .2 12

Wy -t2 = -H, ( ) - e (B ) < 22 82+ DT (X - B

So, it follows that

(2.42) W, t' +Ws -2 = ~Hy (kpo) — Ho (kpg) +Z1 -t + Do J[X]g - t! + 2 - 12 + D J[X]g - t2

We use this expression in (2.33), finding the following:

(2.43)  pao + 188 = Thaa + Tag —4A, UEK - 2REkns
~24,VE (~Hi (kpa) - Ha () + E1 -8 + DT

We also take the inner product with i :

—

X]g-t'+ 2,82+ DgJ[X]g - t%).

L Hoa Hap ,U/ocEa MﬁEa = A ~

Wo - =H (2E1/2)+H2(2E1/2)_H1 (4E3/2)_H2(4E3/2) +E1-ii+ DaJ[X]g A

_ Hao HBp ,U/aEa NﬁEﬁ - N N

= H (2E1/2 ) +H (2E1/2 ) - H (4)53/2 ) ~H (4)53/2 ) +Eis DaJ[X]g B,

and
Wa-hi= Hy (298 Y b, (P25 2y (PeB8) D, (955 L 5, a4 DX 8
o= ti\gpir ) T gpi ) T upsiz ) T 2 gz ) T2 PRI

_ Haa K8 poEa pebs) - . N
_H2(2E1/2)+H2(2E1/2)—H (4E3/2) H2(4E3/2)+“2'n+Dﬂj[X]g'n'

Using the facts that A = H10 + H20g and H10s = H20,, we have

A,u /-‘LaEa+/’(‘/@E/@
(244) (Wq D)o+ (Ws-h)g = A( E1/2) A(4E73/2)

+(E1-0), + (JT[X]ga ), + (Bz-1) 5+ (T[X]gs 1) 5 + (L1[X]g - 1), + (L2[X]g- D).
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We write the partial derivatives of g as
o = ThapXa = TRaaXg + g1, 98 = TEEgXa — ThagXg + g2,
with
g1 = AsXo - A1 X + s Xaa — aXag, g2 = AsXy - A3Xg + 1sXap — o Xps-

Using the facts AHy = -9, and AHs = —0p, the first term on the right-hand side of (2.44) is the
following:

(2.45) A (22752) =7A (22752) -A (2AVU\/E/~@ + R\/Ekmg) - AyrAp— Ay (Kalla + Kalig)
A A (B -t + T[X]ga ' + 2282+ T[X]gs - 2 + £1[X]g -t + Lo[X]g - £2).
We rewrite the second term on the right-hand side of (2.45) as
~A (24,UVEk + RVExng) = - (24,UVE + RVEng) Ar - 24,VERAU
- (A (24,UVEr + RVErns) - (24,UVE + RVEng ) Ak - 24,V ErAU ).
Using the fact that (H? + H2)f = - f, we have

~ 24,V EAU = -2A,xVE (H, (W, - ) + Hy (Wg 1) + Hy (W -1i,) + Hy (W -1ig))
ADH;LOZEO( _ AyliugEg
2F 2F

= AykAp— -24,kVEH, (2, -+ Do J[X]g -0+ W -1,)
~ 24,V EHy (S0 + DgJ[X]g -0+ W -fig).

Using this with (2.45) yields the following;:
Ap Ak
A (W) _ A (W) ~ (2A,UVE + RVEns) Ak ~ Ay (Kapia + Rspis)
A A (B -t + T[X]ga 1 + 2282+ T[X]gs - 2 + L1[X]g -t + L2[X]g - £2)
ApkugE
- (A(24,UVEs + RVExns) - (24,UVE + RVEns ) A - 24,VErAU ) - A”Z’“]‘;Ea - ’;’;f 2
~24,xVEH, (1 -1+ Do J[X]g -+ W-1,) - 24,6V EHy (2 -0+ DgJ[X]g- 0+ W -1ig).
Plugging in (2.38) and (2.40) for the tangential parts of Z; and =5 above yields the following:
Ap Ak . Kaa ~1 . Kag .1
A(2E1/2) :TA(2E1/2) _TA”A([HI’H] (2}51/2)'t + 2.0 (2El/2)'t )

A~ Ra 2 N K “~
—TAVA([Hl,n] (2E7172) -t2 + [H, 1] (Fﬁlﬁp) .t2) - (QAZ,U\/E+ R\/En3)A/£—AU(/£aua +KaU3)

- TA A (T[X] (KapXa — kaaXp) -t + T[X] (kX0 — KapXp) - )
A A (R -t + J[X]g1 -t + Ry - % + T[X]g2 - 82 + £1[X]g - ' + L2[X]g - ?)

_ (A (QAVU\/EK + R\/Emg) - (2AVU\/E+ R\/Eng) Ase — 2AV\/EHAU) B Ayf;nga B Auf;/g;Eﬁ

~24,sVEH, (1 -1+ Do J[X]g i+ W-1,) - 24,6V EHy (2 -0+ DgJ[X]g- 0+ W -ig).
Using the fact A0y = H1A and Adg = Ho A, the second term on the right-hand side of (2.44) is

palio + ngEs B E, Eg E, Ep
A (*g ) =~ gt A= g et (A g5 o <[ g5 e
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Using the equation (2.33), we have
Es B Es
ST THyAK - [A, 15 ] fo — [A, 15 ] 1%

Eq Eﬂ 71 72
- (4E3/2 Hi+ i HQ) (-44,U Bk - 2RExns - 24,VE (W, - + W, - £2))

Ak

HBaLo+ppgEp\  Eq
—A( 4E3/2 ——4E3/27’H1

We are ready to conclude that

o . Ak N Raao 71 ~ KRap 71
(Wa.n)a+(Wﬁ~n)ﬁ:TA(72E1/2)—TAI,A([Hl,n](rEl/Z)-t +[H2,n](2E1/2).t )
s Fap \ 2 s f8s \ p2)__Ea Eps
—rAA ([Hl, Al (W) 82 4 [Hy, 4] (2E1/2 ) 3 )_4E3/2 TH ARl T Ha Ak (24,UVE + BV Eng) An

- Ay (Bapa + rpps) - TAN (T[X] (FapXa = KaaXg) -t + T[X] (kgsXa — kapXp) - 2)
+7 (T [X] (kapXa = FaaXp) - 1)+ 7 (T[X] (kpsXa =~ KapXp) - 12) + Ra,
where Rj3 is given by
Ry =-AAN(Ry-t'+ J[X]gr1 - t' + Ro - 82 + J[X]go - t2 + £L1[X]g -t + Lo[X]g - t?)
AykugE
- (A(24,UVEs + RVErns ) - (24,UVE + RVEns ) A - 2A,VERAU ) - A”’;“b:*E“ - ';’fE" 8
~24,kVEH, () -1+ Do J[X]g-fi+ W -fi,) - 24,kVEH, (-1 + D J[X]g-t+ W - 1ag)
FE, Eg FE, Eg -1 .
—[A, 4E—3/2] ua—[A, 155 ] ”5_(4E3/2 Hy+ o HQ) (-44,UEk - 2RExns - 24,VE (W, - T + Wj - £2))
+(51-0), + (J[X]g1 - 1), + (B2 )5 + (T[X]g2-0) 5 + (L1[X]g- D), + (L2[X]g- D) 4.

Recalling the expansion of AU in (2.30), we rewrite the final two terms on the right-hand side:

(o v ), (%) () () ()

0 M - N (WY Wiy (W) (W -2
(08 () + V) (-5m)), = (Vg )B L R )B ()
We calculate as follows:

(WP) (W~E1) __Hl(,wa)_Hg(fwg)+2UM+El.El+Daj[X]g-E1+52-t2+D6j[x]g.ﬁ2
VE /, VE ) VE VE E VE ’

since by the geometric identities (2.10)and(2.11), we have

we) v (Ge),

Then using the further identities

M, = Lg - Egk, Mg = Ny - Eyr, Lo+ N, =2k,FE+2E K, Lg+ Ng=2kgE +2E3k,
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we may complete our expansion of AU :

AH ~ aa 1 ~ Kap gl §
(2.46) AU = TA( El/z)—TA,,A([Hl,n](2E1/2)~t +[H2,n](72E1/2).t)

1 Fap ) z2 " 88\ 12 Eq
_TAVA([Hl,n](W)'t +|:H271'1](2E1/2).t ) 4E3/2TH1AI€ 4E3/27’H2AI€
-1 AN (T[X] (kapXa — FaaXp) -t + T[X] (kpsXa - kapXp) - £2) - (2AZ,U\/E+ R\/En?,) Ak
- Ay (Bapa +Epps) + T (T[X] (kapXa = KaaXp) 'fl)a +7(T[X] (kppXa — KapXp) - %) + Ry

( Hi (kpo) Ha(kppg) 2UM  Zp-t'+ D,J[X]g -t +52.E2+Dﬁj[X]g-E2)
-M|- - + +
VE VE E VE

(WY (W) W-El) - o W-EQ) - -
L(<¢E)a N( VE L ( V7 A ( vB ) G Bor).

Recalling that we are working toward an expression for the evolution of the mean curvature, k,

we plug all these expressions into (2.27), while also rewriting (VEk)o = VEkq — 6Eq/2VE. These
considerations yield the following:

(VEE), AN Ar A 1 Faa \ 21 1 KB \ 21
VE _Tﬁ(2E1/2)_TA”ﬁ([Hl’n](zElﬂ)'t + [, ](2E1/2)'t)

A Kap \ 2 o ks r2)_ _Fa Egs
-TA,— voF ([Hh ](2E1/2)'t +[H2,n](2E1/2)~t ) E5/2TH1AI<J E5/27'H2A,%
A . o 24,
~TAy o (T[X] (KapXa - KaaXpg) -t + T[X] (kpsXa — kapXp) - t2) - ( 2UJ_R”3 ) Ak
Ay(Kapa + Kppg) T 71 c2y, s
- — (J[X] (kapXa — KaaXp) -t — Xy — kapXp) -t
°F +2E(~7[ 1(Kap KaaXp) '), +2E( [X] (rpp KapXp) - 7) + °F
+vl—w-El(mE )+ Vi-W-t! . +V2—W-EQ(KE )+ Vo - W -2 - +UM2
2F3/2 o VE o 9E3/2 B JE B E
, MH, (Kta) | MH, (kpg) 2UM? Z1-t'+ Do J[X]g-tt+Z5 12+ DsJ[X]g- E2M
2F 2F E? 2312

+L(%f“f“)+N(%—ij

2FE VE . 2E VE 8

Since k; = (VER):/NE+E;k/2E, using the evolution equation (2.28), we conclude that the evolution
of k is given by the following:

A Ak A . Raa 21 N Kap 71
(2.47) Kt_T2E (W)_TA”ﬁ([Hl’n](m).t +[H2)n](2E1/2)-t )

A ws \ - ) E, Es
—TA, 2E([Hl, ](Hiﬁ)-t2+[H2,ﬁ](ﬂ)-ﬁ)—iTHlAn B HyAk

2E1/2 2E1/2 8E5/2 SE5/2
A o -
- TAV@ (j[X] (’ﬂa,ﬁxa - ’iaozX,B) A+ j[X] (KBﬁXoc - Haﬁxﬂ) 'tz)
T 1 T .
+ﬁ(j[X] (FapXa — kaaXpg) t ) +ﬁ( [X] (Iiﬁﬁxa—fﬁaﬁxﬂ)'t2)+Q1 +Qo,

where 7 and )2 are the following:

W ! _W-t2 4
248  O1-- (2A U+Rn5)AK+(V1 Wi _Al,ua)ﬁa+(V2 Wi VW;)%

2WE VE 2E VE  2E
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Ry Vi-W-i! Vo - W -t2 UM?  MH, (kpa) MHs (kug)
(249) Qz=5p+ —5par  (WBa)* —gmm (REs) =t —— v
WM i+ DaT[X]g # + 5 2 + D T[X]g
- - M
E? 2F3/2
L L (n-WeRY N (V-WeE) (Ve UL VREy
26\ VE ), 26\ VE ), \VE E 2B

3. PRELIMINARY ESTIMATES AND USEFUL FORMULAS

In this section we state a number of useful lemmas. Some of these are given without proof if they
have appeared clearly in other works or are standard analysis facts. Otherwise we also give proof of
the lemmas. To begin, Lemmas 3.1, 3.2, 3.3, 3.4, and 3.5 all appear in Section 6 of [4], and thus we
omit proof of these.

Lemma 3.1. Let F be in H*%?, X ¢ H**'. Then K[X]F(a, ) is in H® with
IKIX]F s < O+ [X]541)* | Flss/2-

Lemma 3.2. If f € H**' and ge H*™', then [Gyj, flg is in H***, with the estimate

IG5, flallss1 < [ fllss1lgls-1-
Lemma 3.3. Let F be in H*"'12, X e H**'. Then fori=1,2, L;[X]F(a,B) is in H® with

|CX)F]s < OO+ [Xsr1)* [ Fllomape i=1.2.

Lemma 3.4. If f € H"! and g € H®, then [f, H;]g is in H**Y, with the estimate

ILf, Hilgllssr < 1 fls+1llglls-
Lemma 3.5. Iffve H® and g€ H*™?, then [, H;]g- 1 is in H®, with the estimate

|[R, Hilg-als < [a]s]gls-2.

We next give a related commutator estimate, but the exact form of this did not appear in [4],
and thus we include a short proof.

Lemma 3.6. Let s >d/2. If f e H**! and g€ H®, then [A, f]g is in H®, with the estimate
1A, Flgls < [flsallgls-

Proof. Notice that

(3.1) (A f1g=A(f9) - fAg = -[f, Hilga = [f, H2]gs + Hi(g9fa) + Ha(9fp)-

By Lemma 3.4, we have

H - [fa Hl]ga - [fa HQJQﬁHS < Hf”s+1”g‘|s
When s > d/2, we know the Sobolev space H? is algebraic, that is

I1H1(gfo)ls < [ fallslgls < 1flsealgls-
This complete the proof of the lemma. O

Next, Lemmas 3.7, 3.8, 3.9, and 3.10 express standard Sobolev estimates and are noted without
further proof.

Lemma 3.7. If f e H® and ge H®, then A(fg) — fAg—gAf is in H®, with the estimate
IA(fg) = fAg—gAfls < flslgls.
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Lemma 3.8. For s >0, then

(3.2) ITA®, flgllo < C IV fl=lgls-1 + 1 fslgllL=) -
Lemma 3.9. For s>0, f,ge H® then

1/2 1/2 2 2
1£als < c(UFI 1A 1gls + 1 £ 1slgle 1al5?)
Lemma 3.10. For 0<m < s,and f € H®, then
(3.3) IA™ Fllo < [A®fI™ | £/

Next we have a lemma about the isothermal parameterization, which is related to the Gauss
equation and Gauss’s Theorema egregium.

Lemma 3.11. If X € H**! then E -1 is also in H***.

Proof. By the equation (2.29), we have

(3.4) AFE =2(Xap - Xap) = 2(Xaa - Xs8)-

The right-hand side of (2.29) is in H¥"' N L! when X € H**!. This completes the proof. |

Next we have a lemma on the solvability of our integral equations. We do not include proof as
solvability is well-established in the related works [12], [24].

Lemma 3.12. If X € H*"', k€ H®, then p is well-defined and belongs to HY.
Then, having shown that u exists and is in L2, it is possible to establish higher regularity.

Lemma 3.13. If X ¢ HS*Al, E ¢ H*' and k € H®, then p is well-defined and belongs to H®.
Furthermore, we have W -t € H®.

We also do not prove this lemma here, as it is similar to Lemma 7 of [1].
Next we give a lemma to establish the regularity of the normal velocity, in terms of the regularity
of the surface.

Lemma 3.14. If X e H*"', Ec H*"! and ke H®, then U =W -fie H5!,
Proof. We sketch the proof. Recall the equation (2.35); then we have

U:W-ﬁ=H1(2‘\‘/‘%)+H2(2i‘/%)+j[x]g-ﬁ+[H1,ﬁ](%)-m[lfg,ﬁ](;/%)-ﬁ,

J[X]g = K[X]g + G (g xXaa  3(gx Xa)EQ)

2E3/2 QAE5/2
oo (9% Xas _ 3(gxXa)Ep +3(gxXp)Ba ) |~ (9xXss 3(gxXs)Ep
2\ 2E3r2 4F5/2 22\ Tops/2 AE5/2 :

By Lemma 3.1, we have
IK[X]glls < CL+ | X[s+1)?[glls-372 < CUIw]s, [ X[ s21)-

The operators G; are of order —1; therefore

9xXaa  3(9xXa)Ea 9xXaa  3(9xXa)Ea
on (g - TR )| <o e - T cctml X 1)

It is similar to estimate terms involving G152 and Gas. We have established

|71X]glls < Clsls, [ Xl s, [Els1)-
Applying Lemma 3.5 and the estimate on p completes the proof of the lemma. O




THE ZERO SURFACE TENSION LIMIT OF 3D DARCY FLOW 15

Remark 3. If we substitute g to f and assume that f € H®, and we calculate that D, J[X]f =
J[X]Duf + L1[X]f and apply Lemma 3.3, then we see that J[X]f € H** .

Next we have a lemma on the tangential velocities. Notice that L, M, N € H*"! if X e H5*!.
Lemma 3.15. [f X e H**', E e H**! and k€ H®, then V; € H®.

Proof. We apply 0, to both sides of equation (2.4) and we apply 9z to both sides of equation (2.5),
and then add those equations. It follows that

(o) (), ),

Using the previous estimates, we have V; € H®. Similarly, we have V5 € H® since
A(Vg):_(U(L—N)) +(2UM) .
VE E P E Ja

We are now in a position to make estimates for a large number of related quantities.
Lemma 3.16. If X ¢ H**', E e H*"! and k€ H®, then we have the following estimates

1Q1]s-1 < O], X[ 541, 1E]s41),

|4t € CQURLs X o, [Blaen), §=1,2,3,

lgills-1 < C(l&ls, [X]s1), i=1,2,

IRills < O], X[ ss1, [Es41),  i=1,2,

(3.5) [Zills-1 < CUELs X se1, [Els41), =12,

HEl ' ﬁHS < C(HHH& HXHS+17 HEHS+1)7 =12,

| Rsls-3/2 < C(l6ls, [Xlss1, [Els+1),

1Qal o372 < Cllles XN o1, |l e)-
Proof. The estimate for @) is based on the regularity of L, N, U, V;, Wf’ and p. The estimate for
A; e H51 directly follows from the regularity of L, N, U, E and W -t’. The estimate for g; is based
on the estimates of A; and p. The estimate for R; € H® for i = 1,2 follows from Lemma 3.4 with
feH® and ge H*!. It also implies =; € H* by Lemma 3.4. Based on the estimates on R; and Ry,
to establish Z; - fi € H*, we only need to estimate [H;,fi]g-h with g € H572, and we are able to do

so by Lemma 3.5.

Now we estimate R3. There are several terms which need attention. First, since g € H*7!, by
Lemma 3.3, we have £;[X]g € H*'/2, moreover (L£;[X]g-t")s € H*3/? and (L£;[X]g- ), € H*3/2,
Second, J[X]g; € H® is the same as J[X]g € H®. And by Lemma 3.7, we have the following
estimate:

H (A (2AVU\/E/£ + R\/Eling) - (2AVU\/E + R\/Eng) Ak - QAV\/EI{AU) .
<C([Els, X[ ss1, [E]s41)-

Finally, for other terms which comprise R3, we omit the details but conclude that they are in H*7!.
We also omit the details of proof of the estimate ||Q2]s_3/2 < C(|&lls, |X[s+1, | E]s+1) since they
are similar to the details of the estimate of Rs. O

Finally, we have one more lemma on regularity of the surface X; the proof of this may be found
in [4].

Lemma 3.17. If X € H*"! and k€ H® and X is parameterized according to (2.3), then X € H*2,
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4. WELL-POSEDNESS WITH SURFACE TENSION

In this section, we provide a complete proof that the three-dimensional interfacial Darcy flow
problem is well-posed, for any fixed, positive value of the surface tension parameter, 7. In Section
4.1, we give an a priori estimate for the linearized system. In Section 4.2, we begin the proof of
well-posedness, setting up an iterated system of evolution equations. We prove that this system has
solutions, and we also prove estimates for the growth of the solutions. In Section 4.4, we use these
estimates to allow us to take the limit of the iterates, finding a solution of the physical problem. We
also discuss uniqueness and continuous dependence on the initial data.

We first study the well-posedness of the linearized Cauchy problem for x. More precisely, we will
consider the linear Cauchy problem for 7 :

(4.1) nt:T%( An )—TA A ([Hl,ﬁ]( Nac ).§1+[H27ﬁ]( Nas ),51)

2E1/2 Y9FE 2E1/2 2E1/2
A 1 Map | 2 o M88 \ 2 Eq Eg
_TAVE([HMHJ(QEUQ).‘: +[H2,H](2E1/2)~t )—78E5/27'H1A7’] 8E5/2TH2A’(]

A o R
-7y —— (T[X] (MapXa ~ NaaXp) - T + T[X] (npsXa — 10sXp) - t%)

2F
(j[X] (naﬁxa - Uaaxﬁ) 'fl)a + (j[X] (nﬁﬁxa - naﬁxﬁ) E2) + Q1 +Q2,

T T
+ R R

2F 2F
with initial condition 7(t,Z)|=0 = 1o, where 7 > 0, @1 and @2 are nonhomogenous terms. Notice
that the relationship between t*;fi and X is same as before.

4.1. The a priort estimate.

Theorem 4.1. Suppose that E ¢ C([0,T],H*"*NC'([0,T],H**) and E > Cy > 0 for some
constant Co, X € C([0,T], H***NCY([0,T],H*) and k € C([0,T], H*NC([0,T], H*3) . We
assume that the initial data no € H* and the nonhomogenous terms Qi € L*([0,T],H*™') and
Qo € L?([0,T], H*™3/?). Then there exists constant m >0 and a unique solution n e C([0,T'], H®).
Furthermore, it holds that

. t rm A5+3/277 2 . t 5]Q1 +Q2H§73 )
(12) Il 07t [T gy port () o [F IR S )

5 mT

Proof. The well-posedness for the linear Cauchy problem for (4.1) will be achieved by classical steps,
such as approximation, demonstration of existence of approximate solutions, passing to the limit,
and demonstrating uniqueness. The main step, which is what we will now demonstrate, is to perform
energy estimates; restated, other than the energy estimates, the details are routine. We define the
energy

(43) E= 80 + 51.
with & = £|n[3 and & = 1| A*n[3. To begin, we take the time derivative of &y:

d&y
— = dadf.

Since s is sufficiently large, using the evolution of n and preliminary estimates in Section 3, we
immediately find

d&y

i < C(E + Q1+ Q2H§—3/2)'
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We next take the time derivative of &;.

d A
(4.4) ﬁ = [[ (xemyae (2E ( 7 ))dadﬁ v [ (4549020) 4732 Qgdads

2E1/2
+ [[ (A320) A792(Q1 + Q2)dads,
where @3 is given by

(4.5) Q3:—AVA([Hl,ﬁ](%—‘”).EH[HQ,ﬁ]( "lag ).El)

2F 2E1/2 2E1/2
A E

4 A s Mas \ p2 o s\ p2)_ _Fa Eps
AV2E ([Hl’n](QEl/Q) t +[H27n](2E1/2) t) 8E5/2H1ATI 8E5/2H2A77

A N N
- AVﬁ (j[X] (naﬁxcx - naaxﬁ) 'tl + j[X] (nﬁﬁxa - na[ﬂxﬁ) 't2)

1 1 )
+ 55 (TX] (apXa = n10aXs) - #)  + o2 (T[X] (38X = 10pX) - 1) 5.

We first deal with the first term on the right-hand side of (4.4). Noting that A = —A% we find the
following:

f/( A S( (2E1/2)) adff = - /](AS s( (2/;172))d04dﬁ
/f (A532y) A5 3/2( E3/2)d B - ff (A=*3/2) A+~ 3/2(4E [A E1/2] 277) dadd

- // PO (As+3/2n) A2 dads - f/ (As+3/2n) I:Asf3/2, o ] APndads
1
_ s+3/2 s=3/2 _* 2
e R e
By Lemma 3.8, for sufficiently large s, we have

1
8—3/2 3
(4.6) ”[A 153/2 ] Al < C( ‘v (4E3/2)

s+1/2 1
By Lemma .10, A"y, < ¢ A3/2p|F [y| 77
(4.6), we have

s 5= 1
‘_[ (A +3/2,}7) [A 3/274E3/2]A3ndad6’

s+3/2 HA5+3/2

1 3
= L

<elnlssazz < ellnlo + 145 2nlo).

[A%] 5572 +

L

. Using this bound, Young’s inequality, and

H s+3/2

L olnlolarigl < G g,

<clnlg

where w is a constant and will be chosen later.
By Lemma 3.6, we have

el

So by Young’s inequality,

T e g g

< | A%yl s-zs2 < e(llmlo + |45 2n]o).
0

N
w

(4.7) CE.
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We make our first conclusion that

Sp) AS A n 1 s+3/2 2 2HAS+3/277H3
48 /](A ( (2E1/2))dad5 < _ﬂ4E3/2 (A + 7’]) dadﬂ + T + C€.

Now we consider the second term on the right-hand side of (4.4). That is, we consider [Qs]|s_3/2.

First, it is easy to say that |- Sg—nglAn— Sg—megAnﬂs,g/g <c(|Info+ A% ?1]o). Otherwise, there
are many similar terms comprising @3, and we only give details of bounding a couple representative
examples of these, in particular |[[H;, a]f]s_1/2 and | T [X]f]s-1/2. By Lemma 3.4, |[H;, 2] f|s-1/2 <
| s-1/2] f]ls-3/2 and by previous discussion, | J[X]f|s-1/2 < (1 + [ X[ ss1/2)*| f]s-3/2- Here, f is in
terms of second derivatives of 7 in @3, so | f|ls—3/2 < [7]s+1/2- We conclude that

(4.9) 1Qs1s-372 < e(lnllo + |45 2n]).

So by Young’s inequality again,

‘[/’(As+3/2n)As—3/z

Finally, by the Holder inequality,

s+3/2,,(12
< HA 77”0 +CE&

L TIA g @lQ+ Qalyy
< .

T

‘f (As+3/277) A573/2(Q1 Qs

Now we make the conclusion that

(4.10) % < —Tf/ 4Els/2 (AS+3/277)2 dodf + 47’|A5;3/2n|g S CrE s w|Q1 +f22|§_3/2.

We know E >0, and FE € L when s > 1. Then there exists m > 0 such that — Em < -m. Now we
take w = 5/m. Then

o N IR

By Gronwall’s inequality, it follows that

(4.12) E(t) +eCt fot Tm”AS:/Q”“Q)ds <Ot (5(0) + fot st).

O

Remark 4. This above estimate is not uniform in 7, since 1/7 - oo as 7 - 0. Thus the time of
existence is going to 0 as 7 goes to 0.

4.2. The iterated system. Now we devote ourselves to deal with the nonlinear system for X and
k. We take the initial data Xo € H**2. We may take this surface to have a global isothermal
parametrization [12]. Assume that there exists ¢g > 0 such that Ey > cg.

We will construct (X!, E!, x!) by an iteration method, given an initial X°, E°, and x". We take
these to be given by, and calculated from, the initial data Xo. Then E° = E; = Xg . Xg = X% -X%,
and X? -XOB = 0. The second fundamental coefficients L, N° and M are given by the equation
(2.6) and «° is given by the equation (2.26); then, x° € H*. Solving the equation (2.16), we get the
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solution p°, and W is then defined by the Birkhoff-Rott Integral (2.24). Moreover, U’ = W' - #
Then (V,?,V3) is determined by solving the following system:

( V10 ) _( ‘/'20 ) - UO(LO—NO)
V), \Ve ), B

(7)), - %%
VE©) s \VEY), B0
Assume that we have already constructed (X!, k!, E'). We next determine y' by solving (2.16).

Then we use the Birkhoff-Rott integral (2.24) to get W'. We denote the iterated quantities related
to X! as follows:

! ! !
Sl X!, 22,0 _ X5 Al = Xo x X
IXLI" |X |’ XL, XXll

r'=x., -a", N=Xj;-a, M=X,qd

We also let U! = W' dl.
Now we describe how we find the next iterates. To begin, we construct x'*! to solve the linear
Cauchy problem:

A Agltl A Kl R P R
4.1 I+1 _ — 1A, H N o _tl,l H ~1 aﬂ .tl,l
(4.13)  ry TQE’(Q\/_l) ORI ([ 1’“(2@) +[H2 0] W EL

A ! Hﬁl 2,1 K5 2,1 Eq w__ Bb 1+1
- ey n « . £2, . £2, + +
TAV2El [Hy,n'] i t2! + [Ha, ') Vi t 8(E5)5/2TH1AK 8(El)5/27H2AH
A - -
—TA, (j[X ] ( l+1Xl HlXﬁ) tl’l 4 j[Xl] ( l+1Xl l+1Xﬁ) t2,l)

2E!
(j[Xl] ( l+lxl gixlﬁ) .El,l)a + (j[Xl] ( l+lxl l+1XIB) EQ,[) + Qll + Ql2

"3 ol
with initial condition £"*1(¢,2)|s=¢ = Ko, with 7 > 0, and where Q% and Q5 are functions of X', !, E*, u!, V!, VI, U,
LY N M eb £20) and @, given by (2.48) and (2.49) respectively .

Secondly, we determine (V"1 VJ/*1) by solving the elliptic system
(414 (Vll+1) (Vl+1) i ULt _Nl)7
vE)., \VE), I
(4.15) (Vm) + (VQM) M
VE'); \VE], B!

which enforces the isothermal parameterization.
Let X*! be given by the solution of the initial value problem

(416) Xi+1 — Ulﬁl + V1l+1£17l + ‘/'2l+1i\_127l7 Xl+1|t:0 — XO
We have one more intermediate variable X'*!, which is given by solving the elliptic equation

(4.17) Aih—l Xl+1 QHXZHXXHl Xl+1.

Now we are ready to construct X'*! by solving the following elliptic equation

(4.18) AXZ+1 _ Xl+1 — QKZZXQI x Xl[;»l _ Xl+1'
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Finally, we define E'*! also by solving the following elliptic equation:

1
(4.19) AE" - B =o(XLG - X5 - XET X)) - 5(Xﬁjl XU XETXE.
4.3. The estimates of iteration.

Lemma 4.2. The iterates (X!, E', k') are defined for all I and there exists T > 0 and positive
constants Cy, C1,Cy, C3 and Cy, such that for all I, we have the following bounds:

(4.20) E'>Co>0, XL xXh[>Co>0,

(4.21) |54 coo,r.a0) < Ch,s

(4.22) HXl HCO([O,T];HS“) + HEl ”C’O([O,T];HS”) < Oy,
(4.23) Hatlil ||CO([07T];HS-3) < Cg,

(4.24) 18:X! oo 77, mre-1) + |0 EY | cofo, o1y < Ca

Proof. We proceed by induction. We will determine Cy, Cy, Cs, C3, and C as we go. Given the above
initial data, the conclusions are immediately true for I = 0 for any Cy < ¢g. Assume that (X!, B!, &!)
exists, satisfying (4.20), (4.21) (4.22),(4.23) and (4.24). By Lemma 3.16, we have Q" Iz2(ro,77, 551y <
C(Cy,Cy) and ||Q) I 2 (o, 77, m:-372) € C(C1,C2). Furthermore Theorem 4.1 shows that the solution
of (4.13), k™1, is in C°([0,T]; H*) and then 9;x'*! in C°([0,T]; H*=3) for some T > 0. Moreover,
by the energy estimate (4.2), the estimate of /*! satisfies

” Kjl+1(t) HS < eC(Cl,Cg)‘rt HHO HS n 5teC(Cl7C2)‘rth(Cvl7 02)/m7_.

Hence taking C; = 2| ko[ s, we may take T small enough (independently of {) such that

|7 () | o= (0, 77; 75y < Ch1.-

Using Lemma 3.15, we have

IVill Lo (o, 7355 + Vel L= (o,77;10) € C(C1, C2).
By the evolution equation (4.16), X"** ¢ C°([0,T]; H*™') and
(4.25) IX5 | o= o, 73 15-1) < [Xofl 51 + C(Cr, Co)T.

Hence we may take 7' small enough such that | X! I (r0,77;m5-1) < 2| Xo | s-1. By elliptic equations
(4.17) and (4.18), we then have X!*! € C°([0,T]; H**!) and

(4.26) IR 1= o1ty < O Koot o),

(4.27) IX | o o.77:27551) < C 1Ko 51, [ Kolls)-

Moreover by elliptic equation (4.19), we have E'*! e CO([0,T]; H**!) and the estimate
| B = (fo,73:501) < O Xolls-1: [0]ls)-

So we now take Co = max{2C(|Xo|s-1, |<olls), | Xo|s+1}, the estimate (4.22) holds. This choice of
C5 implies that T can be chosen in (4.25) to be independent of /.
We know that by the evolution equations (4.16) and (4.13),

10: X oo (0,17, 515-3y < C(C1, Cs)

and

[0k (1) |s=3 < C(C1, Co) (1 + |71 (1)]) £ C(Cy, Ca) (1 + Cy).
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Taking Cs, such that Cs > C(C1, C2)(1+C4), we hold the estimate (4.23). Taking the time derivative
of (4.17) and (4.18), it follows that
10X e (0.7 1151y € C(Ch, Ca, Cs).
And, taking the time derivative of (4.19), it follows that
|8: EX Y| L ([0,77.275-1) < C(C1, Ca, C3).

So we take Cy, such that Cy > C(C4,Csq,C3), then getting the estimate (4.24).
Notice that if s is sufficiently large enough such that H°~! c L°°, then

t
B (1)) > Eo - fo 0,E"\ds > co - 1Cy,
and
t
XL () < X ()] > [XEH(0) x X5(0)] - fo O XU () x X (s)ds > co — tCyCa.

So we can take T small enough such that ¢y — TCy > Cy and ¢y — TC4Cs > Cy. This completes the
lemma. O

4.4. The limit of the iterated system. In this section, we prove that we have a Cauchy sequence,
which implies the convergence of the iterative procedure. We will prove existence of a limit in a low
norm; regularity of the limit follows primarily using the uniform bound in the high norm. The main
result of this section is the following lemma.

Lemma 4.3. The sequence (X!, !, E') is Cauchy sequence in the space
(4.28) c([0,71; H*), C°([0,T];H?) and C°([0,T]; H?).

Proof. In the proof, we use some of the same variable names over again but with different meaning.
We denote (6X,6k,6F) = (X - X! gL — gL EXY - BV 6= pt*t = pt, sU = UL - UL, ete. ... We
define an energy functional

1 1 1 1

(4.29) Dy = S 10X |3+ S 16x[5 + 5 I1A0k]3 + S [6E]3.
2 2 2 2

As in Lemma 3.14, we have

(4.30) |6U|2 < CD.

Furthermore, by the definition of (4.14) and (4.15), we have

(4.31) 6Vil3 <€Dy .

We now get the equations for the difference of the I-th and (I + 1)-st iterates:

_ A Adbk A ~1 5“0404 ;1,1 N 550& $1,1
5l€t—7ﬁ (W)_TAVQE'Z([Hlvn](W)t +[H2,n] T\/ﬁ -t
A 11 ( OKap 22,1 11 Oksp 22,0 Eiy E;B
_TAVW([Hl’n](W)t +|:H271’1] 2\/@ -t —WTHlAéﬁ—WTHQA(SH}

”% (T[X'](0kasXy ~ 0kaaXp) T + T[X'] (855X — 0kasX) - £7)
+ ﬁ (J[Xl] ((Sﬁaﬂxfx - §’€aaxf3) : El’l)a + ﬁ (j[Xl] (5%35ﬁXfx - 5HO¢BXZB) . EQ»l)

+ Fl(ﬁl,XlaEl) - Flil(ﬁlaxlilaElil) + Qll - Ql{l + Ql2 - l271'

-TA
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Notice that we are using both F!(x!, X!, E') and F'"!(x!, X1, E'"1) above; we only write out the
formula for F'(x!,X!, E'), as the other formula is the same except that all quantities except the
curvature term just make use of the (I —1)-st iterates. The formula for F! is

A [ Ax A o . ! .
4.32 Fl l Xl El — _ AV H Al [e7e] ‘tlJ H Al ap .t17l
( ) (K‘v ) ) T2El 2\/@ T 2F! [ 1,1’1] 2\/@ +[ 2,1’1] 2\/@

A A H. f “ixﬁ 204 T Hy f HZﬂB 221 Ea HiAR E}? Ho AR
T \Ue N o ) R G | T sanm T A T s A

— TAV% (jl:Xl] (,‘glaBXla — Kflaxlﬁ) 'El’l + j[Xl] (Ii%ﬂxfx _ K;flﬂxlﬁ) .i.:Q,l)
+ ﬁ (J[Xl] (f‘/ugﬁxla — Iiiyaxlﬂ) . fjl,l)a + @ (j[Xl] (Klﬁﬁxfl _ K/flﬁxlﬂ) ) £27l) .

First, similarly to (4.11), we have

7/25 .12
(4.33) %% f 5n2+(A25n)2dadﬁ+MgCT f §k2 + (A26K)2dadf
(P (X B - P XL B, + Q)+ @) - @ - Q5 )

mT

With s large enough, as in prior estimates of @1, @2, we can conclude that
(430) [P X B - P XL B2, Q)+ QL Q4 - QI <CDy .
By Gronwall’s inequality, it follows that

Ctt +
5Ce / D;_1(s)ds.
mr 0

Now we discuss X! — X! and E"*! - E!. First, by the equation (4.19), we have

1 1
(435) SIS IA%R(0)| <

(4.36) [6E5 < CloX]3.
Then by equation (4.17) and (4.18), we have
|0X 5 < 26/ X5 < X5 - 261X < X T+ |1 X - X2
<Clw' =&+ CIXM =X+ C)X =X
<Clw' =T+ CIXM =X,
and by equation (4.16), have
N N t
(4.37) 1K X2 < ceCt fo Di_1(s)ds.

Thus, we conclude that

t
(4.38) D, SC’eth Dy_1(s)ds.
0

Ct -1
Moreover D;(0) = 0. Hence, we deduce for [ > 2 that D; < eCtE )1)'. This implies that (X!, !, E')
n-1)!

is a Cauchy sequence. O
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4.5. Well-posedness with surface tension. In this subsection we state and prove the main
theorem of Section 4. We take s large enough. Let ¢, c1,d be positive constants. We define an open
subset @ ¢ H**2, such that for every X € O, the following conditions hold:

(4.39) I1X[s+2 < d,
(4.40) E(a, ) > co,

[X(a,8) - X (o, 8
(o= (5= 5)?
Theorem 4.4. Let the surface Xg € O be globally parameterized by harmonic coordinates (namely

(2.3) holds). Then, there exists a time T > 0 (T may depends on 7) and a unique solution X €
C°([0,T),0) for the Cauchy problem

X, = Ui+ Vit + ht?,

Mo = TKq — 24,vVEW -t - Rz,
/J,ﬁ = TI{B - 2A,,\/EW ~E2 - RZg,
X(t=0) = Xo.

(4.41) >¢p, forall a#f.

(4.42)

Remark 5. When we say X € H*, this means that X(«,8) - («, 8,0) is actually in H®, since the
surface X is asymptotic to the plane at infinity.

Proof. First, it remains to show that the limit of the iterates is a solution of the original system. We
have proved that (X!, k!, E') is a Cauchy sequence. Moreover X! and X! are also Cauchy sequences.
We denote the limit of (Xl,nl,El,Xl,Xl) as (X,R,E,X7X). Then the limit satisfies the system
(4.14)-(4.19) without index ! and [ + 1. In particular, we need to verify the system

X, = Un+ Vit! + V,t2,

(4.43) AX -X =2:kX,, x X5 - X,
(4.44) AX - X =2:kX,, x X5 - X,
1
(445) AFE-FE = Q(Xaﬁ . Xaﬁ - Xaa -Xﬁﬁ) - §(Xa ~Xa + X,g -Xg).
For the existence of a solution it is essential to prove the following relations:
=~ = L+N
(4.46) X=X=X, E=X, Xo=Xs X5, Xo-X5=0, k= ;E .

These relations imply then that AX = 2E«xi. The above relations all hold but we omit proof here
and refer to [23] which gives all the details.

Now we demonstrate the highest regularity of X. The solutions (X!, E') of the iterated equations
are in H**' x H*, uniformly bounded with respect to [, and thus the limit (X, E) is in this space
with such a bound. Then X can be bounded in H**2 since X satisfies (2.3). Considering (X!, '), at
each time there is a subsequence which converges weakly in H**? x H® and the limit must be (X, x).
Therefore at each time ¢, (X(-,t),x(+,t)) € H**2x H*. It remains to show that X e C°([0,T]; H**?).
We do not include all the details, but this can be done by adapting the corresponding argument for
regularity of solutions for the Navier-Stokes equations in Chapter 3 of [16]. We sketch this argument
now.

First, we prove that the solution is strongly right-continuous in time at ¢ = 0. We will need to
prove that (X, k) € H*"! x H® is strongly right-continuous in time at ¢t = 0. The steps are to first
show that (X, x) is weakly continuous in time with values in (H**! x H*); this follows easily from
the uniform bound and the strong continuity in (H**!'x H*"), for 0 < s’ < s. (This continuity follows
from continuity in a low norm established when we proved the iterates form a Cauchy sequence, the
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uniform bound in the high norm, and interpolation.) Then, it is shown that the solution is strongly
right-continuous in time at ¢ = 0 in the highest norm; this follows from the energy estimate and
Fatou’s Lemma.

The next step is to use parabolic smoothing; From the estimate (4.11), we see that ! is uniformly
bounded in the space L*([0,T7]; H“B/Q). Since this is a Hilbert space, we see that our sequence &'
has a subsequence with a weak limit in this space, and this weak limit must be x. The existence
theory can then be repeated in higher regularity spaces starting from almost any positive time, ¢,
with initial data X(:,¢). Using the uniqueness of solutions, the solution starting from time ¢t and
the solution starting from time zero must be the same. It can then be concluded that the solution
starting from time ¢ is continuous in H*"? (since H*"2 would no longer be the highest regularity),
and we are able to do this for any arbitrarily small value of ¢. Together with the right-continuity at
time zero, this argument implies X € C°([0,77]; H**?).

Finally, to obtain uniqueness of solutions, we argue as in the proof that (X!, x!, E') is a Cauchy
sequence, making an estimate for the difference of two solutions. O

5. THE ZERO SURFACE TENSION LIMIT

We now consider the behavior of solutions of the system (4.42) as 7 — 0. We will demonstrate
that as 7 vanishes, the sequence of solutions forms a Cauchy sequence. First, we will find solutions
exist on a uniform time interval, and then we are able to take the limit as 7 - 0. To get the uniform
time of existence, we will revisit the energy estimate in the case that a stability condition is satisfied.
For the new energy estimate, our first step is to make some decompositions, in order to make clear
the effect of surface tension.

5.1. Decompositions. As we continue to rewrite the equations of motion, we will begin to isolate
the contribution from surface tension. That is, for quantities which are related to the velocity, such
as p and W, we want to decompose them into two parts, one of which is proportional to 7, and one
of which is not. We decompose the equation (2.16) as

(5.1) i+AD0 =Rz,
(5.2) P+ A, = k.

(Recall that the operator © was introduced in (2.17).) Equation (5.1) and (5.2) can be solved for
@ and p*" respectively since I + A,D is an invertible operator for all [4,| < 1 [12]. Continuing, we
write fio = Tpg" + o and pg = %' + i, where

(5.3) 55 = ko = 2A,VEWS R 5t = kg - 24, VEWSY -2
(5.4) fio = 2A,VEW -t' - Rz,,  fig=-24,VEW -1? - Rz;.
Similarly, we define W5 and W, so that W = 7W*t + W :
, 1 o , X-X' -
s.t./ =\ _ s.t. / s.t. !
(5.5) w (a)——MPvg(ﬂa e e
— 1 N 5 X-X' -
(5.6) W(d)=-1-PV Rff (Fo Xy =T X0) % i 5 4o

As before, in (5.5) and (5.6), quantities followed by a prime are evaluated at &', while quantities
without a prime are evaluated at a&.
Given these decompositions, we then decompose the normal velocity as U = 71U + U :

Ust=Ws.n,  U=W-i.
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We can also decompose V; as V; = 7V + V;, for i € {1,2}, where the pieces should satisfy the
following equations:

VISAt. V’gs.t. ~ Ubt(L _ N)
= (V) (%), - =

Vls‘t. ‘/'25.‘5. ~ 2UstM
> (V). (%7), -
U(L-N)

A, -
(). - %

E

—s.t.

We also make the decompositions g = 7¢%" i@', == TEY+ Z; and Z5 = 725" + 25, We only give
the definition of =5, but omit the details of =1,Z5" and =, since they are almost the same:

(5'11) gs.t. = M%t.xa - :u(sx.t.XBa ’g: ljﬂxa - ﬁaxﬂ-

s.t. s.t. s.t. s.t.
=s.t. _ N Haa A /”LaB _ F1 Mo L _ ;2 Ho M
=it = ) (o ) « ) (g ) - L8155 ) - L2 (15

s.t. s.t. s.t. s.t.
(MM o (M5 N [ e Ea o (15 Ea
_[H27t ]( 2F _[HQ’t :| 28 —[H]_,l’l] 4E3/2 _[HQ’n] 4E3/2 ’

Now, we are ready to give the decomposition of X :

(5.12) X, = U0+ 7V + 7V 4+ Ui+ Vit + Vot

We need to decompose the evolution equation for &, (2.47), more carefully. Firstly, we decompose
Qi as Q; = TQ5" + ;. We give some of the formulas but omit others as they are similar:

s.t. s.t. s.t.  F1 s.t. s.t. _ s.t. 2 Au s.t.
24,U )AK (v1 Wt g Auﬂa)a (V2 Wot g2 Ay )@,

WE - VE 2F

it =- ( JE 2F

Q

7T V. _ W .f1 ~ V. _\W .$2 AT
1:—(2AVU+Rn3)A/€+(V1 W-t A,,/.La)ﬁa_‘_(VQ W-t V‘LLB)K,/;,

WE VE  2E VE 2F

ot R%t V'ls.t. — Wt El Vés.b. — W=t EQ Us.t.M2 +MH1 (Kuzt) +MH2 (Kﬂ%t)

= + E.)+ Eg)++
Y o (KFa) o (FP) E 2F 2F
_2UrtM? SR+ D J(X]gt b4 St 82+ Dy I [Xgt 82
E? 2F3/2

~ ~

L (Vls.t. _ Ws.t. . tl ) N (VQSt _ Ws.t. . t2) . (Vi; ~ Us.t.L V‘Qs.t.Eﬁ)
a B

28 VE 2E VE VE B 2B
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‘We now conclude that the evolution of k satisfies

(5.13) ’it:TA( ol )—TAD%([Hl,ﬁ]( Faa )~E1+[H2,ﬁ]( Kap ),El)

oFE \2F1/2 2F1/2 2F1/2
A 1 KaB \ 12 L1 K88\ 22 Eq Eg
- TA,,ﬁ ([Hl,n] (2E1/2 ) t° + [Ho,11] (2E1/2 ) -t ) - 78E5/2TH1A/£ - SET/QTHZAR
A - R
~TAvoE (T1X] (FapXa = aaXp) -t + T[X] (kppXa - kapXp) - t7)

T - T - ~ o~

+ﬁ (j[X] (ﬂa[ﬁxa - Kaaxﬁ) : tl)a+ﬁ (j[X] (KﬁﬁXa - H‘lﬁXﬁ) : t2)+7Q§Vt. +TQ;.t. +Q1+Q2~

We note that the evolution equation without surface tension, i.e. in the case 7 =0, is the following;:

24, U Vi-W-t' A% n-W-82 AJQ ~
VU+Rn3AI§Z+(‘/1 Wt _ Vﬂa) N (‘/2 Wt _ MB)K@*’QQ-
E VE 2F VE 2F

As shown in [1], the Cauchy problem for (5.14) is well-posed under the assumption

(5-14) Rt = C§1+C~22 =-

24, U + Rns
E

for some constant k. In this section, we also make the above assumption. Note that this is an
assumption only on the data.

(5.15) (&,0)> k>0,

5.2. Estimates for the decomposed quantities. First, we establish the higher regularity of &
and p5*.

Lemma 5.1. If X € H**2 and k € H®, then there exists a nondecreasing function C(-) such that

(5.16) [Filses < CUXs45),  for j =12,
(5.17) [ s < CRls [X]se1)-

Remark 6. We do not prove this lemma here. It is similar to the proof of Lemma 7 of [1].
We immediately conclude the estimates for ¢** and § from (5.11):

(5.18) 197 o1 < Okl [Xls+1)s [Glss1 < CIXs42)-

Now we consider \7\7, W=t In this subsection, we assume that X € H%*2 and x € H®.

Lemma 5.2. We have the following estimates for the velocities:

(5.19) 1T« < C(I1X]s41),

(5.20) [T )s1 < C(I1X ] s42).

(5.21) 1T ser < CUE]s, X s41),

(5.22) Wt -8, <C([8] s [ X s1), i=1,2,
(5.23) W -] < O], [ X s1), i=1,2.

Proof. We will give the proof of the estimate of US>t and W™*.t! and omit the remaining details.
First recall the equation (5.5),

s.t. s.t.
- e ) () o0y
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where

s.t Xaa s.t. Xa Ea
j[x]gst — K[X]gst + Gll (g X _ 3(9 X ) )

2E3/2 4E5/?
G g x Xop - 3(¢*" xXo)Ep +3(¢*" x Xp)E, ‘G gt x Xgg ~ 3(¢*" xXp)Es
2 2F3/2 4F5/2 22 9 F3/2 AE5/2 :

By Lemma 3.1 and the estimate (5.18) we have
IK[X]g™" s < O+ [Xs:1)* g™ -1 < O[5, [ X s0)-

Using the fact that the operator G;; is of order —1, we estimate the last three terms on the right-hand
side of J[X]g**. Now we are ready to conclude that

[71X]g™" (s < CllEls, X s01)-

.t

It is obvious that |Hy (i) oot < Ol 1Xn) and |Ha (55i) s € OOl X o)

This completes
U5 o1 < C(I5] s, [ X s51)-
Rewriting W**, and then taking the inner product with t?, we have
s.t.

.t
s.t. i _ s.t. 11 N Mo 31 A ‘usﬁ 31

So, applying Lemma 3.4 and the estimate for ;> will complete the estimate Wt t7| s < C(|5]s, | X s51)-
]

Now we are ready to estimate V;, V%, i = 1,2, using the equations (5.7), (5.8), (5.9), and (5.10).

K2

Lemma 5.3. We have the following estimates:

(5.26) [Villser < C(1X 540,
(5.27) [Villsv2 < C(1X ] 5+2),
(5.28) [V ls < Cllls, 1X ] se)-

We omit the details of the proof. Moving on, to estimate the terms R5*, we need estimates for
E5t for i = 1,2 first.

Lemma 5.4. We have the following estimates:

(5.29) IZ5 1s-1 < Csls, X s41),
(5.30) IE5" -4 < C(sls 1X]s11),
fori=1,2.

The estimates (5.29) and (5.30) follow from the estimates (3.5) and (3.6).
Lemma 5.5. We have the following estimates:

(5.31) 1Q1 [s-1 < CUlEls X s1),
(5.32) 1Q5" =372 < C(I s, X[ s41)-
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Proof. First, we have the expression

2A1/ s.t. s.t. Ws.t. . i‘:l Ay s.t. s.t. Wt . E2 AV s.t.
i.t. - _ U A(KZ) + (Vl _ Mo ) o+ (‘/2 _ 'uﬁ )Hﬁ'
2V E VvVFE 2E VvVE 2E

To estimate the first term on the right-hand side, by Lemma 3.9 we have

2AUUs.t. . < .
|22 2| se| | 1wt ata s agu s a0 Lol
So by Lemma 5.2,we have | — %A(H)Hs,l < C(||K]ls, | X[ s+1)- The remaining terms are similar
and we omit further details. O

When considering the estimate of @y, it is similar to the case of 7 = 0 (see [1]). We will state a
conclusion here without further proof.

Lemma 5.6. We have the following estimate:

|Q2ls < C(IX[ls52) < O[5, X[ s41)-

5.3. Uniform Time of Existence. Recalling Remark 4, we know that, thus far, the time of
existence of a solution is dependent of 7. Therefore before we may take a limit as 7 vanishes we
must revisit the energy estimate to get a uniform time of existence. We will introduce an open
subset of O. Letting k > 0, Oy, c O is defined as

2A,U + Rn;

5.33 O,=1Xe0:Va,
(5.33) \ { 0 2

(@)>k> O} )
We have the following theorem:

Theorem 5.7. Let the surface Xg € Oy be globally parameterized by harmonic coordinates (namely
(2.3) holds). There exists T' > 0 such that for all T € (0,1), the solution of Cauchy problem (4.42)
with initial X7 (-,0) = Xo exists on [0,T], and X" € C([0,T]; Ok).

Proof. We do energy estimates in the same way but use the new expressions for the evolution with
respect to the decompositions. We define the following:

(5.34) & = % ff x2dadp,
(5.35) & = % [ (771%)’ daa,

1
(5.36) &=3 f (A*k)? dads,
(537) E= go + 51 + 52.

To begin, we take the time derivative of Ejy:

d&
d—;:/]m@tdadﬂ.

Since s is sufficiently large, using the equation for k; and the preliminary estimates, it immediately
follows that
d&y

dt
Here, the constants C; and C3 may be taken to be uniform with respect to 7€ (0,1).

< Crexp{C1€&}.
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Recalling equation (5.12), we next take the time derivative of &; :

W [ 7% X dads < X Xl

<X [ss2|7US 0+ 7VESR + 7V 2 + Ud + Vit! + Vat?|,
<X a2 US s ]l + [ X s |7V + 7VE 82 + Ui+ Vit + 1087
<7||K[s+1C(E) + C(E).

By Young’s inequality, 7||x[s1C(E) < Z|k|Z,; + nTC(£)?, with parameter n to be chosen. So we

conclude that

d& T
(5.39) L )

Finally we take the time derivative of &. Recalling the estimate (4.10), we have
dé&
(5.30) =2 - ff (A*K) A°kidads
1 s+3/2 5+3/2 37'HA3+3/2’43H3
<-T f/- YVoRE (A /@) A kdaod + — +C1&

+7 ff (A*32R) A3 (Q5* + Q") dadB + f (AK) A (Q1 + Q2) dadp.
Using the Holder inequality and the estimate of Q5*, Q5 from Lemma 5.5, it is immediate that
7_/] (As+3/2ﬁ) As—3/2( P Q3 dadf < 7| A2k 2
Thus by lemma 5.6 and the Holder inequality, we conclude that
f/ (A*K) A*Qadad < C(E).

+C(€).

Next we consider

(5.40) ff (A*k) A*Qydadp =

o s 2A,U+Rns s [((Vi-W-E AT, Vo-W-12 Ais
/f[(A k) A (—NEAK&)Jr(A k) A (( Nio Y )Iia+( Nio Y )f%)]dadﬁ.

Notice that we have the following estimate:

[f(AS/@)AS((Vl—‘Z'El _Avﬁa)ma+(‘/2_w'f2 _A”ﬁﬁ)mﬁ)dad530(5)7

VE 2F VE 2F
since U,
Vi-W-t Ayl <o(8)
VE 2E ||,
and e
Vo-W-t2  A,ng
- <C(€).
‘ 5 n | <C®

It remains to deal with one term,

2A,,fj + R?’Lg 2Al,[7 + Rn3 1/2 2
Nr)AN | -——— Ak |dadp = —ff ZvZ TS (ASY26)2dad
JJ e ) dads I (0 dad

2VE
24, U + Rn:
_ ASTL2, [As—l/?’de Ardadf.
JJ et 2/E ’
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By Lemma 3.8, we have

As_1/2’ QAVU + Rn3 Ak
E

As long as the solution remains in the set Oy, we have

ff (A*k) A*Qrdadp < —%HAS”/%HQ +C(E).

ks
<C(E)|E]se1/2 <C(E) + 5HA”1/2%H2-

‘We now conclude that

d k
(5.41) 9 <omr A 5 - LA 1 C(6),
where m and n are as given previously. O

Remark 7. From the above energy estimate, it is also proved that the solutions are uniformly
bounded, that is, there exists d > 0, for all 7 € (0,1), |X|s+2 < d. This implies that solutions cannot
leave the set Oy arbitrarily fast and thus that solutions exist in the set Oy for an interval of time
which is uniform for 7€ (0,1).

5.4. Cauchy sequence as 7 — 0". We denote for any fixed 7 > 0, 7/ > 0, the corresponding
solutions X € C°([0,T],04), X" € C°([0,T], Ok), respectively. Both surfaces X and X’ are globally
isothermally parameterized and uniformly bounded in H**2. So for the curvatures x, £’ are uniformly
bounded in H®. Now we will prove that they are Cauchy sequences; the main result is the following
theorem (recall again throughout that we take s to be large enough).

Theorem 5.8. For any n >0, there exists § >0 such that if |7 — 7’| < §, then

(5.42) sup [ X -X'||z + ||k —K"|2 <.
te[0,T]

Proof. We denote 6X = X - X" and 6k = X - X'. We define

1 1 1
(5.43) D= LK1+ S 16kl + £ IA%0R13,
First, we notice that

AJX =2Ekih - 2E'k'’.

Therefore we have
16X |4 < C|6k]2 + C|6X |5 < CDY2.
Furthermore, we see also that

6B ], < C5X s < C|ox]2 + C|6X s < CD'?,
because of the following:
ASE =2(Xop - Xap - X5 X0,5) = 2(Xaa - Xpp - X, - X5)-

The estimates for decompositions of differences are similar to the results of Section 5.2, when we
take s = 2. For example:

|6t |2 < CDY2,

1071245 < c|0X]l245,5 = 1,2,
|6Us*], < CD'2,
[6Q3¢1, < D2,
16Q5" 172 < CDY2.



THE ZERO SURFACE TENSION LIMIT OF 3D DARCY FLOW

We begin estimating time derivatives:

d|sX
HthHB <

<[0X|5 + [7U D= 7' U R [y + [V + 7V - 7 VS - r VPR

+ | T+ Vit! + Wot? - U'a - V" + V)72,

<CD+cr-1'].

[6X[3 + [0X T

‘We next consider the time derivative of 0k :

__ A (A A 0Kaa 21 [ 0Kap e
6Kt_T2E(2\/E) TA, 2E([Hl, ](2\/E) t +[H2,n](2\/_ t
oty A 8] (25 ) 2 gy, a) (2522 ) 42 - HyAK - —28 1y Ask
"o\ 5 vE WE 8(E>5/2T 1808~ gy T
- TAV% (j[X] (5I£a5Xa - 5I€aaX[3) ‘El + j[X] (5/4:[3[3Xa - 5HQ[3X5) £2)
+ é (TIX] (0kapXa = 0kaaXg) 1) + é (T[X] (r55%Ka ~ dkapXs) - )
+(T—T’)F(KZ,,X,,E,)+T(F(KZ’,X,E)—F(K/,,X,,E,))-FT(QS't' Qs.t. _ /st Q/st
+ (T =7 )(QF" + 'St)+Q1+Q2—Q1 Q5,

where F(k,X, E) is a function depending on &, X, E:

649 FuXB) = o (5o ) - Avar (1,80 (S ) 80 (1] (2 ) 2)

2E1/2 2F 2E1/2 2E1/2
A 2 _Fag \ z2 (s z2)_ _Ea i
g (100 (5 ) £« 1120 (57 ) ) - gt - e
A N .
~ Ao (TX] (FapXa =~ FaaXp) -t + T[X] (rpsXa — FapXp) - t7)
1 ~ 1 o
+ — (T[X] (KapXa — kaaXp) t1) +— (T[X] (kssXa - kapXp) - £2).
2F a 2F
It is easy to conclude that
(5.45) |17 (k" X, E) = F(k", X', E") |12 < C[6X]3
and
(5.46) 1622 < C6X |4 < CDV2.
For 6Q1, we need to take more care:
~ 24,U + R Vi-W-t' Af, Vo-W-12 AT
(5.47) 6Q1=—(+n?’)A5m+( L _ Lk )55“( 2 - “B)(mﬁ+y,
oVE VE 2E VE o

where Y is given by

y:_

(2AVI7+ Rng 24,0+ Rng) , (~1 -W-t' Ag., V/-W i1 A,,,Tl’a)
- ; Ar"+ +
2VE 2VE
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We estimate ) as follows:
1Vl2 < c|6T 2 +c|6W 2 + c|6E |2 + c|6Vi 2 + | 6Vall2 + ¢ 675 < C[6X 5.
We use the above calculations and estimates to estimate the time derivative of part of the energy:

25,12 243/25,.112
G =[] (A%r) A%6nidads < -7 ff (A29/25) A2 25xdadg 1A% L oy
2dt 4]33/2 n

+T/[ (A*3P5 )Al/g(F(KJ X,E)-F(x', X' E') + Qy" + Q3" - Qp* ’”)d dpB

+ f[ (A%)AQ((T—T')F(,{QX’,E')+(T—T')( TQE) )dadﬁ+ ff (A%0k) A*(Q1+Q2-Q)—Qh)dadp

243/2 5,12
< _T[/ 1 A2+3/26f<;) AZ26 e dadf + 47| A dk|
4E3/2

24 Vi-W- &' A V,-W-8 A
+f (A25k) A% - U Bns g (VoW Avia) g (Voo Wo 8 Auin) o s
T owE VE 2 VE 2

Using the fact there exists n such that — % < —kp <0 and —Mgﬁ% < -k < 0, we conclude
that

+CD +c|r - 7'|D?

4E5/2

D
(5.48) Cth < d\D + dy|r - 7'|DV2.

Solving the differential inequality, we conclude
D < D(0)e™ + dy|r — 7| (™! - 1)/d;.

We know that the two surfaces start with the same initial condition, i.e. D(0) =0, and the proof is
thus complete. O

From the paper [1] (see also [12]), we know that 3D Darcy flow without surface tension is well-
posed in the presence of the stability condition. That is, for the system (4.42) when 7 = 0, there
exists a bounded solution X € C°([0,7"]; Oy). Now we will prove that the limit as surface tension
vanishes for Darcy flow with surface tension is the Darcy flow without surface tension, when the
stability condition holds. This is the content of our final theorem.

Theorem 5.9. Let Xo € Oy be globally parameterized by harmonic coordinates. Let T be the
minimum of T in the theorem 5.7 and T'. For all 7 € (0,1), let X™ be the solution for the Cauchy
problem (4.42). Letting s' be given such that 0 < s’ < s+ 2, we have

hm sup |X7T-X|s =0
7=04¢[0,1]

Proof. From Theorem 5.8, we see that X7 is a Cauchy sequence in H?. Since the solutions X™ are
uniformly bounded in H**? with respect to 7, by Sobolev interpolation, we have that the sequence
X7 is a Cauchy sequence in HS'. Therefore, there exists a limit X ¢ C%([0,T]; Oy), such that
X" >XasT—>0.

Now we will prove that the limit X is exactly the solution of Cauchy problem without surface
tension, i.e. when 7 = 0. We call the right-hand side of (5.12) by name B7. Since s is sufficiently
large and X™ - X € CO([O7T],HSI), we see that ™ converges uniformly to x™=°, and furthermore
B™ converges uniformly to B™=°. We integrate (5.12) in time,

t
X7 (1) :X0+[0 B (-, s)ds.
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We pass to the limit as 7 - 0% since B” uniformly bounded, finding

t
X(~,t):X0+f0 B70(., s)ds.

This implies that X solves the Cauchy problem without surface tension. |
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