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ABSTRACT. We study convergence of a boundary integral method for 3D interfacial flow with
surface tension when the fluid velocity is given by Darcy’s Law. The method is closely related to a
previous method developed and implemented by Ambrose, Siegel, and Tlupova, in which one of the
main ideas is the use of an isothermal parameterization of the free surface. We prove convergence
by proving consistency and stability, and the main challenge is to demonstrate energy estimates for
the growth of errors. These estimates follow the general lines of estimates for continuous problems
made by Ambrose and Masmoudi, in which there are good estimates available for the curvature
of the free surface. To use this framework, we consider the curvature and the position of the free
surface each to be evolving, rather than attempting to determine one of these from the other. We
introduce a novel substitution which allows the needed estimates to close.

1. INTRODUCTION

Boundary integral methods are a family of commonly used methods for computing solutions
of initial value problems for fluid interface problems, and there are two main reasons for their
popularity. One is that when such methods apply, by reducing the computation to the boundary, the
dimension of the problem is reduced; another reason is that boundary integral methods tend to be
very accurate. For interfacial flow problems with surface tension, one disadvantage is that boundary
integral methods can be very stiff. For example, for interfacial flow with surface tension with the
fluid velocities given by Darcy’s Law, a fully explicit method would face a third-order timestepping
constraint, and if the velocities were instead given by the incompressible Euler equations, there
would be a 3/2-order timestepping constraint. For more information on boundary integral methods
for interfacial fluid flow, we refer the interested reader to the recent survey by Baker [9].

A breakthrough for boundary integral methods for interfacial flow with surface tension for two-
dimensional fluids was made by Hou, Lowengrub, and Shelley (HLS) [17], [18]. HLS removed the
stiffness from the problem by reformulating the problem using a geometric description of the free
surface rather than using Cartesian variables, by using a convenient parameterization of the free
surface, and by writing the evolution equations with a small-scale decomposition (SSD), extracting
the most singular terms from singular integrals such as the Birkhoff-Rott integral. These choices
made the evolution equations semilinear, which allows straightforward use of an implicit-explicit
timestepping scheme [8], removing the strong stiffness constraint and leaving at worst a first-order
timestepping constraint. The HLS work was subsequently extended by Nie to axisymmetric flow in
3D [21]. For doubly periodic interfaces in three-dimensional flows, Ambrose and Siegel introduced
a non-stiff method for a model problem for interfacial Darcy flow with surface tension [6], and
Ambrose, Siegel, and Tlupova subsequently treated the full interfacial Darcy problem with surface
tension [7]

The method of [7] builds upon both the HLS numerical works and the analytical works of Ambrose
and Masmoudi [2], [4], [5]. The work of Ambrose and Masmoudi gives well-posedness proofs for
different problems in 3D interfacial fluid flow, again using a convenient parameterization of the free
surface and making estimates for the mean curvature of the interface. The numerical method of [7]

Date: September 28, 2015.



follows these ideas, using an isothermal parameterization for the free surface (see Section 2 below
for more detail on this choice of parameterization), finding an SSD for the problem, and using an
implicit-explicit timestepping scheme, thus removing the stiffness. One additional difficulty for the
3D problem which was not present in 2D is that a fast method for computing the velocity integral
was needed, and a method based on Ewald summation was therefore developed in [7].

For the HLS method and other boundary integral methods for interfacial fluid flow, convergence
of the methods has been established by several authors. Beale, Hou, and Lowengrub proved con-
vergence of a boundary integral method for the 2D water wave without surface tension [12]; the
water wave is the problem with a single fluid bounded above by a free surface, with the fluid ve-
locity given by the Euler equations. Extensions of this to 3D are [11] and [20]. For 2D flow with
surface tension, Ceniceros and Hou proved the convergence of the HLS method, in both the Darcy
and Euler cases [15]. In these convergence proofs, the most important step is always to establish
estimates for the growth of errors when proving stability. The estimates of these papers, generally
speaking, built upon estimates for solutions of the linearized equations of motion proved by some
of the same authors [13], [19].

While such estimates for the linearized motion of interfaces in 3D fluids with surface tension have
been established [20], we are unaware of any proof in the literature of convergence of a boundary
integral method for 3D interfacial flow in the presence of surface tension. This is the subject of the
present work. As in [15], we study a semicontinuous problem, making discretizations in space but
leaving time as continuous. We study the same problem as in [7], and consider the method of the
current work to be a version of the method of [7]. We prove convergence of the method we develop
by establishing consistency and stability.

As we have mentioned above, the most important step of the convergence proof is the proof
of energy estimates in the stability analysis. The estimates we establish are thus related to the
estimates of Ambrose and Masmoudi, as in the papers [2], [3], [4], [5]. For 3D interfacial flow
problems, Ambrose and Masmoudi were able to establish estimates for the growth of the mean
curvature of the interface, and then use these estimates to establish well-posedness of the initial
value problems. In the current work, we follow this general framework, but there are of course
additional challenges in the spatially discrete setting.

One main challenge is that in the continuous setting, the regularity of the free surface was able
to be inferred from the regularity of the mean curvature: if we know that the surface is in the space
H? and the curvature is in the space H?®, for example, then we may infer that the surface is in fact in
the space H*%2. In the spatially discrete setting, with exact relationships between quantities either
not holding or being more complicated, we are not able to make the corresponding inference. To
deal with this difficulty, we introduce a novel substitution, replacing the free surface in the evolution
equations by using a formula involving the curvature, before discretizing (see Section 5 for details).
This substitution allows the energy estimates to close, yielding stability of the numerical method.

In making the energy estimates, we use in a fundamental way that the Darcy flow problem is
of a parabolic nature. With a positive value of the surface tension parameter, there is a gain of
3/2 of a spatial derivative at positive times [3]. (In the zero surface tension case, if a stability
condition is satisfied, the problem is still a forward parabolic problem, but the smoothing effect is
instead 1/2 of a spatial derivative [25].) In future work, incompressible Euler problems (such as
the Kelvin-Helmholtz or Rayleigh-Taylor problems) will be treated, and this parabolic effect will
not be available. For these problems, the energy estimates will then need to be made somewhat
more carefully.

The plan of the paper is as follows: in Section 2, we discuss the governing equations for 3D
interfacial flow with surface tension, and give a boundary integral formulation related to the works
[4] and [7]. In Section 3, we continue to develop the boundary integral formulation by working
through the SSD. In Section 4 we develop evolution equations for the mean curvature of the
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interface and related quantities. We then are able to discretize the problem, and we give the
numerical method in Section 5. The main theorem of the paper, Theorem 5.1, is stated at the end
of Section 5. We prove consistency of this method in Section 6. In Section 7, we discuss bounds
for discretized versions of some integral operators; these are of use in Section 8, in which stability,
and ultimately convergence, are proved.

2. THE PROBLEM AND ITS BOUNDARY INTEGRAL FORMULATION

In this section we describe the 3D Darcy flow problem for which our numerical method is designed
and represent it using a boundary integral formulation. The model problem is similar to that of
[6, 7], and hence here we skip some of the details on formulating the governing equations.

We consider the flow of two immiscible, incompressible fluids that are separated by a free in-
terface in a three-dimensional porous media, in which case the velocities of the fluids are deter-
mined by Darcy’s law. In this paper, we use bold face letters to denote vector variables. Sup-
pose that the interface is parametrized by the spatial variable o = («,a2) = («a,5). Under
the boundary integral formulation, the state of the system at time t is specified by the interface
X(a,t) = (z(a,t),y(a,t), z(e, t)). Throughout this paper we often suppress the time variable ¢
and sometimes even the spatial variable o as long as the involved terms do not lack clarity. For
example, we often use X and X’ to denote X(a,t) and X(a/,t) respectively.

The flow is assumed to be of infinite depth in the z direction and 2m-periodic in both of the
horizontal = and y directions, that is, X(a + (2k17, 2kem)) = X(a) + (2k17, 2kam, 0), where ki, ko
are arbitrary integers. We denote the unit tangent and normal vectors by
Xa Xz
Xal” XKl
respectively. The fundamental forms of the interface are defined as follows:
E=X,-Xq, F=X,-X3 G=Xz-X3s,
L=-X,n,, M=-X,-ng, N=-Xz-ng.

(21) t, = n=+t; x tQ,

(2.2)

Following [2, 4, 6, 7], we choose an isothermal parametrization, that is, E = G, F' = 0 (this
requires a certain symmetry for the free surface; we discuss this more below). Motion of the fluids
is driven by gravity and surface tension and a prescribed far-field pressure gradient, which produces
a constant fluid velocity Vok as z — 400, where k is the unit vector in the z-direction. In this
paper we assume Vo, = 0 and use V = V(a, t) to denote the velocity of the interface. Decomposing
V in normal and tangential directions, we get

dx
(2.3) =V =Un+ ViXe + VeXy,
where

V.t V.t
(2.4) U=V.n, Vi=—2t Vh=—2

VE '
The normal component U can be calculated from
(2.5) U=W:n,

where W is the velocity of the interface under a Lagrangian frame. It is given by the Biot-Savart
formula

X -X
(2.6) W = —PV/ ————=dd/,
X - X'
where n = 1, X3 — ugX, is the unnormalized vortex sheet strength and p is the dipole strength.

We will also use the notations r1 = pa, r2 = pug and hence n = r1Xg — r9X,,. Here in this paper
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we assume that the two fluids are of the same density and the same viscosity; these assumptions
allow us to focus on the motion due to surface tension, which is the highest-order of these effects.
Therefore, as shown in [6], we have

(2.7) r1 = Bkq, 12 = Brg,

where k is the mean curvature and B is the positive coefficient of surface tension. Because of the
isothermal parametrization, we have

(2.8) AX = 2kN,
where N = X, x X3. The mean curvature x can be calculated from

n L+ N
2. —AX .2 .
(2.9) : 9E ~  2FE

Let G(x) = (4nr)~!, where r = |x|. Then (2.6) can be written as

(2.10) W= PV / 7 x VxG(X(a) — X(a'))do!.

The tangential velocities Vi, Vo are calculated from the isothermal assumption ¥ = G, F' =0
which is maintained by imposing
(2.11) E, =Gy, F=0.

Remark 2.1. To use this form of the isothermal parameterization, we are assuming a certain
symmetry on the solutions. If this symmetry is initially present, it will be maintained at positive
times. Specifically, we are assuming that we are able to parameterize the initial surface so that for
all o and B, we have E(a, 3,0) = G(a, 8,0). Such a parameterization is not always possible when
insisting that the parameters («, 3) is from the set [0,2x] x [0,27], as we are. As discussed in [7],
one may introduce a proportionality factor \, and then require that E = \(t)G, with X satisfying a
certain evolution equation. As in [7], for the sake of simplicity we study surfaces for which we may
take A = 1.

From (2.2) and (2.3), we get
(2.12) Ep = (Xo-Xa), = 2Xot - Xo = 2 ((Un)o + (ViXa), + (VaXp),) - Xa,

(2.13) Gy = (X Xp), = 2% - X = 2 (Un)g + (ViXa) s + (VaXp) ) - X,

Ft:(Xa'Xﬁ)t:Xat‘X5+Xﬁt'Xa

(2.14)
= ((Un)a + (ViXa), + (V2Xp),) - X5 + ((Un)ﬁ + (ViXa)g + (V2X,3)5> *Xa-

Using £ = G, F' = 0 and the product rule to expand (2.12), (2.13), (2.14) and then plugging
them into (2.11), we get

U(L—-N
(2.15) Via — Vo = (E)

2UM
(2.16) Vig+ Voo = ——

4



Furthermore, these equations can be rewritten as

(2.17) AV, = (U(LE_N)% + <QU;W>§,

(2.18) zﬂ@:(mgw)a—<U@éJ”>@

We select the unique solutions for V; and V5 from (2.15) and (2.16) (or (2.17) and (2.18)) by setting
their means to be zero. Define the inverse of A in terms of its Fourier symbol:

17 0, k| =0,
2.19 A1 = ~
(219 (A7 {—fk/\kr% | 0.

Then Vi and V; are given by
(2.20) Vi =A71 ((U(LL:N))Q + (%)5) 7

(2.21) V, =A-l ((Q%M)a _ (U(LE_N))5> .

We remark here that the formulas (2.20), (2.21) and the formulas in the preceding calculations are
slightly different than those appearing in prior works such as [4] or [7]. This is because the choice
not to normalize the tangent vectors, and using X, and Xg instead, in (2.3), simplifies some of the
intermediate calculations.

We assume that the model problem represented by equations (2.3), (2.5), (2.6), (2.15) and (2.16)
(or equivalently, (2.17) and (2.18)) is well-posed and has a sufficiently smooth solution X up to time
T > 0. Furthermore, the interface X is assumed to be nonsingular under the a parametrization.
This implies that for all a, @’ € R?, ¢ € [0, 7], and for some uniform constant ¢ > 0 that does not
depend on a, &' or t, we have

(2.22) | X(a,t) = X(,t)| = cla— ]

The condition (2.22) is known as the chord-arc condition, and has been used in many analytical
works, such as [24], [4]. Furthermore, we must assume that for the solution of the continuous
problem, the component FE of the first fundamental form remains bounded away from zero; thus,
we assume that there exists a uniform constant ¢ such that for all & € R? and for all ¢,

(2.23) |E(a,t)| > ¢ > 0.

3. SMALL-SCALE DECOMPOSITION

In this section, following [4], we rewrite the Birkhoff-Rott integral, given in (2.6), to separate
the dominant terms at small scales, i.e., the higher order terms. We then rewrite the formula for
the normal velocity U, separating out the highest-order terms, finding a formula that will be used

in our numerical method. First we divide the kernel —47G(X — X') = I?)((:?)Ci’ll?’ in (2.6) as follows:

(3.1)



where

(3.2) H=H; +H, G=Gi+ G2+ Ga,
/ / !/ _ /
(3.3) H, = —},if"(a_a)?, H, = —),(f(ﬁ 5)3,
E:|a—d| E:2|a—d|
. X! 3E. XL\ (a—ad)?
(3.4) G = < 3 5 > 137
2F'2 4E': ) o — /|
a5 G B Xlaﬁ 3 (E&X’B + E//BX,Q) (a _ O/)(B . 6/)
(3.5) 12= | —5 — 5 — 3
Ez 4E2 la — |
/ !
(3.6) G — X8 3EXG) (BB
: 22 = /3 /5 /13
2F'3 o o — |
. X _ X L
(3.7) K= -2 H-G&
X - X’

In this decomposition, H is the most singular part of the kernel, G is the weakly singular part and
K is the remaining nonsingular part.

We use H[X], G[X] and K[X] to denote the following integral operators that act on a 3D
vector-valued function f(c):

(3.8) HIXf(a, PV/f ) x H det,
(3.9) GIX]f(a, 3 PV/f ) % G det,
(3.10) K[X] f(a, 8) = PV/f ) % K det’.

Conditions for the finiteness of these 1ntegrals is discussed following (3.21). Then the Birkhoff-Riot
integral (2.6) can be rewritten as

(3.11) W = —H[X]|n — G[X]n — K[X]n.
The classical Riesz transforms are defined as
(3.12) Hif(a,B) = PV/ J(a O‘_O‘)da’,
Ia o’
(3.13) Haf(a, B) = PV/ F B) BB 4oy
Ia o’
and their Fourier symbols are, for [ € {1,2},
k7
= _Zifk7 ‘k‘ 7é 07
3.14 H = k|
(3.14) (#7), {o, k| = 0.

Here the Fourier transform is defined by
(3.15) fe = / e " fa)da

Then, the leading order part of (2.6) corresponding to H can be written as

(3.16) H[X]n = ;<H1<%> %(%))
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From the Fourier symbols, we see that H;, [ = 1,2 are bounded operators on the Soblev spaces
H*(R?), for all s > 0.

For the weakly singular part, following [4], we define for a function f with zero mean (that is,

027r 027r f(a)dae = 0) the transforms gm, (i,7) = (1, 1) (1 2), (2,2):

(3.17) G f(a, 47T /f |a a’| o) do!,
(3.18) Graf(a,B) = PV/ fla ‘of‘ _3‘)(5 =5 v
(3.19) gggf(a ﬂ) = 7P /f |a i/| IB) do /.

The Fourier symbols of G;;, (z, ) =(1,1),(1,2), (2 2) are:

= = kiko
(3.20) <Q11f)k 2‘k’?)fk, <922f)k 2‘k’?,fk, (me)k = <g21f)k 2|k|3fk,
for k # 0. These follow from formulas [22] for the Fourier Transforms of so-called higher Riesz
transforms, which gives the symbols for Gia, Go1, and G117 — Goo. The symbol for Gi1 + Gog for
a function of zero mean is determined from the well-known formula for the Fourier transform of
~1 = |&/|~!. Combining these gives (3.20).

From the Fourier symbols, we see that the operators G;; possess a smoothing property [2, 4] on
the Soblev spaces H*(R?), s > 0, which will be explained more clearly in Section 7. The weakly
singular part of (2.6) corresponding to G can be written as

X 3E.,X X 3E3X
G[X]n =Gn (77>< ( = a5a>)+922 <7I>< <ﬂ§_”)>
2F2 4F2 2F2 4F2

X 3(EaXp + E5X
+Q12<77><( 0;6_ ( aihf _ 8 a)))
E> 4F>2
Here it is understood that to make the integrals finite, the mean of the argument of G;; is subtracted
off.
We point out the following relationships between 0,,, and H; that will be useful to our reformu-

lation of U:

(3.21)

Lemma 3.1. The following equalities hold for the operators On,, H;:

(3.22) H100y = Oay H1 = H204, = On, Ho.

Proof. The results follow immediately from the Fourier symbols of 0,, and H;. O
To facilitate later discussion, we introduce some notations. Define the operator

(3.23) A =H104 + H203,

whose Fourier symbol is

(3.24) (A7), = Ikl

For an operator A acting on 3D vector-valued functions of the parameter a, and for such a function
f (@) and a scalar function g(a), we denote by [A, f]g the commutator A(fg)— f.Ag. For example,
we have

(3.25) (M, flg = Hi(Fg) — FHig, i€{1,2},

(3.26) Gij» flg = Gij(F9) — FGiyg.  (i.5) € {(1,1),(1,2),(2,2)}.
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Similar notations will be used to denote commutators corresponding to discretized operators in
later discussions.

We take the dot product of (3.16) with n, and we introduce commutators to write the result as

o (75) (33)) o - oy

We also wish to rewrite (3.21). To do this, however, we need a few geometric identities, which
follow from the isothermal parameterization:

(3.27)

1 1
(XaXXaa)'n:_§Eﬁa (XgXXaa)-n:—iEa,
1 1
(Xa X Xaﬁ) -n = §Ea7 (Xﬁ X XO{,B) -n = _iEﬁ’
1 1

Using these equations and introducing commutators as is convenient, we take the dot product of
(3.21) with n and write the result as follows:

(3.28)
1 1 1 1 1 1
G[X]n-n =G, (QTIEQ +34T2Eﬁ> + Goo <4T1Ea —|—32r2E5> + 012 <4T1E’B +34T2Ea>
E‘2 E2 E2
Xaa 3EX, X 3E5X
- [gllan] (n X < 3 5 >> - [g227n] (77 X ( 5[; - /856>>
2F2 4F> 2F2 4E3
X5 3(B.Xs+ EsX,
— [G12, 1] <77><< f— ( ﬁ+§ B )))
FE2 4E2
Eq 1 5 Eq 1 Eg 79 Eg r1 & T2
gn(\/E) 911(@) 922(\F) 922(@) g12(\/E) 4Eg12(\/E>
aa  3EXq X 3E X
—[G11,n (77 < 5 >> — [G22, n] (77 X ( 5{; - ﬂsﬁ))
2E2 4F> 2E2 4F3
ﬂ 3(EQX5—|—E5XQ) E, Eﬁ 79
— [G12, 1] <"7 < e )) [Gi1, 2E]\/> [Gi1, 4E]\F
[g22’4E]\f [Ga2, QE]\F [g12’4E]\F [Gi2, 4E}\f

Using the definition U = W - n and combining (3.11), (3.27) and (3.28), we have the following

formula for U:
(3.29)

A () ()
) —

3E,X,,
AES

2

T1 _ &
) 4Eg11(\/E

E,
— ﬁgn(ﬁ
X'OéOé
+[g117n] (nx ( -

2F3

1 T 1 (]
51’1 . [Hl,n]ﬁ + in . [Hg,n}ﬁ

71») Eﬂgzz( 2) %Qm(

922( 55 B

>> + [G22, 1] <77 X (Xﬁf - 3Eﬁ}5('6>>
2F2 4F>2

— [Gi1,

it ) — 912(

Wi )

ﬁ

Xa
+ [g127n] <Ir] X < §B -
FE2
L

— [Gao, o

[G22, = |—=

kv

w&&+%&%>[%,ﬂ

T2

N

4E]\F
—K[X]n - n.

°E' VE

T2
[G12, Lo

4E]\/E

AE3

[gl Eﬁ T1

E]\F



We use S to denote the part of (3.29) which does not include the commutators and which does not
include K; that is,

Ea T1 Eﬁ (]
°= (ﬁl (\/E> e (w)) ~ o T E)
(3.30) r1 Eg r9 Eg r1 E, r9
922(@) ﬁgm(i\/ﬁ) — ng(ﬁ) - Egn(ﬁ).

We will further decompose S later (to be precise, in the next section, we will give a decomposition
of AS), but for now, we will mention that it includes the leading-order part of U.
Use T to denote the sum of the commutator terms in (3.29):

(3.31)
T1 1

1 Xoo  3EaX, Xgs  3EpXp
T—21’1 [Hl’n]\/ﬁ 2 [HQa ]\/E [glh ](Tl X (2E§ 4E% >> =+ [gzg,l’l] (TI X <2Eg 4Eg )>

Xy 3 (E., X EsX, E E,
+ [G12, 1] (nx( 36— ( B+ L )>> [911,2E] 0 [gll,l]i_[gz%ﬁ]%

E? AE3 VE AE"VE
— [Go2, 2E] \F — [G12, E] \F — [G12, 4;;] \;2—
We also use the notation K to denote the last remainder:
(3.32) K =-K[X]n-n
With (3.30), (3.31) and (3.32), the formula for U can be rewritten as
(3.33) U=S+T+K.

In our numerical method we need to add a corrector term to balance off the error generated by
K. As suggested in [10, 11, 20], we make use of the following identity:

(3.34) /VXG(X - X') x N'da/ = 0.
Define
(3.35) Ch = |N /V G(X X(a)) x N(a/)da!

From (3.34) we immediately see that Cn = 0. We do a similar small-scale decomposition of Ch
based on (3.1):

(3.36)
Co= o+ [ FG(X() - X(a)) % N(@)d
-~ | s ;3 (o )dod
_ 47:’71(\10&” /(H+ G +K) x N(a)d

X X Xoo 3E.X
:T’.<’H1<?XN>+7{2<§XN>>n'gn((a?f a5a>XN>
2|N| E3 E: IN] 2B:  4E:

X 3 (E.,Xg+ EgX X 3E3X
—n'g12<< af— (EaXy 5 g a)>><N>—n'922<< ﬁf— 655>XN>
E>2 4F2 2FE2 4F2




Since Cy, = 0, we are able to subtract it from U in (3.33) without changing the value of U; we
thus obtain the desired decomposition of U:

(3.37) U=S+T+K — Chy.

4. EVOLUTION EQUATIONS

For purposes that will be made clear in our numerical scheme, we consider X, X, Xz and & as
independent variables. Recall that the evolution equation for X is given by

dX
where U can be calculated from (3.37), (3.30), (3.31), (3.32), (3.36) and V1, V5 are determined by

(2.20) and (2.21). We immediately obtain the evolution equations for X, and Xg:

(4.2) Xaot = Vo = (Un + VX, + VQXg)a ,

(4.3) Xgt = Vg = (Ul’l + N Xa + VQXﬁ)B .

Now we consider the evolution equation for x. As shown in [4], from (2.9) and (4.1) we get
1 1

4.4 VER)t = ——= (Ua + ViL + VoM),_ + ——= (Ug + ViM + VaN)

( ) ( )t 2\/E ( 1 2 )a 2\/E ( B 1 2 )ﬁ

(4.5) E, = 2VioE + ViEqo + VoEg — 2UL.

Upon combining these, we find
K

1
7= QUL = 2ViaB = ViBo = VaBg)+5— ((VlL + VM), + (ViM + VQN)/}) .

1
(4.6) ki = 5=AU+ oE

From (3.37), we get
(4.7) AU = AS+ AT + AK — AC,.
Then, from (3.30), and since A = —A?, AH; = —0,, and AHy = —03, we get

1 1 ) >>
48) AS=-A|0y|—= )+ |—=
) 2 ( (@) ’ (@
Ea Ea Eg (&1 Eﬁ Eﬁ Ea (]
-A( == — —= — | -A = — — — .
<2Eg11+4Eg22+4E912> (@) <4E911+2E922+4Eg12 N
Next, we substitute (2.7) into the first terms on the right-hand side of (4.8):

_Ba((Fe K8 A (Eeg | Eap o Es L
(49) AS= 2A<(\/E>a+<\/ﬁ>5> A<2E911+4EQ22+4E912> <\/E>
a (g Fig  Feg \(r)_ B
A(4E911+2E922+4Eg12>< ﬁE) =5 EA k+ R,

where
1

B B 1
4.10) R= — |AOu, —=| ko + = |AOg, —=| K
I R
FE, FE, Ejg 71 Ejg Eg FE, 9
- A= — —= — | -A[-Z = — — ).
(2E911+4E922+4E912> <\/E> <4E911+2E922+4EQ12 Nio
As a result, AU can be written as

B
4.11 AU =——_ANk+ R+ AT + AK — AC,,.
(4.11) B K "



Plugging (4.11) into (4.6), we now rewrite the evolution equation for x:

B 1
=- Ak + — (R+ AT + AK — AC,
(4.12) fi = gt Rt g (BEAT )
' K 1
+ 57 (UL = 2ViaE — ViBa — VaBp) + o (AL + VM), + (ViM +12N)4).

5. NUMERICAL METHOD

In this section we describe our numerical method. A semi-discretization scheme is used here
to facilitate the stability analysis, i.e., the time axis is not discretized. To discretize the spatial
differential operators, we lay a uniform Cartesian grid with grid width h = %” on the a domain. As
mentioned earlier, we consider X, X,, Xz and x as independent variables and the corresponding
numerical approximations Xp,, X4, Xgp and ky, are solved from their evolution equations obtained
by discretizing (4.1), (4.2), (4.3) and (4.12). We use Uy, Vi;, and Va, to denote the numerical

approximations of U, V; and V5. Other notations are defined similarly.

5.1. Discretized operators. The spatial derivatives are discretized spectrally. Recall that for a
27m-periodic function, u(a), its discrete Fourier transform is given by

202
(5.1) iy = h? > u(ay)e~ ™,
(J1.d2)=(—=F+1,— F+1)
where j = (j1,72), k1, k2 = —% +1,--- ,%. The inverse formula is
1 55 -
(5.2) uj = )2 Z a(og)e™ ",

N N
(k1,k2)=(—5+1,—5+1)

Using the discrete Fourier transform, we define the discrete derivatives Dy, Do by

(5.3) (Dun fn)x = iki fax.

Because of the isothermal assumption, of the unit vectors and the fundamental forms, only n, F,
L, M and N appear in the evolution equations (4.1), (4.2), (4.3) and (4.12). They are calculated
from the independent variables Xj,, X5, Xgp, and &y, as follows:

Xan X Xgp,
E, ’
Ly =—Xaon - Dipnp,  Mp = —Xop - Dopnp,  Np = —Xgp, - Dopniy,.

n;, = E, = Xaon - Xah,

(5.4)

The discrete dipole strength m;, is calculated from

(5.5) N = T1hXgh — T2nXahs
where
(5.6) rin = BD1pkn, ron = BDap K.

We need to derive the evolution equations for Xj,, X4, Xgp and kp. First consider X, Recalling
(4.1), we introduce Vy,

(5.7) V5, = Upny + Vi Xan + VapXpp

In the above equation, we need to discretize (3.37) to calculate Uy, which requires discretizing
(3.30), (3.31), (3.32) and (3.36). In (3.30), we discretize the Riesz transforms H; and Ha spectrally
11



without filtering. The discretized operators Hj,, [ = 1,2 can be expressed in terms of their discrete
Fourier symbols:

—_~ k- - N
(5.8) (Miufn), = —igsfue 1=12 kiky=—F+1-,

N
; — #0
and zero for k = 0.
The G;; operators are also discretized similarly and the corresponding discrete operators G’

ij,h
can be expressed as follows:
s 7 k3 o5 f k? s F s T r kika ;
(59) (gll,hfh>k 9 |k|3 fhk7 <g227hfh>k 9 |k|3 fhk; (glzhfh)k - <g21,hfh)k - 2 |k|3 fhka

for k1, ko = -5 +1,--- , & #£0.
Naturally, from (5.3) and (5.8), the spectral discretization of the operator A defined in (3.23) is

(510) Ah - Hithh + thDQh,
and its discrete Fourier symbol is
(5.11) (Ahfh>k = k|fu, [=1,2.

The discrete approximation of the higher order term S is calculated as follows:
(5.12)

1 s T1h > s ( T2h )) DlhEh T1h D2hEh T2h
Sy == — | +H Gg; Gg;
h 2 < 1h ( /7Eh 2h /7Eh 11 h( ﬁEh) 11 h( ﬁEh)

DlhEhg A iy _ D2hEhgs (2 D2hEhgs (i DlhEhgs (2

The integrals in T and K are discretized using the standard point vortex method. For a function
fn(a) defined on R%, the standard point vortex approximation of the principle integral of f; on ]R%
is defined as

(5.13) PV/ fu(xi) = P.V. Z fu(X
j#i, jez?
We often use the notation |, ,f with superscript p to indicate a standard point vortex integral. Also,
we use HJ, and ij ;, to denote the standard point vortex approximations of H; and Gj;.
The approximation of T is obtained from discretizing (3.31):

(5.14)
1 T1h 1 T2h
T, =-n, - [H? Z
h th [H1h=nh]\/E—h+2nh [th, ]\/E
D1pXan  3XanDipEn Dy Xpn  3XpgpDopE},
+ 197, o] | 7n % b e + (G5, o] | 7 % mie it
2E? AE} 2E? AE?

DipXpn 3 (XgnDinEn + XanDonEn)

+ [g{)Q,h’ nh] Nh X

3 5
B? 4B}
»  DinEn, T p  DopEn, Top »  DinEr, Tn
B [ 11,h° 2F), ]\/E - [ 11,h° 4F), ]\/th - [ 22,h> AE), ]\/th
p DonEny mon Lp DonBhy min (Lp DinEiy Ton
[ 22,h7 2Eh ]\/E [ 12,h” 4Eh ]@2 [ 12,h° 4Eh ]\/E—,h



For the operators appearing inside commutators (such as Riesz transforms), note that we have
specified point-vortex versions of the discretized operators rather than spectral versions. This is
so that we may use the smoothing properties of these commutators, which are detailed below in
Section 7. Another possible choice here would be to use spectral versions, but to introduce a
dealiasing filter, as described in [14]; we choose instead to work with a version of the method which
requires no filtering.

Discretizing (3.32), we get

1 N
(5.15) Kn =K} [Xp]ny, = ——P.V. > ma(Xn) x Kyh?,
J#, jez?

where Kh is defined as follows:

N X, — X! N o
(5.16) K="l —H, -G,

‘Xh - Xh‘

(5.17) H;, = Hyj, + Hyp,

R X/ o / N X/ _ !/
(5.18) iy, - Xenl@=0) g o X))

B} la—a'f’ B} la—a'f

(5.19) Gh =G+ Grop + Gogp,

A D X! 3X" Dy, E" a—a)?
(5.20) Gun = - /éah - = éh : |( /)|3’

a— o«
2F, 2 AE,®
(5.21) Grop — DinXpy, 3 (XlgthhE;L + X/ahD2hE;L) (a—a)(B—8)
N T 73 15 ’
2Eh2 4Eh2 ]a — a’\?’

6 G (P25 PuPuE) (-0

'3 '3 la—ao/|*
2, 4B,

So far we have obtained the approximations of S, 7" and K in (3.37). Furthermore, we need to
discretize (3.36) to get an approximation of Cy, which will serve a corrector term to balance off the
error generated by the nonsingular kernel K in (3.32). We have Cy, = 0 in the continuous problem,
but in the discrete problem this is not the case due to discretization errors. As before, using the

same spectral schemes to discretize H; and G;;, and using the standard point vortex method to
13



discretize K[X]|N, we obtain the following approximation of Cy:

ch = |Nh /v G(Xp(a) — X} (a)) x Ny (e )da!
Xy — X'
= h x Np(a)da/
MNJ n | Xn X5
X Xan
BTN G B b R A G
Ey Ey
Mh DipXan  3XanDipEp
(5.23) TN Gl %a e 3 x Ny,
2E? AE}
T D Xgan 3 (XgnDinEn + XanDonEp)
TG g12 h 3 - 3 x Np,
INa| = 2B o
M Xgn  3DopEpDopXgp
[Nl 2E? 4B}

ny D
+ |Nh| Kh[X]N/u
where in the first two equalities we used | ;, to denote the mixed integration scheme which calculates
the singular and weakly singular integrals using spectral schemes without filtering and the remaining
nonsingular integrals using the standard point vortex method. As before we use [, ,f to indicate the
standard point vortex integral and the last term is defined similarly to (5.15):

(5.24) K? [Xh]Nh = PV/ Nh >< Khda

With (5.12), (5.14), (5.15) and (5.23), we obtain the following approximation of U from (3.37) :
(5.25) Up =Sy +Th+ Ky —Ch

As mentioned earlier, we treat X, X, Xgp, and kj, as independent variables. Plugging (5.4),
(5.5) and (5.6) into (5.12), (5.14), (5.15) and (5.23), we can see the later are all functions of Xy,
Xah, Xgp. Then from (5.25), we can write Uy, as a function of Xy, Xqp, Xgp, and sy, denoted by

(526) Uh = Z/{h (Xh7 Xochn Xﬁhv ’%h) .

Here we use the U}, notation in order to avoid writing down the lengthy formula of Uj in terms of
Xh, Xahs Xgn, and kp, but the formula is explicit and computed in our numerical scheme.

We discretize (2.20), (2.21) to calculate the tangential velocities Vi, Vap,. Here both are assumed
to be of mean zero for uniqueness. we have

Uy, (L;, — N, 22U, M,
(5.27) Vi = A1 (Dlh <h(hh)> + Doy, < " h)) :
E, 2
_ 20U, My, Upn (L — Np)
s e (o () (=)

where the discrete inverse Laplace operator A,:l is defined in terms of its discrete Fourier symbol:

/:\/ 07 ’k’:07
5.29 AL = -
(5.29) (B0 i {—fhk/\kﬁ K £0.
14



Similarly, we can also write V1, and Vay, as explicit functions of Xy, Xa4, Xgp, and kj,. We use
the following notations:

(5.30) Vin = Vin (Xn, Xan, Xgh, k1) »
(5.31) Von = Von (X, Xan, Xgh, kn) -

5.2. Discretized Evolution Equations. We are almost ready to give the discrete evolution equa-
tions. We introduce the notation V°,

(5.32) V) (X, Xans Xgns kin) = Upny, + VinXan + VanXan.
One might reasonably expect the evolution equation for dflih to be given by V?L (Xh, Xahs Xgh, Kh) -

Instead, however, we need to be more careful than this to be able to make energy estimates to
demonstrate stability.

In studying the continuous version of problems of this kind, as in, for example, [2], exact rela-
tionships between the quantities X, X, X3, and x are frequently used when making estimates.
For the discretized problem, however, these exact relationships cannot be expected to hold. As we
have mentioned previously, part of our resolution of this problem is to treat X, Xqn, Xgp, and
Kpn as being independent of each other, severing the link between them, and writing their evolu-
tion equations in terms of all of these different quantities. When making energy estimates in the
continuous problem, the exact relationships allow us to infer the highest regularity of X from the
regularity of k : the surface X is two derivatives smoother than . Obviously we cannot do this
for the discretized problem, as we do not assume that, at positive times, k;, and X}, have a precise
relationship. Thus, we need to deal with the question of the regularity of the discretized surface in
a different way than in the continuous problem.

In Section 8 below, we will study the stability of the method by making energy estimates; the
energy functional is given in (8.36). As can be seen there, the energy includes the L% norm of
X}. We thus must ensure that the right-hand sides of our discretized evolution equations do not
contain terms which require derivatives of X to estimate. Similarly, the energy includes only the
L}QL norms of X5, and Xgy, so the right-hand sides of the discretized evolution equations also should
not contain terms which require higher derivatives of X, or Xg;, when making estimates.

To ensure the requisite boundedness properties, we employ a substitution rule. Recall that in
the continuous problem, we have (2.8) because of the isothermal parametrization. Suggested by
this and the periodicity assumption on the interface, in the numerical scheme, we will make use of
a version of the following substitution:

X = A1 (26N) + (e, 8,0), N =X, x Xz,
Xy = A1 (26N) + (1,0,0),  Xg=0sA ' (26N) + (0, 1,0).
We thus define an operator M that acts on functions of Xj,, X, and Xpg;, by using a version

of (5.33) to replace these three variables. More precisely, for a function ® (Xj,, Xqp, Xgh, k1), We
have

(5.34)
M (X, Xan, Xgh, £h)

= (A;l (2/ﬁ:hNh) + (ah,,@h, O), DlhAf_Ll (QHhNh) + (1, 0, O), DQhAf_Ll (QHhNh) + (O, 1, O), Hh) R

where Nj, = X, x Xgp,. We will need, in fact, to apply the operator M multiple times in some
cases. We now give an example of what this means. Take, for example,

(X;) = D}, X
Even though this is an artificial example, we mention that for such a function @, its norm cannot

be estimated using only [|X|| 12, and this is the reason for making such a substitution. We first
15
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compute M®(X},), and then we will compute M2®(X},). Right away, we have
(5.35) M®(X;) = D3P, (8,126, N3) + (s, Br, 0)) = D3y, (A4 (264 (Xan x Xgn))) -

We notice that the right-hand side of (5.35) cannot be estimated by a norm of x;, and HXahHLfL and
1 X gl L2 again, even though this is only an artificial example, this is the reason for making another
substitution (i.e., for continuing on to compute M?2®). Continuing on, we find the following:
(5.36)

M2®(Xy) = DY, (A, (265 (D1nA}" (265 NR) + (1,0,0)) x (D2p A (26, N) +(0,1,0)))))

where as before, we have Nj, = X5, x Xgj,. Notice that on the right-hand side of (5.36), we have
four factors of Dyj, and all occurences of X, or Xgj occur inside two instances of A}_Ll; thus, we
do not require derivatives of X, or Xpgj, to estimate this. In this example, then, we can estimate
M?®(X},) using one derivative of x; and zero derivatives of X, and Xgap. This completes the
example, and we return now to the task of defining the discretized evolution equations.

We apply the operator M once to define the evolution equation for Xp:

(5.37) W = vh (Xh, Xaha Xﬁh, I{h) = MV%

Similarly, applying M again, we form the evolution equations for X,; and Xg,:

(5.38) d);ah = U1, (X, Xan, Xgh, kn) »

(5.39) d)(;fh = Uy (X4, Xan, Xgh, kn) »

where

(5.40) Ui (Xn, Xan, Xgn, £n) = MD1,Vh, Von (Xn, Xan, Xgn, kn) = MDapVy,.

We discretize (4.12) to obtain the evolution equation for kp. We use the notations Dy, Dap,
Ey, Ly, My, Nn, Un, Vip, Vop, Ty, Ky, Cﬁ to denote the same discrete terms as before. The
approximation of R is obtained by discretizing (4.10), but before doing so, we will rewrite the
commutators which appear there. The product rule and the identity A9, = H1A yield the following:

[Aaa, \/1@} Ko = Hi1 (i%‘) — \;EHlA/ia + 2H, (V:‘ia -V <\/IE>> + Hi (maA <\/1E>>
o (o5 () o (e ()

Similarly, we have

{Aa& JE] kg = [’Hg, \}E] Arg + 2Hs 1<6w5 v <\/1E>) +Ha <ﬂﬁA <\/15>> .



Using these formulas for the commutators, we can express the discretized version of R as

(5.41)
B 1

1 B 1
Ry = Bl [%ﬁ’h, F} ApDipkp+BHY, (VthhHh -V, (\/E—h>>+27ﬁh ((Dm/fh)Ah (\/E—h>)
B 1 . 1 B_ . 1
[’Hgm } ApDopky, + BH3, <VhD2h/<h -V, ()) + 5H2h <(D2h/€h)Ah <)>

VEy VE VE}
DipEpy DlhEh DQhEh T1h
— A ( 9h ht 74E 922 ht 74Eh glsz,h TE—h
Dyp By, DzhEh s DinEy Top
< gll h 2F), g227h + AE), g12,h %Eh.

Then with (5.41), (5.14), (5.23), (5.15), (5.4), (5.26), (5.30) and (5.31), the right-hand side of
(4.12) can be discretized as

<Rh + ApTH + ALKy, — Ahch)

K
(5.42) + ﬁ (2UL Ly, — 2(D1nVin) En — Vin(DinER) — VapDap Ep)

1

+ 35, (D1 VinLp, + VapMy) + Dap, (Vi My, + VorNy))

Similarly to (5.26), here we write the right hand side of (5.42) as a function of Xj,,X4,X gy, and kp;
that is, we may write I'0 = F% (Xh, Xah: Xgh, k1) - We then apply (5.33) six times. The evolution
equation for kj, is then given by the following;:

d/ih

(5.43) e Ty (Xn, Xan, Xgh, K1)
where
(5.44) T, (X, Xan, Xgn, ) = MOT) (X, Xan, Xan, k) -

We close this section by stating the main result in this paper on the convergence properties of our
modified point vortex method consisting of the evolution equations (5.37), (5.38), (5.39), (5.43).

Theorem 5.1. Suppose the model problem is well-posed and has a sufficiently smooth solution X
up to time T > 0. In addition we assume that X is nonsingular and satisfies conditions (2.22)
and (2.23). Then the modified point vortex method described by (5.37), (5.38), (5.39) and (5.43)
is stable and 3"*-order accurate. More precisely, there exists a positive number ho(T) such that for
all 0 < h < ho(T), we have

(5.45) IX — Xl < C(DA,

N/2

where H||L% is the discrete 1> norm over a period of c, i.e., \|X||ii = Zi,j:—N/2+1 |><1-J|2 h?, and

C(T) > 0 is a constant that does not depend on h.

The proof of Theorem 5.1 will be the content of the remaining sections.

6. CONSISTENCY OF THE MODIFIED POINT VORTEX METHOD

In this section, we prove that the modified point vortex method has an error expansion in odd
powers of h and is 3"%order accurate in X, 2"%order accurate in X, X3, and 1%%-order accurate

in k. Our approach is similar to that used in [20] and we only provide a sketch of the proof.
17



As seen in Section 5, the evolution equations for (5.38) and (5.39) are obtained by taking spectral
derivatives D1y, Doy, of (5.37), and the evolution equation (5.43) is basically obtained by taking Ay,
of (5.37) except that we reformulated AS in the continuous problem. Therefore, we only need to
prove the O(h3) accuracy of equation (5.37). Recall that the tangential velocities Vi, and Vay, are
also spectrally calculated from and of lower order than Uj,. Therefore, it suffices to prove the O(h?)
accuracy of the normal velocity approximation Up. Furthermore, the term Sy, in the decomposition
(5.25) for Uy, is spectrally calculated, so we need only consider the errors of the standard point
vortex approximation in T},, Kj, and the part of C? in (5.23) that is approximated by the point
vortex method.

Let —v(ex, @) /(47) be the intergrand of the part of Uj, that is computed from the standard point
vortex approximation. Then from (2.6), (3.29), (3.30), and (5.24) we have

(6.1)

v(a,a’) =n(a) - n(a’) X-X Tlgz/)(a —d) ra(a) (8 = B')

X +
X-XP Bia)a-of  Eid)|a—of

B (%m(a’)Ea(a) + %rg(a’)Eg(a)) (a —a)? B (%rl(a’)Ea(a) + %rg(a’)Eﬁ(a)) (B —p')?
E(a)E? ()| — o/ E(a)E? ()| — o/
_ (n(@)By(e) + jra(@)Ea(@)) (0= N(B=B)  nl@) o n g
E(a)EX (o) o — o T N(a) V@) <K

Since v(a, a') is the corresponding integrand of the standard point vortex integral of (5.25), it
suffices to show the following:

P
(6.2) P.V./v(a, a)da' - P.V./ v(a, )da! = C3h® + C5h° 4 -+ 4 gy B2 4
h

where f}f denotes the standard point vortex approximation and Cs,C5, - -+ are constants.

This error expansion can be proved using an argument similar to that presented in [20]. Define
a smooth cut-off function f5 such that (i) fs(|z|) =1 for |x| < 6/2; (ii) f5(|z|) = 0 for |z| > §. Here
the constant & > 0 is taken to be small and independent of h. Then decompose v as follows:

(6.3) vie, o) = v(e, o) fi(|e - o |) + vie, @)1 - f5(|a— a])).

As noted in [20], classical error analysis shows that the far-field part under point vortex approxi-
mation is spectrally accurate, see, e.g. [16]. More precisely, we have

(6.4) ‘/v(a,o/)(l — fs(Ja = o/]))da’ — /hp v(a,a')(1— fs5(|a—a|))de/| < ChM,

where M is the regularity of X.
For the near field part, we Taylor-expand v(a, @) in terms of & — @’. This is done by Taylor-

expanding n and p)((:;;/‘g in (6.1). We get

(6.5) via,o) =m 5 —a)+m_1(a — a) + my(a’ —a) +mi(a —a)+---

where m;(a) are homogeneous functions of degree .

For any even number [, m; is an odd function. Therefore, m;(a’ — ) fs(Ja — @]) is also an
odd function of e — @’ and hence it does not contribute to neither the continuous nor the discrete
principle integral, that is,

(6.6) /ml(a,a’)fg(’a - a")do/ - /hp my(a, &) f5(|a — o/!)do/ =0.
18



The Taylor expansion also shows that, crucially, m_j(a’ — a) = 0. As a result, the first term
in (6.5) that contributes to the error of the point vortex approximation of the near field is the m;
term. It is proved in [20] that for any integer [ > 1, we have

P

(6.7) /ml(a, o) fs5(|a —o/])da’ — / my(a, ') f5(|a — &|)de’ = Cryah! T2 + O(WM),
h

where M again denotes the regularity of X. This completes the consistency proof.

7. BOUNDEDNESS PROPERTIES OF THE DISCRETIZED INTEGRAL OPERATORS

In this section we derive boundedness properties of the involved discrete integral operators and
commutators in (5.26). The results are largely analogues of the properties for the corresponding
continuous integrals presented in [4]. Some related arguments and results from [11, 20] are also
adopted here.

First we introduce some notations. For some constant s > 0, as an analogue of the continuous
Sobolev space H?®, we introduce the discrete Sobolev space H} C L%. For any f;, € L?, define its
discrete Sobolev space norm as

(7.1) W fillis = 111+ AR) Full -

The collection of all f, € L? such that | f| p; is bounded is called the discrete Sobolev space of

order s and denoted by Hj throughout this paper. In particular, when s = 0, H; = L%L. For the
discrete Sobolev norm |-| e We have the following result:

Lemma 7.1. Suppose that f is a 2n-doubly-periodic and sufficiently smooth function on R?. Con-
sider a discrete 2mw-doubly-periodic function g, € Hj for some constant s > 0. Then the product
function fg, € Hy. More precisely, we have

(7.2) 1fanll s < Cllgnll g »
for some constant C' > 0 that only depends on f.

Proof. This result can be proved by calculatmg the H norm from the definition (7.1), applying
the Plancherel Theorem and writing f gr, as a circular convolution of f and g;,. By assumption f is
sufficiently smooth and periodic, hence we have ‘ fk‘ < C'|k|™, for some constant C' > 0 that only
depends on f and any ¢ > 0. This result is useful in the proof and the rest is skipped here. ]

Consider a function f;, € Hj for some constant s > 0. For another constant m < s, we use
A (fr) to denote a term such that for any constant k, 0 < k < s —m, we have

(7.3) [Am ()l zp < C LIl gt

where C' > 0 denote constants that do not depend on h. If gj is such a term, we write g, € A, (fn).
In particular, when the A,,(fs) term is of the form Zj f,, where Z, is an operator acting on L}QL,
we say that Zj, is A,, or Z, € A,,, for the constant s. We often do not mention s as long as there
is no ambiguity. From this definition, we see that for all m < n < s, we have A,, € A, and
AnAn € Amin, AnAm € Apin. Also, we often write A, (fr) + Am(gn) as Am(fr, gn)-

Now we are ready to state some boundedness properties of the discrete operators in our numerical
scheme. For the spectrally discretized derivatives and integral operators described in Section 5, we
have

Lemma 7.2. For any 2m-doubly-periodic function f, € Hj, where s > 1 is some constant, the
spectrally discretized operators Dy, | = 1,2, Ay, are Ay, Hj,, | = 1,2 are Ay, ijh, (i,7) =
(1,1),(1,2),(2,2) are A_1, and A,:l is A_g.
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Proof. The results are immediate from the definition of A,, and the discrete Fourier symbols of
these operators. O

For the point vortex integral operators H},, [ = 1,2 and QU ne (4,9) = (1,1),(1,2),(2,2), we have
the following boundedness properties:

Lemma 7.3. For any 2m-doubly-periodic function f;, € Hj, where s > 0 is some constant, the
standard point vortex approximations of the Riesz transforms, Hfh, I =1,2 are Ay, and the point
vortex integral operators GU we (4,7) = (1,1),(1,2),(2,2) are A_;.

Proof. We will only prove that H},, | = 1,2 are Ay, since the result for G” ne (1,7) = (1,1),(1,2),(2,2)

can be proved similarly. For any any 27- double—perlodlc function fj, € Hj, we have

1
(7.4) M, fr(o —PV fh d "= —PV. | fald)g(a—a)de,
\oz a’\ 2m h

where

(7.5) i(e0) = {0’ o

aflal’,  |al > 0.

We see that ’Hfh, [ = 1,2 are discrete convolution operators with kernels % gi- The discrete Fourier
symbols of HJ,, I = 1,2 are presented in [20]:

(7.6) (fﬁp‘f/) _ ) k| =0,
‘ T~ k) fieo, k| >0,
Wherel:l’Z’k:(klak2)7k17k2:_7+1"'7%and
kih jokah
(7.7) by (kh) = PVZJl sin(j1k1h) cos(jzk2 )’
o Gt )
J#0 Ji+ 72
1 jo Si koh i1k1h
(7.8) bQ(kh) - PV J2 Sln(]z 2 )COS(]I 1 )'
2 : ( + )3/2
J#0 Ji + 72
It can be shown that the above infinite series converge. Hence, from the Parseval’s theorem for
discrete Fourier transforms, we see that ’Hfh, l=1,2 are Ap. O

For a sufficiently smooth 27-periodic function f on R?, we consider the commutator [H},, f](-).
It has the following boundedness properties:

Lemma 7.4. Suppose that f is a sufficiently smooth 27 -doubly-periodic function on R%. Then when
acting on any 27-doubly-periodic function g, € H;, where s > 0 is some constant, the commutator
operators [H,, f1(-), l = 1,2 are A_;.

Proof. The is the discrete version of the result presented by Theorem 6.6 in [4]. For any 27-doubly-
periodic function g, € H;, we have

(7.9) 15 lon = PV- [ (@) = f(e0) ‘=0,
h o — af

We treat a as a perturbation of @’ and make a Taylor expansion of f(a) — f(a’) in terms of
a — o' with remainder:

(7.10)

o dlon =PV [ | X 0m@)a— a4 Y e oy | 2 (oo

|m|=1 |m|=2



where m = (mq,mg) is a two-dimensional multi-index with my, ms being nonnegative integers and
Ry, are the reminders from the Taylor expansion. Note that all the terms D™ f, |m| = 1 and Ry,
|m| = 2 are sufficiently smooth and 27-periodic functions, and all these discrete integral operators

m (O‘Z*QE)

with kernels (o — o) 5 are discrete convolution operators that are A_; as seen from their

lo—ax
discrete Fourier symbols similar to that in the proof for Theorem 7.3. Hence, we conclude that
[H},, f] = A_1 using Lemma 7.1. O

In particular, when f = n in Lemma 7.4, we have

Lemma 7.5. For any 27-double-periodic function g, € Hj, where s > 0 is a constant, the operators
n-[Hy n](-), l=1,2 are A_,.

Proof. This is the discrete version of the result presented by Theorem 6.7 in [4]. We apply the same
argument used in the proof of Lemma 7.4 and notice that in the Taylor expansion of n(a) — n(a’),
the first term vanishes because n - d,n = 0. The rest of the proof is similar and the details are
skipped. O

Regarding the boundedness properties of the commutators [ij e f1(-), we have the following
result:

Lemma 7.6. Suppose that f is a sufficiently smooth 27 -doubly-periodic function on R?. Then for
any 2m-double-periodic function gy € H;, where s > 0 is some constant, the commutator operators

[gfjﬁ’ 1), (4,5) = (1,1),(1,2),(2,2) are A_s.

Proof. This is the discretized version of the result presented by Theorem 6.6 in [4] and the proof is
similar to that of the previous Lemma 7.4. The key is to Taylor-expand f(a') — f(a) and consider
the kernels of the related discrete convolution operators. We skip the details. O

At last, we consider the boundedness properties of the remaining operator K [X](-).

Lemma 7.7. Acting on any 2w-doubly-periodic function f;, € Hj, for some constant s > 0, the
discrete integral operator K} [X](-) is A_s.

Before giving the proof, we mention that it would in fact be sufficient for the operator K% [X]-
to be A_3/5, and in fact, in [4], we used the corresponding continuous operator to gain 3/2 of a
derivative. Nonetheless, it actually gains two derivatives.

Proof. This is the discrete version of the result presented by Lemma 6.1 in [4]. We do a Laurent

. J— / . .
expansion of ﬁ in terms of (a — a’)™, where m = (my, mg), m1,ms > —1 are integers and

|m| = m; +mg > —1. The first two terms are H and G. Hence the kernel K consist of terms like
Rm(a — /)™ |m| > 1. Then similar to the previous proofs, applying Lemma 7.1, we obtain the
conclusion. 0O

8. PROOF OF THE MAIN THEOREM

In this section, we perform stability analysis of the numerical method presented in Section 5,
and this will complete the proof of the main convergence result (Theorem 5.1). For a discretized

operator Zj acting on L%L, we use either Er(Z) or the dotted notation Z to denote the related error
on Z(X):

(8.1) Er(T) :I’:IQ,Ll(X) — Tn(Xp).



For example, for the normal velocity we have Er(U) = U = U — U,. With the notation, what we
need to prove is the following: When h is sufficiently small, on [0, 7] we have

(8.2) ‘ '

where C' > 0 is a uniform constant on [0, 7] that does not depend h. The proof is based on an
extension argument. First we assume that for some small 7%, 0 < T* < T and some sufficiently
large constant s > 0, we have

< COh3,
2
h

(8.3) ‘ || <con,

on [0,7%], where C' > 0 is a uniform constant that does not depend on h. (An appropriate value of
s will be chosen at the end of the argument.) Notice that the discrete systems are continuous in
time ¢, and at ¢ = 0, we start with the exact solution of the interface, that is, X(ay,0) = Xp,(ap, 0).
Hence there exists a 7% > 0 such that (8.3) holds for us to start with. Then we use an energy
estimate to show that the time interval on which (8.3) holds can be extended to [0, T]. We therefore
need to properly construct an energy and estimate the related error terms.

Consider two discrete operators Zy, Zop. The error for the product term Z; (X) - Zo(X) is

(8.4) Er(Ty To) =Ty To+ Ty - Io — T1 - Io.
Suppose that 7; = A,, and Zy = A, for some constants m,n > 0. From the assumption (8.3), we
get HIl o < Chs™™, HIQ‘ L < Ch*~", for some uniform constant C' > 0 on [0,7*] that does not
h h
< O'ps—m—1 7 ’
h B Lh

some constant C’ > 0 that only depends on C. Hence Ty -To=h5 " 1A, and Iy - Zo = h5~™ 1 4,,.
Given the assumption that s is sufficiently large, we know that this nonlinear error term Z; - Ig can
be merged into either Z; or Z in (8.4). For this reason, we neglect the nonlinear errors such 1Ty

and often skip them in the equations without further explanation.
We have proved in Section 6 the consistency of our modified point vortex method.

< C'h*7™ 1 on [0,T%] for

depend on h. Then we can conclude that HL‘

(8.5) Xy = Vi (X, Xa, Xg, ) + O(h?),
(8.6) Xor = U1p (X, Xa, X, £) + O(h?),
(8.7) X1 = W (X, X0, Xg, k) + O(h?),
(8.8) ke =Ty (X, Xq, Xg, £) + O(h).

However, in the energy estimate analysis, extending [0, 7] will require higher accuracy. As shown
in [20], this technical difficulty can be resolved using Strang’s technique [23]. Recall the assumption
that the actual solution X is sufficiently smooth. Then, for any sufficiently large number r > 0,
there is an O(h?) perturbation of the exact solution X, denoted by X, such that the modified point
vortex approximation of X is of accuracy O(h") (and similar statements hold for X4, Xz, and k).
More precisely, we have

(8.9) X, = Vi (X, X, Xp, ) +O("),
(8.10) Xo = Uy, (}N(, f(a,filg,@ + Ok,
(8.11) X = Wop, (X Xo, X5, R ) +O(r™ 1),
(8.12) R =T (X, X, Ko, ) + O 2).

22



Also, X is also sufficiently smooth by the way it is constructed. Then, to prove the main convergence
result (Theorem 5.1), it suffices to show that when h is sufficiently small, on [0, 7] we have

Ve 3
(8.13) HX =X, = cw
(8.14) Hia - X , = CP,
h
(8.15) Hxﬁ X, < O(T)h?,
(8.16) Ik = rnll2 < C(T)h,

where C'(T') > 0 are constants that do not depend h and the tilde notations are used to denote
the corresponding terms related to X. With this in mind, in the remaining part of the paper, we
assume that the modified point vortex approximation is sufficiently accurate itself, by which we
mean

(8.17) X; = Vi (X, X4, Xg, k) + O(h"),
(8.18) Xt = U1p, (X, X, X, 5) + O™ 1),
(8.19) X = Wop, (X, Xa, X, 6) +O(h" 1),
(8.20) ke =T (X, X, Xg, 8) + O(R"2),

where r > 0 is a sufficiently large constant and the O(h"), O(h"!), O(h"=2) notations are used
to denote terms that are bounded by Ch", Ch™~!, Ch"~2 respectively for some uniform constant
C > 0 on [0,7T] that is independent of h.

First, we consider the errors on the velocities U, V; and Va, taking into account the operator M.
We recall the definition (5.34) of M, and we consider the error in MU in the following lemma.

Lemma 8.1. The error in the normal velocity satisfies Er(MU) = Ay (k) + Ao(X, X, X3).
Proof. From (5.26), we have
(8.21) Er(MU) = Er(MS) + Er(MT) + Er(M(K — C)).

From (5.12), skipping the nonlinear errors (as described above) and applying Lemma 7.1, Lemma
7.2, we get

(8.22) Er(MS) = A (k) + Ag(Xa, Xp).
From (5.14), applying Lemma 7.1, Lemma 7.3, Lemma 7.4, Lemma 7.5, Lemma 7.6, we get
(8.23) Er(MT) = Ag(f, X o, Xp).

For the final piece, it is not necessary to consider the effect of the operator M, so we dispense
with it for convenience (be assured that the required result with M follows from the result without
M). From (5.23), applying Lemma 7.1, Lemma 7.2, we get

K- Ch=_K'[X . E d _ | NxE do/ -
! g [T (K)ol n [N () ded
+ Ao(f, Xa, XB)

~1 P X - X X - X
- L "~ E<))+ (NE())>da
4w [N| Jp, ( (" X - X/ K X — X/

— K} [X]7 - n + Ay(k, Xa, Xp)
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We note that on the right-hand side of (8.24), we have used the fact that
r p . .
(8.25) ’1’\7”/ N’ x VyG(X — X') do/ = Ao(i, Xa, X);
h

this is true because on the left-hand side of (8.25), by the arguments of Section 6, this integral
(which is identically zero in the continuous case) is, for instance, O(h?®). This smallness allows for
control of i in the product. For the integral on the right-hand side of (8.24), we use the scalar
triple product identity A; - (A2 X A3 3+ (A1 X Ag); this yields the following:

K—-Ch= <X Xl)-(an’—N'xn)da’
(8.26) " dr !N\ X - x/?

— K} [X]n -0+ Aok, Xo, Xp).

Using Lemma 7.7 to gain one derivative, we get
(8.27) K [X]n - n = Ag(k, Xa, Xp).
From its Taylor expansion, we can see that the term N x i’ — N’ x  adds additional smoothing to

the integral; we note that this smoothing in the integral is the reason to include the discretization
of the term C}, in the numerical scheme. We can thus show that

/
Therefore, we have

(8.29) K — Cl = Ag(fs, X0, X5, X).

Combining (8.21), (8.22), (8.23) and (8.29), we complete the proof. O

For the errors on the tangential velocities V7, Vo, we have the following result.

Lemma 8.2. The errors in the tangential velocities satisfy

(8.30) ET(MVl) = Ao(R,Xa,Xg,X),
(8.31) Er(MVa) = Ag(f, X, X5, X).
Proof. This is immediate from the definition (5.27), (5.28) and Lemma 8.1. O

In addition to Lemma 8.1 and Lemma 8.2, applying Lemma 7.1 multiple times, we obtain the
evolution equations for the errors X Xa, Xg and k. We state them in the following Lemma; these
representations of these equations are fundamental to our ability to prove the energy estimate, and
the introduction of the operator M in Section 5.2 is essential to our ability to give this lemma.

Lemma 8.3. The evolution equations for the errors X, X, Xﬁ and K can be written as follows:

(8.32) Xy = Ay (f) + Ao(X, Xq, X3) + O(h7),
(8.33) Xt = Ag(f) + Ag(X, Xy, Xg) + O™ 1),
(8.34) Xﬁt = Ay(k) + Ao(X, Xa, Xﬁ) + O(hril),
B L
(8.35) foy = ~ I A%+ Ag(R) + A_3(X, X4, X) + O(R™72).

Proof. These equations can be obtained from (5.37), (5.38), (5.39) and (5.43) respectively, using
Lemma 8.1, Lemma 8.2, and Lemma 7.1, as well as the other lemmas such as Lemma 7.7. We note
that the reason that on the right-hand side of 8.35, the form of the term A_3(X, X4, Xg)) is due
to the introduction of the M operator; without the operator M, the corresponding terms would

be much less regular. O
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Recall that we have assumed (8.3) on [0,7%], for some sufficiently large constant s > 0. Now
we use an energy estimate method to prove that the time interval on which (8.3) holds in fact can
be extended to [0,7] and this will complete the proof of Theorem 5.1. Let (-,-) denote the inner
product on L?. In particular, for f, € L%, we have ||th%% = (fn, fn). The energy & is defined as

follows:
1, .3, .3. 1, . 1 . . 1 . . 1 . .
(8.36) £ = §(A k, N°R) + 5(;fu, k) + 5(XQ,XQ) - 5(Xg,Xg) + §(X’ X).

This energy controls three derivatives of %, and zero derivatives of X, X,, and XB- However, we
note that we will be able to see the expected parabolic smoothing effect associated with Darcy flow,
and we will thus be able to control more than three derivatives of &; this will be important in what
follows.

To begin, we take the time derivative of (8. 36)'

1 1
E ==(N%h, A2R) + = (k, i)t + = (Xa, Xa X5, X5) + =(X,X
(8.37) ¢ =5( Je+ 5 (R, R ( )i + ( 8, Xp)t ( )t
= (A%, N2hp) + (R, For) + (Xa, Xat) + (X57X6t) (X, Xt)-
Substituting from the evolution equations (8.32), (8.33), (8.34), and (8.35), this becomes

(8.38)
& = <A3,L';,A3 < 4E3/2A3K + Az(F) + A (X’meﬁ) + O(hr_2)>)
+ (R, A3 (k) + A—3(X, Xa, Xg) + O(h"?)) + (Xa, A2(7) + Ao(X, Xa, Xp) + O 1))
(K5, A2(5) + A0(X, K, X5) + O07™) + (K, A1 (8) + Ao(X, X X) +O()).

We continue to rewrite this; the 1mp0rtant steps for now are that we write (A3k, A3Ay(k)) =
(Aa(£), A4(k)), and that we pull —1 through A%/ incurring a commutator. Since the commutator

of A2 and a smooth function (such as ﬁ) is smoothing by one derivative (this can be seen by
direct computation in Fourier space, but the interested reader could also consult equation (7.3) of
[1]), the contribution of this commutator to the inner product is again of the form (A4(%), A4(%)).
We thus have the following:

(8.39)
“= < AE3/2 AR, A% ) + (A4 (R), Aa(R)) + (A%,Ao(X,Xa,Xﬁ)) + (A%;,0(h?))
(R, As(R) + A_3(X, Xa, Xg) + O(h™2)) + (Xa, () + Ao(X, Ko, X5) + O )
+ (X, Ax(7) + Ao(X, Ky X) + O ) + (X, A1) + Ao(X, X X) + O(H).

Using elementary inequalities, we get the following:

B
& < — Z(E_3/4A9/2/2;,E_3/4A9/2/%) + (Ay(k), Ag(i)) + C(k, £) + C(A3R, A3k)

(3.40) o < C X3
+ C(Ag(X, X, X5), Ag(X, X, X)) + Ch" HAB‘

Using Lemma 7.1, and using Young’s Inequality, we can show that
B
(8.41) (Aa(R), Aa(R)) < (B SN2 BTSN3 R) + Cyé,
for some constant Cy > 0. We point out that this is true because the right-hand side includes terms
controlling both more and fewer derivatives than are present on the left-hand side; to be specific,

the right-hand side contains terms with both 9/2 spatial derivatives of & and also zero derivatives
25



of /. Furthermore, it is also necessary to know here that E is bounded, both from above and away
from zero (cf. (2.23)). This term is then controlled, and we note that this is how we have used the
beneficial parabolic smoothing.

Observing the important cancellation when combining (8.40) and (8.41), we arrive at the follow-
ing:

(8.42) £ <CEs (5% + h’"*‘r’) ,
for some other constant C’ > 0. Then, using Gronwall’s inequality, we get
(8.43) E(t) < C(T)h™ >

where C(T') > 0 is a constant that does not depend on h, t or T*. Finally, recall that r is chosen
to be sufficiently large. In fact, as long as 7 — 5 > s, we can see that the assumption (8.3) holds
on an interval greater than [0, 7*]. Hence we can extend [0, 7%] until 7* < T'. This completes the
proof of Theorem 5.1.

ACKNOWLEDGMENTS

DMA gratefully acknowledges support from the National Science Foundation through grants
DMS-1016267 and DMS-1515849. MS gratefully acknowledges support from the National Science
Foundation through grants DMS-1016406 and DMS-1412789. The authors thank Tom Beale for
helpful conversations.

REFERENCES

[1] T. Alazard and P. Baldi. Gravity capillary standing water waves. Arch. Rat. Mech. Analysis, 217(3):741-830,
2015.

[2] D.M. Ambrose. Well-posedness of two-phase Darcy flow in 3D. Quart. Appl. Math., 65:189-203, 2007.

[3] D.M. Ambrose. The zero surface tension limit of two-dimensional interfacial Darcy flow. J. Math. Fluid Mech.,
16(1):105-143, 2014.

[4] D.M. Ambrose and N. Masmoudi. Well-posedness of 3D vortex sheets with surface tension. Commun. Math. Sci.,
5:391-430, 2007.

[5] D.M. Ambrose and N. Masmoudi. The zero surface tension limit of three-dimensional water waves. Indiana Univ.
Math. J., 58(2):479-521, 20009.

[6] D.M. Ambrose and M. Siegel. A non-stiff boundary integral method for 3D porous media flow with surface
tension. Math. Comput. Simulation, 82:968-983, 2012.

[7] D.M. Ambrose, M. Siegel, and S. Tlupova. A small-scale decomposition for 3D boundary integral computations
with surface tension. J. Comput. Phys., 247:168-191, 2013.

[8] U.M. Ascher, S.J. Ruuth, and B.T.R. Wetton. Implicit-explicit methods for time-dependent partial differential
equations. SIAM J. Numer. Anal., 32(3):797-823, 1995.

[9] G. Baker. BIT for free surface flows. In Boundary element methods in engineering and sciences, volume 4 of
Comput. Exp. Methods Struct., pages 283-322. Imp. Coll. Press, London, 2011.

[10] G.R. Baker, D.I. Meiron, and S.A. Orszag. Boundary integral methods for axisymmetric and three-dimensional
Rayleigh-Taylor instability problems. Phys. D, 12:19-31, 1984.

[11] J.T. Beale. A convergent boundary integral method for three-dimensional water waves. Math. Comp., 70:977—
1029, 2001.

[12] J.T. Beale, T.Y. Hou, and J. Lowengrub. Convergence of a boundary integral method for water waves. SIAM J.
Numer. Anal., 33(5):1797-1843, 1996.

[13] J.T. Beale, T.Y. Hou, and J.S. Lowengrub. Growth rates for the linearized motion of fluid interfaces away from
equilibrium. Comm. Pure Appl. Math., 46(9):1269-1301, 1993.

[14] J.T. Beale, T.Y. Hou, J.S. Lowengrub, and M.J. Shelley. Spatial and temporal stability issues for interfacial
flows with surface tension. Math. Comput. Modelling, 20(10-11):1-27, 1994. Theory and numerical methods for
initial-boundary value problems.

[15] H.D. Ceniceros and T.Y. Hou. Convergence of a non-stiff boundary integral method for interfacial flows with
surface tension. Math. Comp., 67(221):137-182, 1998.

[16] G. Dahlquist and A. Bjorck. Numerical Methods. Prentice-Hall, 1974.

26



[17] T.Y. Hou, J.S. Lowengrub, and M.J. Shelley. Removing the stiffness from interfacial flows with surface tension.
J. Comput. Phys., 114(2):312-338, 1994.

[18] T.Y. Hou, J.S. Lowengrub, and M.J. Shelley. The long-time motion of vortex sheets with surface tension. Phys.
Fluids, 9(7):1933-1954, 1997.

[19] T.Y. Hou, Z.-H. Teng, and P. Zhang. Well-posedness of linearized motion for 3-D water waves far from equilib-
rium. Comm. Partial Differential Equations, 21(9-10):1551-1585, 1996.

[20] T.Y. Hou and P. Zhang. Convergence of a boundary integral method for 3-D water waves. Discrete Contin. Dyn.
Syst. Ser. B, 2:1-34, 2002.

[21] Q. Nie. The nonlinear evolution of vortex sheets with surface tension in axisymmetric flows. J. Comput. Phys.,
174(1):438-459, 2001.

[22] E.M. Stein. Singular integrals and differentiability properties of functions. Princeton Mathematical Series, No.
30. Princeton University Press, Princeton, N.J., 1970.

[23] G. Strang. Accurate partial difference methods. Numer. Math., 6:37-46, 1964.

[24] S. Wu. Well-posedness in Sobolev spaces of the full water wave problem in 3-D. J. Amer. Math. Soc., 12(2):445—
495, 1999.

[25] X. Xie. Local smoothing effect and existence for the one-phase Hele-Shaw problem with zero surface tension.
Complex Var. Elliptic Fqu., 57(2-4):351-368, 2012.

DEPARTMENT OF MATHEMATICS, DREXEL UNIVERSITY, PHILADELPHIA, PA, USA
DEPARTMENT OF MATHEMATICS, DREXEL UNIVERSITY, PHILADELPHIA, PA, USA

DEPARTMENT OF MATHEMATICAL SCIENCES, NEW JERSEY INSTITUTE OF TECHNOLOGY, NEWARK, NJ, USA

27



