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Abstract. Fifth-order dispersive equations arise in the context of higher-
order models for phenomena such as water waves. For fifth-order variable-

coefficient linear dispersive equations, we provide conditions under which the

intitial value problem is either well-posed or ill-posed. For well-posedness,
a balance must be struck between the leading-order dispersion and possible

backwards diffusion from the fourth-derivative term. This generalizes work by

the first author and Wright for third-order equations. In addition to inher-
ent interest in fifth-order dispersive equations, this work is also motivated by

a question from numerical analysis: finite difference schemes for third-order

numerical equations can yield approximate solutions which effectively satisfy
fifth-order equations. We find that such a fifth-order equation is well-posed if

and only if the underlying third-order equation is ill-posed.

1. Introduction

Here we will study fifth-order linear constant-coefficient equations of the form,

(1) ut = a(x, t)uxxxxx + b(x, t)uxxxx + c(x, t)uxxx

+ d(x, t)uxx + e(x, t)ux + f(x, t)u+ h(x, t),

for given functions a, b, c, d, e, f, and h, subject to the initial condition

(2) u(x, 0) = u0(x).

We take the spatial variable x to be in the interval X = [0,M ] for some M > 0, and
we impose periodic boundary conditions at the ends of this interval. We assume
that the coefficient functions satisfy periodic boundary conditions on X and that
they are defined for all t ∈ [0, T ], for a given value T > 0. If the coefficient b(x, t)
is ever positive, then we say that anti-diffusion or backwards diffusion is present.
It is of course well known that backwards diffusion can cause catastrophic growth
of solutions, leading to instability and ill-posedness. However, in some cases for
third-order equations, dispersion has been shown to ameliorate the growth from
backwards diffusion [1], [2], [4], [7], suggesting that the initial value problem (1),
(2) could be well-posed even in the presence of backwards diffusion. In this paper,
we will demonstrate conditions under which the initial value problem is well-posed,
as well as conditions under which the initial value problem is ill-posed.

A number of authors have studied fifth-order dispersive equations, as they have
been found to be useful as higher-order models in the theory of water waves [11],
and the stronger dispersion (that is, stronger than the third-order dispersion in the
Korteweg-de Vries equation) has been found to have stabilizing effects on solitary
waves [12]. There are a number of works on well-posedness of particular equations
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or particular families of equations with fifth-order dispersion, such as [5] and [10],
and also studies of well-posedness of families of more general equations which in-
clude fifth-order equations [13]. These papers, though, do not explore the central
question of the present work, which is how the presence of anti-diffusion affects
well-posedness of fifth-order dispersive equations.

In addition to this interest in fifth-order equations in their own right, another
motivation for studying the well-posedness of the initial value problem for (1) comes
from numerical analysis. When finite difference schemes are used to compute solu-
tions, higher-order equations which the numerical approximations effectively satisfy
may be derived [9]. Thus, for a third-order linear constant coefficient equation, such
as those studied in [4], the effective equations for numerical schemes would be in
the class (1). By studying well-posedness of these effective equations, guidance
can be provided for design and implementation of numerical methods. For some
numerical schemes, nonlinear effective equations have been found to be satisfied
by the approximate solutions, such as by Goodman and Lax and by Zumbrun [8],
[14]. An analysis of nonlinear equations related to (1) can be made in these cases,
such as was carried out in [3] and [4], with ill-posedness of the effective equations
explaining in part behavior seen in simulations.

The paper [4] considered well-posedness and ill-posedness of the initial value
problem for the family of third-order equations

ut = ã(x, t)uxxx + b̃(x, t)uxx + c̃(x, t)ux + d̃(x, t)u+ ẽ(x, t).

The initial value problem was found to be well-posed under three conditions, two
of which are routine (regularity of the coefficients and nonvanishing of the leading
coefficient). The most interesting of the three conditions expresses the necessary
balance between dispersion and anti-diffusion, and is

(3)
1

M

∫ M

0

b̃(y, t)

ã(y, t)
dy ≥ 0.

In Section 3 we develop the criteria on coefficients of (1) for well-posedness and
find that the condition on the highest order terms coefficient is opposite from what
was found in [4] for the third-order variant, namely

(4)
1

M

∫ M

0

b(y, t)

a(y, t)
dy < 0.

This difference in the required sign of the integrals on the left-hand sides of (3) and
(4) is what leads to the interesting interpretation from numerical analysis presented
below in Section 2. Considering the case that the sign of the integral on the left-
hand side of (4) is instead positive, we give an ill-posedness result in Section 4.
This ill-posedness result requires a further assumption, that the coefficients are
independent of t.

We note that in order for (4) to be satisfied, there must of course be some
forward fourth-order diffusion present in the problem. In the absence of leading-
order dispersion (i.e., if a = 0), the presence of any pointwise value where b > 0
would make the initial value problem ill-posed. So, we are demonstrating that
a combination of some forward diffusion and leading-order dispersion can lead to
a well-posed initial value problem even in the presence of backwards diffusion at
places in the domain. Our ill-posedness result demonstrates that this well-posedness



FIFTH-ORDER DISPERSIVE EQUATIONS WITH BACKWARDS DIFFUSION 3

is not guaranteed, and it is still possible for the backwards diffusion to overwhelm
the effects of forward diffusion and dispersion.

The plan of the paper is as follows. In Section 2, we provide the calculations
related to numerical analysis of finite difference schemes we have mentioned in the
introduction. In Section 3 we prove that under certain condition, the initial value
problem (1), (2) is well-posed in Sobolev spaces Hn for n ≥ 5. In Section (4), we
prove that in the case of time-independent coefficients, the initial value problem is
ill-posed if our condition on the balance of dispersion to anti-diffusion is violated.

2. Motivation from numerical analysis

Now we will relate this result to a third-order variant with respect to numerical
analysis. We note that a related calculation appears in [6] as motivation for study of
some related third-order dispersive equations. We consider the initial value problem

(5) vt = a(x, t)vxxx + b(x, t)vxx + c(x, t)vx + d(x, t)v + e(x, t),

v(·, 0) = v0 ∈ Hn.

It was established in [4] that this initial value problem is well-posed if the coefficients
are sufficiently well-behaved (i.e. they must be sufficiently regular and the leading
coefficient, a(x, t), must be bounded away from zero) and also, taking a > 0 without
loss of generality, if

1

M

∫ M

0

b(y, t)

a(y, t)
dy ≥ 0.

This condition balances dispersion and backwards diffusion.
For a fifth-order variant of (5),

(6)
wt = a(x, t)wxxxxx+b(x, t)wxxxx+c(x, t)wxxx+d(x, t)wxx+e(x, t)wx+f(x, t)w+h(x, t),

in addition to regularity of the coefficients and that the leading coefficient be
bounded away from zero, the additional condition is instead

(7)
1

M

∫ M

0

b(y, t)

a(y, t)
dy < 0.

Again, we are taking a > 0 without loss of generality. (That this is the condition
for well-posedness is one of the main theorems of the present work.)

We consider a numerical approximation of (5) around some xi. Making Taylor
expansions of v about the base point xi, we have the following formulas:

v(xi−2) ≈
k∑

n=0

(−2∆x)n∂nx v(xi)

n!
= v(xi) + (−2∆x)∂xv(xi)

+
(−2∆x)2∂2

xv(xi)

2
+

(−2∆x)3∂3
xv(xi)

6
+

(−2∆x)4∂4
xv(xi)

24
+O

(
(2∆x)4

)
,

v(xi−1) ≈
k∑

n=0

(−∆x)n∂nx v(xi)

n!
= v(xi) + (−∆x)∂xv(xi)

+
(−∆x)2∂2

xv(xi)

2
+

(−∆x)3∂3
xv(xi)

6
+

(−∆x)4∂4
xv(xi)

24
+O

(
(∆x)4

)
,
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v(xi+1) ≈
k∑

n=0

(∆x)n∂nx v(xi)

n!
= v(xi) + (∆x)∂xv(xi)

+
(∆x)2∂2

xv(xi)

2
+

(∆x)3∂3
xv(xi)

6
+

(∆x)4∂4
xv(xi)

24
+O

(
(∆x)4

)
,

v(xi+2) ≈
k∑

n=0

(2∆x)n∂nx v(xi)

n!
= v(xi) + (2∆x)∂xv(xi)

+
(2∆x)2∂2

xv(xi)

2
+

(2∆x)3∂3
xv(xi)

6
+

(2∆x)4∂4
xv(xi)

24
+O

(
(2∆x)4

)
.

We also have the following finite-difference approximations for spatial derivatives
of v :

v(xi)x ≈
v(xi+1)− v(xi−1)

2∆x
,

v(xi)xx ≈
v(xi+1)− 2v(xi) + v(xi − 1)

∆x2
,

v(xi)xxx ≈
v(xi+2)− 2v(xi+1) + 2v(xi−1)− v(xi−2)

2∆x3
.

Substituting, we find

(8) v(xi)x ≈ ∂xv(xi) +
(2∆x)2∂3

xv(xi)

6
+O((∆x)4),

(9) v(xi)xx ≈ ∂2
xv(xi) +

(∆x)2∂4
xv(xi)

12
+O((∆x)4),

and

(10) v(xi)xxx ≈ ∂3
xv(xi) +

(∆x)2∂5
xv(xi)

4
+O((∆x)4).

Of course, in each of (8), (9), and (10), the quantity on the left-hand side is the
finite-difference approximation to the given derivative at the point xi while the first
term on the right-hand side is the true value of the given derivative at the point xi.

Using these formulas, we have a finite-difference approximation for (5):

vt ≈ a(x, t)

(
∂3
xv(xi) +

(∆x)2∂5
xv(xi)

4
+O((∆x)4)

)
+ b(x, t)

(
∂2
xv(xi) +

(∆x)2∂4
xv(xi)

12
+O((∆x)4)

)
+ c(x, t)

(
∂xv(xi) +

(2∆x)2∂3
xv(xi)

6
+O((∆x)4)

)
+ d(x, t)v + e(x, t).

We rewrite this to order the terms on the right-hand side by the number of deriva-
tives on v :

(11) vt(xi) ≈
(

(∆x)2a(x, t)

4

)
∂5
xv(xi) +

(
(∆x)2b(x, t)

12

)
∂4
xv(xi)

+

(
a(x, t) + c(x, t)

(2∆x)2

6

)
∂3
xv(xi) + b(x, t)∂2

xv(xi)

+ c(x, t)∂xv(xi) + d(x, t)v + e(x, t) + (a(x, t) + b(x, t) + c(x, t))O((∆x)4).
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We see that the finite-difference approximation of (5) yields an effective equation
in the form of our fifth-order variant, (6). We apply the condition (7) to our effective
equation (11), finding that for well-posedness of the initial value problem for (11),
the quantity of interest is

(12)
1

M

∫ M

0

(∆x)2b(y,t)
12 )

(∆x)2a(y,t)
4

dy =
1

3M

∫ M

0

b(y, t)

a(y, t)
dy.

This leads to an interesting result; assume without loss of generality that the
leading coefficient a is positive. If the quantity in (12) is positive then the initial
value problem for the original equation (5) is well-posed while the initial value
problem for the effective equation (11) (neglecting the smallest terms) is ill-posed.
Alternatively, if the quantity in (12) is negative, then the effective equation for the
finite difference scheme (11) (again, neglecting the smallest terms) is well-posed
while the original initial value problem for (5) is ill-posed.

This kind of problem from numerical analysis has been observed before; Good-
man and Lax noted that a finite difference scheme for the Korteweg-de Vries equa-
tion had an effective equation with degenerate dispersion, and they noted that the
scheme worked well as long as the solution remained away from zero [8]. This is
explained theoretically by the third-order results in [4] showing that equations with
degenerate dispersion have well-posed initial value problems when the data is away
from zero, and by the ill-posedness result of [3], showing that equations with de-
generate dispersion can have ill-posed initial value problems when solutions cross
zero. A related equation arose in a similar discussion of finite difference schemes in
[14].

3. Well-posedness theorem

In this section we prove the first of our two main theorems; this theorem states
that under three kinds of assumptions, the initial value problem (1), (2) is well-
posed in sufficiently regular Sobolev spaces.

Theorem 1. Let T > 0 be given. Let n ∈ N satisfying n ≥ 6 be given. Let
u0 ∈ Hn(X) be given. Assume the following conditions hold:

(A1) The coefficients have the following regularity:

• a(x, t) ∈ C([0, T ];Cn+5),
• at(x, t) ∈ C([0, T ];Cn),
• b(x, t) ∈ C([0, T ];Cn+4),
• bt(x, t) ∈ C([0, T ];Cn),
• c(x, t) ∈ C([0, T ];Cn),
• d(x, t) ∈ C([0, T ];Cn),
• e(x, t) ∈ C([0, T ];Cn),
• f(x, t) ∈ C([0, T ];Cn),
• h(x, t) ∈ L∞([0, T ];Hn).

(A2) The leading coefficient a(x, t) is bounded away from 0, i.e. there exists
a > 0 such that for all x and t, we have |a(x, t)| ≥ a > 0. (We will henceforth
assume that a(x, t) > 0 without loss of generality.)

(A3) For all t, the coefficients a and b satisfy

1

M

∫ M

0

b(y, t)

a(y, t)
dy < 0.
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Then there exists a unique solution u ∈ C([0, T ];Hn(X)) to the initial value
problem (1), (2). Moreover, the solution gains regularity in the sense that u ∈
L2([0, T ];Hn+2(X)) as well.

The proof will be by the gauged energy method. In order to make our energy
estimates, then, we need to introduce the gauge. We do not choose the exact gauge
we will use right now, but we do specify the properties we wish to be satisfied by
our gauge. We want the function gn to have the following properties:

(C1) gn ∈ C([0, T ];Cn+5) and ∂tgn ∈ C([0, T ];Cn),
(C2) There exist constants a > 0, A > 0 such that a < gn < A, and
(C3) gn and its first n−1 spatial derivatives satisfy periodic boundary conditions.

Given such a gn, we define v through the equation

u = vgn(x, t).

We then have the following lemma on the equivalence of regularity of u and v :

Lemma 2. Assume gn satisfies the assumptions (C1)–(C3). Then u ∈ C([0, T ];Hn)
if and only if v ∈ C([0, T ];Hn). Moreover, there is a constant Cg ≥ 1, depending
only on norms of gn, such that

C−1
g sup

t∈[0,T ]

‖u‖Hn ≤ sup
t∈[0,T ]

‖v‖Hn ≤ Cg sup
t∈[0,T ]

‖u‖Hn .

The proof of this lemma is straightforward and is omitted.
Of course the point is that a favorable choice of gn will allow energy estimates

to be made for v; we look now at the evolution equation for v :
(13)
vt = a(x, t)vxxxxx+b̄(x, t)vxxxx+c̄(x, t)vxxx+d̄(x, t)vxx+ē(x, t)vx+f̄(x, t)v+h̄(x, t),

where the new coefficients are given by

(14) b̄ = 5a
∂xgn
gn

+ b,

c̄ = 10a
∂2
xgn
gn

+ 4b
∂xgn
gn

+ c,

d̄ = 10a
∂3
xgn
gn

+ 6b
∂2
xgn
gn

+ 3c
∂xgn
gn

+ d,

ē = 5a
∂4
xgn
gn

+ 4b
∂3
xgn
gn

+ 3c
∂2
xgn
gn

+ 2d
∂xgn
gn

+ e,

f̄ =
−∂tg
gn

+ a
∂5
xgn
gn

+ b
∂4
xgn
gn

+ c
∂3
xgn
gn

+ d
∂2
xgn
gn

+ e
∂xgn
gn

+ f,

and, finally,

h̄ =
h

gn
.

Remark 3. We now remark on the strategy of proof for Theorem 1. For a partic-
ular choice of gauge, gn, we prove the existence and uniqueness of solutions for the
initial value problem for (13). This immediately implies existence and uniqueness
of solutions for the initial value problem (1), (2). The proof of existence for (13)
starts with introduction of an approximate system, and then Lemma 4 below gives
existence of solutions for the approximate system on a very short time interval. A
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uniform bound for the approximate solutions is proved in Proposition 5 below, and
this yields a uniform time of existence for the approximate solutions. The proof of
existence is then able to be carried out. Uniqueness is then proved in Proposition 7
below.

Before we perform our energy estimates we must introduce an approximate prob-
lem. To this end we define the operator Xm to be a truncation operator acting on
Fourier series. If we have the Fourier series for a function f,

f(x) =

∞∑
k=−∞

fke
ikx,

then we define Xm by

(Xmf)(x) =

m∑
k=−m

fke
ikx.

The following properties of Xm will be useful for our energy estimates:

• Xm(∂xf) = ∂x(Xmf),
• for all s ∈ N, ‖Xm(∂xf)‖Hs+1 ≤ m‖Xmf‖Hs ,
•
∫
X
gXmf dx =

∫
X

(Xmg)f dx,

• Xmf = X 2
mf,

• for all s ∈ N, ‖Xmf‖Hs ≤ ‖f‖Hs .

We note these properties without proof.
We now incorporate Xm into our equation for v to make a sequence of approxi-

mations. Our approximate initial value problem is given by

(15) vmt = Xm

(
aXm(vmxxxxx) + b̄Xm(vmxxxx)

+ c̄Xm(vmxxx) + d̄Xm(vmxx) + ēXm(vmx ) + f̄Xm(vm) + h̄

)
,

(16) vm(x, 0) = v0(x).

We have existence of solutions for this sequence of approximations, and this is
the content of our next lemma.

Lemma 4. For all m ∈ N there exists a Tm > 0 such that there exists vm ∈
C1([0, Tm];Hn) which solves the initial value problem (15), (16).

We omit the proof of Lemma 4; the proof uses the Picard Theorem. That the
right-hand side of (15) is Lipschitz follows from the properties of our operator Xm
and the regularity of the coefficients.

The time of existence guaranteed by Lemma 4 for our approximations vm un-
fortunately depends badly on the approximation parameter m. To be able to take
the limit as m goes to infinity, we must prove that these approximations exist on
the common time interval [0, T ]. This requires proving an energy estimate which is
uniform with respect to m.

Proposition 5. For the given T > 0, there exists k > 0 such that for all m ∈ N,
the approximate solutions vm are in C([0, T ];Hn), with the bound

(17) ‖vm‖2Hn ≤ k(‖v0‖2Hn + 1).
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Proof. We define an energy functional,

E =
1

2

∫
(vm)2 + (∂nx v

m)2 dx.

This functional is equivalent to the square of the Hn-norm of vm.
We take the time derivative of the energy:

dE

dt
=

∫
vmvmt + (∂nx v

m)(∂nx v
m
t ) dx.

The first term on the right-hand side can be easily bounded since we know that
n ≥ 6 and that the highest derivative in ∂tv

m is of fifth order:

∫
vnvmt =

∫ [
Xm(vn)

(
a(x)Xm(vmxxxxx) + b̄(x)Xm(vmxxxx) + c̄(x)Xm(vmxxx)

+ d̄(x)Xm(vmxx) + ē(x)Xm(vmx ) + f̄(x)Xm(vm) + h̄(x)

)]
dx ≤ C(E + 1).

This immediately implies

(18)
dE

dt
≤ C(E + 1) +

∫
(∂nx v

m)(∂nx v
m
t ) dx.

We must still bound the integral on the right-hand side of (18), which we expand
using (15):

(19)∫
(∂nx v

m)(∂nx v
m
t ) dx =

∫ [
Xm(∂nx v

m)

(
∂nx

(
a(x)Xm(vmxxxxx) + b̄(x)Xm(vmxxxx)

+ c̄(x)Xm(vmxxx) + d̄(x)Xm(vmxx) + ē(x)Xm(vmx ) + f̄(x)Xm(vm) + h̄(x)
))]

dx

= I + II + III + IV + V + V I + V II.

Here, the term I corresponds to the contribution of the coefficient a, the term II
corresponds to the contribution of the coefficient b̄, and so on, through the term
V II which corresponds to the contribution of the coefficient h̄.
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We expand the term I, by using the product rule:

(20) I =

∫
Xm(∂nx v

m)∂nx (aXm(∂5
xv
m)) dx =∫

a(∂n+5
x Xm(vm))∂nxXm(vm) dx+ n

∫
(∂xa)

(
∂n+4
x Xm(vm)

)
∂nxXm(vm) dx

+

(
n

2

)∫
(∂2
xa)

(
∂n+3
x Xm(vm)

)
∂nxXm(vm) dx

+

(
n

3

)∫
(∂3
xa)

(
∂n+2
x Xm(vm)

)
∂nxXm(vm) dx

+

(
n

4

)∫
(∂4
xa)

(
∂n+1
x Xm(vm)

)
∂nxXm(vm) dx

+

n−5∑
j=0

(
n

j

)∫
(∂nxXm(vm))(∂n−jx a)(∂j+5

x Xm(vm)) dx.

We next similarly expand the term II :

(21) II =

∫
(∂nxXm(vm))∂nx (b̄∂4

xXm(vm)) dx

+

∫
b̄
(
∂n+4
x Xm(vm)

)
∂nxXm(vm) dx+ n

∫
(∂xb̄)

(
∂n+3
x Xm(vm)

)
∂nxXm(vm) dx

+

(
n

2

)∫
(∂2
xb̄)
(
∂n+2
x Xm(vm)

)
∂nxXm(vm) dx

+

(
n

3

)∫
(∂3
xb̄)
(
∂n+1
x Xm(vm)

)
∂nxXm(vm) dx

+

n−4∑
j=0

(
n

j

)∫
(∂nxXm(vm))(∂n−jx b̄)(∂j+4

x Xm(vm)) dx.

We can expand the other terms in the same fashion; a number of the resulting
terms are bounded in terms of the energy. All the terms in the final summations
on the right-hand sides of (20) and (21) can be bounded by CE since at most n
derivatives of Xm(vm) appear there. We can also integrate by parts in terms in
the form γ(x)

(
∂n+1
x Xm(vm)

)
∂nxXm(vm), and then bound the result by CE. The

term V II can be immediately bounded by CE1/2, which can then be bounded by
C(E + 1).

After making these further expansions and bounding those terms which we have
just described, we are left with the following:

(22)
dE

dt
≤ C(E + 1) +

∫
a
(
∂n+5
x Xm(vm)

)
∂nxXm(vm) dx

+

∫ [
n∂xa(x) + b̄(x)

] (
∂n+4
x Xm(vm)

)
∂nxXm(vm) dx

+

∫ [(
n

2

)
∂2
xa(x) + n∂xb̄(x) + c̄(x)

] (
∂n+3
x Xm(vm)

)
∂nxXm(vm) dx

+

∫ [(
n

3

)
∂3
xa(x) +

(
n

2

)
∂2
xb̄(x) + n∂xc̄(x) + d̄(x)

] (
∂n+2
x Xm(vm)

)
∂nxXm(vm) dx.



10 DAVID M. AMBROSE AND JACOB WOODS

To estimate the remaining terms, we will first rewrite them using some identities
based on the product rule, and then we will choose our gauge. The identities we
use are the following (we state this for a general function V, but will use it above
for V = ∂nxXmv).

V Vxxxxx =
1

2
∂5
x(V 2)− 5

2
∂3
x(V 2

x ) +
5

2
∂x(V 2

xx),

V Vxxxx =
1

2
∂4
x(V 2)− 2∂2

x(V 2
x ) + V 2

xx,

V Vxxx =
1

2
∂3
x(V 2)− 3

2
∂x(V 2

x ),

V Vxx =
1

2
∂2
x(V 2)− V 2

x .

Using these, (22) becomes

(23)
dE

dt
≤ C(E + 1)

+

∫
a(x)

(
1

2
∂5
x[(∂nxXmvm)2]− 5

2
∂3
x[(∂n+1

x Xmvm)2] +
5

2
∂x[(∂n+2

x Xmvm)2]

)
dx

+

∫
[n∂xa(x)+b̄(x)]

(
1

2
∂4
x[(∂nxXmvm)2]− 2∂2

x[(∂n+1
x Xmvm)2] + (∂n+2

x Xmvm)2

)
dx

+

∫ [(
n

2

)
∂2
xa(x) + n∂xb̄(x) + c̄(x)

](
1

2
∂3
x[(∂nxXmvm)2]− 3

2
∂x[(∂n+1

x Xmvm)]2
)
dx

+

∫ [(
n

3

)
∂3
xa(x) +

(
n

2

)
∂2
xb̄(x) + n∂xc̄(x) + d̄(x)

](
1

2
∂2
x[(∂nxXmvm)2]− [(∂n+1

x Xmvm)]2
)
dx.

The first term in each of the integrals on the right-hand side of (23) can be
bounded in terms of the energy, after performing the appropriate number of in-
tegrations by parts. For the remaining terms in each integral we perform some
further integrations by parts, leading us to the following:

dE

dt
≤ C(E + 1) +

∫ ((
n− 5

2

)
ax + b̄

)
[∂n+2
x Xmvm]2 dx+

∫
β[∂n+1

x Xmvm]2 dx,

where we have made the definition

β =

(
5

2
+

3

2

(
n

2

)
− 2n−

(
n

3

))
∂3
xa+

(
3n

2
− 2−

(
n

2

))
∂2
xb̄+

(
3

2
− n

)
∂xc̄− d̄.

We now add and subtract, introducing a function aδ (with δ to be defined) with
the intention of having it control the term with the (n+ 1)-st derivatives:

(24)
dE

dt
≤ C(E + 1) +

∫ ((
n− 5

2

)
ax + b̄− aδ

)
[∂n+2
x Xmvm]2 dx

+

∫
aδ[∂n+2

x Xmvm]2 dx+

∫
β[∂n+1

x Xmvm]2 dx.

For the final integral on the right-hand side of (24), we integrate by parts as follows:∫
β(∂n+1

x Xmvm)2 dx = −
∫

(β∂n+1
x Xmvm)x(∂nxXmvm) dx.
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We apply the derivative and integrate by parts again to find the following:∫
β(∂n+1

x Xmvm)2 dx =

∫
βx
2

(∂nxXmvm)2 dx−
∫
β(∂n+2

x Xmvm)(∂nxXmvm) dx.

The first integral on the right-hand side is bounded in terms of the energy, and
for the second integral on the right-hand side, we use Young’s inequality with
parameter ε > 0. We combine this with the second integral on the right-hand side
of (24), finding the bound∫

aδ[∂n+2
x Xmvm]2 + β[∂n+1

x Xmvm]2 dx ≤ C(E + 1)

+

∫
aδ[∂n+2

x Xmvm]2 + ε[∂n+2
x Xmvm]2 +

1

ε
(β∂nxXmvm)2 dx.

Since the energy controls up to n spatial derivatives, we may bound the final term
on the right-hand side by the energy:∫

aδ(x)[∂n+2
x Xmvm]2 + β(x)[∂n+1

x Xmvm]2

≤ C(E + 1) +

∫
aδ(x)[∂n+2

x Xmvm]2 + ε[∂n+2
x Xmvm]2 dx.

We recall that we have taken infx a(x) > 0, and we then note that as long as
δ(x) ≤ −ε

infx a(x) < 0 the integral in the right-hand side will be non-positive. This

leads to the following bound:∫
aδ(x)[∂n+2

x Xmvm]2 + β(x)[∂n+1
x Xmvm]2 dx ≤ C(E + 1).

Using this with (24), we now have

∂E

∂t
≤ C(E + 1) +

∫ ((
n− 5

2

)
ax(x) + b̄(x)− aδ(x)

)
[∂n+2
x Xmvm]2 dx.

If we had
(
n− 5

2

)
ax + b̄ − aδ = 0 then our energy estimate would be complete.

Substituting for b̄ from (14), we see that we seek δ such that(
n− 5

2

)
∂xa(x) + 5a

∂xgn
gn

+ b− aδ = 0.

This equation may be integrated. We do so, and we solve for the gauge, gn :

(25) gn = a( 1
2−

n
5 ) exp

{
−1

5

∫ x

0

(
b

a
− δ
)
dx′
}
.

We then make a favorable choice of δ(t), so as to maintain periodic boundary
conditions for gn :

(26) δ(t) =
1

M

∫ M

0

b

a
dx.

We still must choose the value of ε above. Now that we have defined δ, we have the
condition

1

M

∫ M

0

b

a
dx ≤ −ε

infx a(x)
< 0.
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So, we take ε > 0 such that(
sup
t∈[0,T ]

1

M

∫ M

0

b(x, t)

a(x, t)
dx

)(
inf

x∈[0,M ]
a(x)

)
< −ε.

(Recall here that the first factor on the left-hand side is strictly negative, and the
second factor on the left-hand side is strictly positive.)

We have therefore demonstrated the bound

dE

dt
≤ C(E + 1).

This immediately implies that the energy remains bounded over the time interval
[0, T ]. (Note that we have fundamentally used the fact that 1

M

∫
b
a < 0; without

this, we could not control the energy.) �

Remark 6. The proof also establishes that Xmvm is uniformly bounded in the space
L2([0, T ];Hn+2). This fact will be used later.

Having established that the approximate solutions exist on a common time in-
terval, we now work to take the limit as m goes to infinity.

Using the uniform bound (17) and the approximate evolution equations (15), we
have the uniform bound for the time derivatives,

sup
t∈[0,T ]

‖vmt (t)‖L∞ ≤ k(‖v0‖Hn + 1).

The uniform bound (17) also implies that vmx is uniformly bounded. Thus {vm} is a
uniformly bounded and equicontinuous family of functions on the domain [0,M ]×
[0, T ]. By the Arzeala-Ascoli theorem there exist a function v∗ ∈ C([0,M ]× [0, T ])
such that (taking a subsequence, which we do not relabel)

lim
m→∞

‖vm − v∗‖C([0,M ]×[0,T ]) = 0.

Looking at n′ ∈ [0, n) we can use a typical Sobolev interpolation inequality,

‖vm − vm
′
‖Hn′ ≤ ‖vm − vm

′
‖1−

n′
n

L2 ‖vm − vm;‖
n′
n

Hn ,

The convergence in C([0,M ] × [0, T ]) implies convergence in L2([0,M ]) at each

time, and the bound (17) applies to vm as well as vm
′
. From this we can see that

{vm} is a Cauchy sequence in C([0, T ];Hn′
), and is therefore convergent of course,

and the limit must be v∗. So, for all n ∈ [0, n′),

v∗ ∈ C([0, T ];Hn′
).

Furthermore, we know {vm} is bounded in Hn at each time, so there exists a weak
limit in Hn. We call this weak limit v∗∗ ∈ L∞([0, T ];Hn). By the uniqueness of
limits we know v∗∗ = v∗, thus

v∗ ∈ L∞([0, T ];Hn).

We next may conclude that v∗ solves the initial value problem. We denote the
right-hand side of (15) as Bm; of course, Bm involves at most five derivatives of vm.
We similarly denote the right-hand side of (13) as B[v]. Integrating (15) in time,
and using (16), we have

vm(·, t) = v0 +

∫ t

0

Bm(·, τ) dτ.
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Since Bm involves at most five derivatives and we have uniform convergence with
more regularity than this, we may pass to the limit in the integral. We know of
course that the limit of vm is v∗, and thus we see that

v∗(·, t) = v0 +

∫ t

0

B[v∗](·, τ) dτ.

Thus v∗(0) = v0 and v∗ satisfies (13).
We now are able to conclude also that v∗ ∈ L2([0, T ];Hn+2).We noted in Remark

6 that the proof of Proposition 5 implies that the family Xmvm is bounded with
respect to m in L2([0, T ];Hn+2). Since this is a Hilbert space, we conclude that
Xmvm has a weak limit in this space. We know, however, that in less regular
spaces, Xmvm converges to v∗. By uniqueness of limits, we conclude that v∗ ∈
L2([0, T ];Hn+2).

All that remains is to show v∗ ∈ C([0, T ];Hn). Since v∗ ∈ L2([0, T ];Hn+2),
we see that for almost every t ∈ [0, T ], we have v∗(·, t) ∈ Hn+2. Let τ > 0 be
such a time. Then we can re-run the existence argument in its entirety using
v∗(·, τ) ∈ Hn+2 as the initial condition. Call this new solution v∗∗. We have

v∗∗ ∈ C([τ, T ];Hn′+2) for all n′ ∈ [0, n). By uniqueness, it must be the case that
v∗∗ = v∗. Since τ can be taken arbitrarily close to zero, this proves that v∗ is
continuous in Hn for any t ∈ (0, T ]. Showing right-continuity of the solution in Hn

at time zero is all that remains.
That v∗ is bounded in Hn at all times implies that v∗ is weakly continuous in

time, and thus
‖v∗(·, 0)‖Hn ≤ lim inf

t→0+
‖v∗(·, t)‖Hn .

Our energy estimates imply

lim sup
t→0+

‖v∗(·, t)‖Hn ≤ ‖v∗(·, 0)‖Hn .

Combining these, and the weak continuity in time, we conclude that the solution is
indeed continuous in time in Hn. This completes the proof of existence of solutions
in Theorem 1.

It remains to establish the uniqueness result of Theorem 1; this will follow im-
mediately from the following proposition.

Proposition 7. Let u1 ∈ C([0, T ];Hn(X)) and u2 ∈ C([0, T ];Hn(X)) be two
solutions of (1), each with initial data in Hn. Then we have the estimate

(27) sup
t∈[0,T ]

‖u1 − u2‖L2 ≤ c‖u1(·, 0)− u2(·, 0)‖L2 .

Proof. We consider the difference of the two solutions, w = u1 − u2. Since the
equation (1) is linear, w satisfies almost the same equation, just with h replaced
with zero. So we have

wt = a(x, t)wxxxxx + b(x, t)wxxxx + c(x, t)wxxx + d(x, t)wxx + e(x, t)wx + f(x, t)w.

We may follow the arguments of Proposition 5 to define a gauge. The choice of
gauge depends on the regularity we choose to estimate, and we are only making
an estimate in L2 at present. Thus the gauge is given by (25) but with n replaced
with zero. Specifically, we have

g0 = a1/2 exp

{
−1

5

∫ x

0

(
b

a
− δ
)
dx′
}
.
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Give the gauge, we define v as before, i.e. w = vg0. We define the energy to be

Ed =

∫
X

v2 dx,

and (again, following the arguments of Proposition 5) we find

(28)
dEd
dt
≤ cEd.

Note that in Proposition 5, we had dE
dt ≤ c(E + 1). We do not have a constant on

the right-hand side of the present bound (28) because in the present case the term
h has been replaced by zero. Gronwall’s inequality applied to (28) now implies the
desired bound. �

4. Ill-posedness result

As we have mentioned in the introduction, we also have an ill-posedness result
when the fourth-order backwards diffusion is stronger. The following is our second
main theorem.

Theorem 8. Let Lu be given by the right-hand side of (1), and let δ be defined as
in (26) above. If δ > 0 and if the coefficients a, b, c, d, e, f, and h do not depend on
t, then the operator L has a sequence of eigenvalues whose real parts go to infinity.
Thus the initial value problem (1), (2) is ill-posed.

Proof. To demonstrate ill-posedness we will start by showing it for a special case
with constant dispersion,

(29) ut = uxxxxx + δuxxxx + c(x)uxxx + d(x)uxx + e(x)ux + f(x)u+ h(x),

taken with data
u(x, 0) = u0(x) ∈ Hn+5.

After treating this case, the general case will follow by a change of variables.
First we will show that L, for the linear operator L associated with (29), has a

sequence of eigenvalues λj for which

lim
j→∞

|λj | =∞.

This is straightforward since L is a relatively compact perturbation of the operator
∂5
x. Thus we know σess(L) = σess(∂

5
x) = ∅. This can be shown by choosing θ ∈ C

which is not a eigenvalue of ∂5
x; then, the inverse operator (∂5

x − θ)−1 is a bounded
operator defined for all f ∈ H0.

In fact, the operator (∂5
x − θ)−1 is a bounded map from H0 → H5. This means

the the resolvent set of L is nonempty. We take Q in the resolvent and let the
operator L̄ be given by L̄ = (L−Q)−1. We know that L̄ is a bounded linear map
from L2 → H5. We know H5 is compactly embedded in L2 so we know L̄ is a
compact map from L2 to itself. This implies that L̄ has a non-zero sequence of
eigenvalues {µj} with a corresponding sequence of eigenfunctions {uj} such that
limj→∞ µj = 0. So we have the following relations:

L̄uj = µjuj ,

(L−Q)−1uj = µjuj ,

L(uj) =

(
Q+

1

µj

)
uj .
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It is easy to see that limj→∞ |Q + 1
µj
| = ∞ since limj→∞ µj = 0. This is our

sequence of eigenvalues of L so we call Q+ 1
µj

= λj .

For such an eigenvalue λ of L, we let u be the associated eigenfunction such that
‖u‖L2 = 1. Then we have ūLu = λuū and thus, after integrating,∫

X

ū(uxxxxx + δuxxxx + c(x)uxxx + d(x)uxx + e(x)ux + f(x)u) dx = λ.

We see by integration by parts that
∫
X
ūuxxxxx dx = −

∫
X
ūxxxxxu dx, thus it

must be that R
∫
X
ūuxxxxx dx = 0. (Note that here Rz indicates the real part of

the complex number z.) Also by integration by parts, we see that
∫
X
ūδuxxxx dx =

δ‖uxx‖2L2 . Looking at the real part of λ, then, we see

R(λ) = δ‖uxx‖2L2 + CR,

where CR is given by

CR = R

[∫
X

ū(c(x)uxxx + d(x)uxx + e(x)ux + f(x)u)dx

]
.

We can then easily see that

|CR| ≤ k1(‖ux‖2L2 + ‖u‖2L2) = k1‖ux‖2L2 + k1.

Thus we have for δ > 0 that

(30) R(λ) ≥ δ‖uxx‖2L2 − k1‖ux‖2L2 − k1 ≥ −k̃1,

for an appropriate k̃1 > 0. Continuing, we see that

R(λ) + k1‖ux‖2L2 + k1 ≥ δ‖uxx‖2L2 ,

and thus we may conclude

(31) δ−1(R(λ) + k1‖ux‖2L2 + k1) ≥ ‖uxx‖2L2 .

Now we bound the imaginary part of λ. To begin, we introduce the decomposition

(32) =(λ) =

∫
X

ūuxxxxxdx+ CI ,

where

(33) CI = =
[∫

X

ū(c(x)uxxx + d(x)uxx + e(x)ux + f(x)u) dx

]
.

Integrating by parts and using the Cauchy-Schwarz inequality on the first term of
the right-hand side of (32), we have∫

X

ūuxxxxx dx =

∫
X

ūxxuxxx dx ≤ ‖uxxx‖L2‖uxx‖L2 .

With an eye toward CI , we make the following calculation:∫
X

c(x)ūuxxx + d(x)ūuxx + e(x)ūux + f(x)ūu dx

=

∫
X

−c(x)ūxuxx + (d(x)− cx(x))ūuxx + e(x)ūux + f(x)ūu dx

=

∫
X

−c(x)ūxuxx−(d(x)−cx(x))ūxux+(e(x)−dx(x)+cxx(x))ūux+f(x)ūu dx.
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We take the imaginary part of this, finding

CI = =
[∫

X

−c(x)ūxuxx + (e(x)− dx(x) + cxx(x))ūux dx

]
.

Using the Cauchy-Schwarz inequality we conclude

CI ≤ k2‖ux‖L2‖uxx‖L2 + k3‖ux‖L2 .

Putting this together, we have

(34) |=(λ)| ≤ ‖uxxx‖L2‖uxx‖L2 + k2‖ux‖L2‖uxx‖L2 + k3‖ux‖L2 .

Next we take the equation Lu = λu, and we take the inner product with ux :

λ

∫
X

ūxu dx =

∫
X

ūx(uxxxxx + δuxxxx + c(x)uxxx + d(x)uxx + e(x)ux + f(x)u) dx.

Integrating by parts shows that the first term on the right-hand side is equal to
‖uxxx‖2L2 ; thus, we have
(35)

‖uxxx‖2L2 = λ

∫
X

ūxu dx−
∫
X

ūx(δuxxxx+c(x)uxxx+d(x)uxx+e(x)ux+f(x)u) dx.

Integrating by parts demonstrates that λ
∫
X
ūxu dx = −λ

∫
X
ūux dx, so Rλ

∫
X
ūxu dx =

0, and similarly δ
∫
X
ūxuxxxx dx = −δ

∫
X
ūxxxxux dx, so Rδ

∫
X
ūxuxxxx = 0. Com-

bining this with (35) yields

‖uxxx‖2L2 = −R
{∫

X

ūx(c(x)uxxx + d(x)uxx + e(x)ux + f(x)u) dx

}
.

We manipulate the integral on the right-hand side by integrating by parts and using
the Cauchy-Schwarz inequality, finding∫

X

ūx(c(x)uxxx + d(x)uxx + e(x)ux + f(x)u) dx

=

∫
X

−c(x)ūxxuxx + (d(x)− cx(x))uxxūx + e(x)uxūx + f(x)uūx dx

≤ k1‖uxx‖L2 + k2‖ux‖L2‖uxx‖L2 + k3‖ux‖2L2 + k4‖ux‖L2 .

Letting q = max(k1, k2, k3, k4), we rewrite this as

(36) ‖uxxx‖2L2 ≤ q(‖uxx‖L2 + ‖ux‖L2‖uxx‖L2 + ‖ux‖2L2 + ‖ux‖L2).

We next find a bound for ‖ux‖L2 . We begin by introducing the notation

u−n =
∑

k∈Z\{0}

eikxû(k)

(ik)n
.

Using this notation, we integrate the equation λuū−2 = Luū−2 :

λ

∫
X

ū−2udx =

∫
X

ū−2(uxxxxx+δuxxxx+c(x)uxxx+d(x)uxx+e(x)ux+f(x)u) dx.

Considering the real part, we see that R(
∫
X
ū−2uxxxxx dx) = 0 and R(

∫
X
δuxxxxū−2 dx) =

−δ‖ux‖2L2 by integration by parts. We therefore have the following:

δ‖ux‖2L2 =

∫
X

ū−2(c(x)uxxx + d(x)uxx + e(x)ux + (f(x) + R(λ))u) dx.
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We continue to integrate by parts, yielding

δ‖ux‖2L2 = R

{∫
X

c(x)ūxu+ (3cx + d(x))ū0u+ (e(x) + 2dx + cxx)ū−1ux dx

+

∫
X

(f(x) + ex + dxx + cxxx + R(λ))ū−2u dx

}
.

Considering the first term on the right-hand side, we may estimate it as follows:

R

{∫
X

c(x)ūxu

}
dx =

1

2

∫
X

c(x)ūxu+ c(x)ūux dx

=
1

2

∫
X

∂x(c(x)ūu)− c′(x)ūu dx = −1

2

∫
X

c′(x)ūu dx ≤ p1‖u‖2L2 .

Since ‖u‖2L2 = 1, we use this to conclude

δ‖ux‖2L2 ≤ p1 + R

{∫
X

(3cx + d(x))ū0u+ (e(x) + 2dx + cxx)ū−1ux dx

+

∫
X

(f(x) + ex + dxx + cxxx + R(λ))ū−2u dx

}
.

From Parseval’s identity and the definition of u−n, it is clear that ‖u−n‖L2 ≤
‖u‖L2 . Using this together with the Cauchy-Schwarz inequality, we have the exis-
tence of constants pi such that

R

{∫
X

(3cx + d(x))ū0u+ (e(x) + 2dx + cxx)ū−1ux dx

+

∫
X

(f(x) + ex + dxx + cxxx + R(λ))ū−2u dx

}
≤ (p2 + p3 + p4 + R[λ])‖u‖2L2 .

Setting P =
∑4
n=1 pn, we conclude

(37) δ‖ux‖2L2 ≤ P + R[λ].

We now combine the bounds (31), (36), and (37) on derivatives of u with the
bound on the imaginary part of the eigenvalue (34). This implies that the imaginary
part of the eigenvalue λ is bounded in terms of its real part. Recall that we also
know that the real part cannot go to negative infinity by (30). We also know that
there is a sequence of eigenvalues of L for which |λn| → ∞. For this to be true we
must have that R[λn]→∞. Thus we have proven our result for a = 1 and b = δ.

Now that we have proven ill-posedness for a special form of L (i.e. when a = 1
and b = δ), we will show that through a change of variables we can treat the general
case. We start by defining

Φ(x) =

∫ x

0

a−
1
5 (y) dy.

In making this definition, we recall that a is bounded away from zero; this implies
that Φ is invertible. Note that dΦ/dx = a−

1
5 (x). We next define v(z) where u(x) =
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v(Φ(x)), i.e. v(z) = u(Φ−1(z)). Using again the definition of the operator L applied
to u, namely

Lu = auxxxxx + buxxxx + cuxxx + duxx + eux + fu,

and applying the change of variable, we see that

(38) Lu = a(vzzzzzΦ
′5) + vzzzz(10aΦ′3Φ′′ + bΦ′4) + c1vzzz + d1vzz + e1vz + f1u.

(The explicit equations for the trailing coefficients are omitted as their specific form
is not entirely relevant for our purposes.)

Using the definition of Φ, we rewrite (38) as

Lu = vzzzzz + vzzzz(10aΦ′3Φ′′ + bΦ′4) + c1vzzz + d1vzz + e1vz + f1v.

We calculate the coefficient of the fourth-order term, using the definition of Φ

10aΦ′3Φ′′ + bΦ′4 = a−4/5(x)(b(x)− 2a′(x)).

We introduce the variable z = Φ(x), and introduce the function Γ(z) defined
through the equation

Γ(z) = a−4/5(x)(b(x)− 2a′(x)).

Defining M ′ through the equation Φ(M ′) = M, we have∫ M ′

0

Γ(z) dz =

∫ Φ(M ′)

0

Γ(Φ(x))Φ′(x) dx.

This implies that∫ M ′

0

Γ(z) dz =

∫ M

0

a−1(x)(b(x)− 2a′(x)) dx = Mδ(x).

We introduce the notation Γ̄ = M
M ′ δ, and we define the operator L̄ through

L̄v̄ = v̄zzzzz + v̄zzzzΓ(z) + c1v̄zzz + d1v̄zz + e1v̄z + f1v̄.

By demonstrating that L̄ is simply a change of variables away from L, we know
they have the same eigenvalues. Our change of variables again uses the gauge, i.e.
v̄ = vg, with g be as described in our energy estimates:

g = exp

{
−1

5

∫ z

0

Γ(s)− Γ̄ ds

}
.

We may then calculate

L̄v = vzzzzz + vzzzz

(
5
gx
g

+ Γ(z)

)
+ c2vzzz + d2vzz + e2vz + f2v.

We can simplify the coefficient of the fourth derivative,

5
gx
g

+ Γ(z) = (−(Γ(z)− Γ̄) + Γ(z) = Γ̄.

Then our expression for L̄v becomes

L̄v = vzzzzz + Γ̄vzzzz + c2vzzz + d2vzz + e2vz + f2v.

This is the same form of the operator that was studied in Theorem 8; this
completes the proof of ill-posedness for the general case. �
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