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Abstract

We study hydroelastic waves in interfacial flow of two-dimensional irrotational fluids. Each of the
fluids is taken to be of infinite extent in one vertical direction, and bounded by a free surface in the
other vertical direction. Elastic effects are considered at the free surface; this can describe physical
settings such as the ocean bounded above by a layer of ice. A previous study proved well-posedness
without considering the mass of the elastic surface; we now consider the effect of this mass. Under
the assumption that a certain integral equation is solvable, we prove well-posedness of the initial value
problem for the system. We are able to demonstrate that in some cases, such as the case of small mass
parameter, the integral equation is indeed solvable. The proof uses geometric dependent variables, a
normalized arclength parameterization, and a small-scale decomposition in the evolution equations.

1 Introduction

We study the initial value problem for an interfacial flow problem, in which two fluids whose velocities
obey the incompressible, irrotational Euler equations are separated by a thin elastic sheet. This problem
serves as a model for problems such as flapping flags [1] or ice sheets on the ocean [24]. We use the
equations of motion for the problem as developed by Plotnikov and Toland [23].

One parameter in the equations of motion is the mass density along the elastic sheet. If this mass is
neglected and the parameter set to zero, then a simpler set of equations results, still allowing for elastic ef-
fects. Most prior works in the literature for the hydroelastic problem have been concerned with the existence
or computation of traveling waves, including by Toland in the massless case [27] and by Toland and Baldi
and Toland in the case which accounts for the mass [9], [26]. Other papers on hydroelastic traveling waves
include [16], [22], [28], [29].

We use a vortex sheet formulation of the problem; since the fluids are irrotational, there is no vorticity
in the interior of either fluid region. However, the tangential velocities can jump across the elastic sheet,
and thus there is measure-valued vorticity supported on the free surface. This measure-valued vorticity is
proportional to the Dirac mass at the free surface, and this Dirac mass multiplies a function, =, the vortex



sheet strength. We must then evolve v and the position of the free surface in order to have a solution of the
problem.

Considering interfacial potential flows with surface tension accounted for at the free boundary, Hou,
Lowengrub, and Shelley (HLS) introduced a non-stiff numerical method [18], [19]. The second author
subsequently used the elements of their formulation of the problem to prove well-posedness for the vortex
sheet with surface tension and for interfacial Darcy flow [3], [4]. The significant elements of the formu-
lation involve making a geometric description of the free surface rather than using Cartesian coordinates,
using an artificial tangential velocity to enforce a favorable parameterization, and isolating the leading-order
terms in the evolution equation (i.e., making a small-scale decomposition). Other analytical works which
subsequently used these ideas include [5], [6], [11], [12], [13], [14], [15], [31], [32].

Also using the HLS framework is the paper of the second author and Siegel which proves well-posedness
of the hydroelastic initial value problem in the simpler case that the mass of the elastic sheet is neglected
[7]. In the present, more general case, there are many additional terms to estimate in the evolution equation
for v. The greater difficulty, however, lies with the fact that the equation specifying the evolution of ~ is
actually an integral equation for 7;; while this is also the case when the mass of the sheet is neglected, the
form of the integral equation without mass is much more straightfoward. In particular, the integral equation
which needed to be solved in [7] is the same integral equation which was proved to be solvable by Baker,
Meiron, and Orszag in [8]. This result has been used many times in the literature, including, for example,
in [3], [12], and [30]. In the present case, with a much more complicated integral equation to solve, we are
not able to guarantee that it is always solvable. We prove well-posedness under the assumption that we may
invert to find ¢, with an estimate for the inverse operator which is analagous to the estimate developed in
[12]. We are then able to demonstrate that this assumption holds in some cases, including in the case of
small mass.

The plan of the paper is as follows: in Section 1.1, we introduce the norms and some operators which
will be used in the sequel. In Section 2, we give a simple example which demonstrates how we will perform
energy estimates for the hydroelastic problem with mass. In Section 3, we develop the equations of motion.
In Section 4, we give some preliminary estimates, especially for operators such as certain commutators.
Section 5 is devoted to our existence argument; this requires introducing a regularized system of equations,
proving existence of solutions for the regularized system, proving an energy estimate which is uniform in the
regularization parameter, and passing to the limit as this parameter vanishes. Section 6 proves uniqueness
of solutions and continuous dependence upon the initial data.

We are grateful to our friend Michael Siegel for several helpful conversations as we began this work.
This work has been completed as part of the first author’s doctoral thesis, and she is grateful to the second
author for his supervision in this respect. We are grateful to the National Science Foundation for support
through grant DMS-1515849.

1.1 Function spaces, norms, operators, and notation

Derivatives with respect to the independent variables ¢ and a will be denoted either by using the partial
derivative operators J; and 0,, or with subscripts. We comment now about the function spaces we will
use. We use the L?-based Sobolev spaces in the 27-periodic setting. For f € H * with k € N, we use the



following as the norm:
2 1/2
= ([ @)+ @hs@)Paa)

Forf € H*1? with k € N, we use the following as the norm:

2w 1/2
s = ([ )+ (@hstpmet f(@) da)

Here, H is the periodic Hilbert transform, which has symbol H (¢) = —isgn(€). (Notice that if f has mean
zero, then H? f = — f. For more information on the periodic Hilbert transform, the interested reader might
consult [17].) Using Plancherel’s Theorem, it is clear that

1/2

1 lksaje = [ DA PP |
¢

so this is equivalent to any other usual definition of the H k+1/2 horm. We introduce the operator A = HJ,,
which will be useful many times in what follows; note that the symbol of A is A(£) = ||, and this implies
that A is self-adjoint. This implies the following, which we will use many times:

d 27 2 2T
7 gAgda = 2/ gAgida = 2/ gi\g do. (1)
0 0 0

This will be relevant as we estimate the growth of quantities which are equivalent to H F+1/2 norms. We
will sometimes use the projection which removes the zero mode of a periodic function:

1 2m
]szf—% . fla)de.

We may sometimes denote the mean of a periodic function as ((f)), so that we could say Pf = f — {(f)). We
also introduce the mean-zero antiderivative operator, 9, '. This is defined through its symbol as 9, ' f (&) =
1 " —

,—gf(f), for £ # 0, and 95 ' f(0) = 0. Notice that if f has zero mean, then f = 0,0, f = 9, 10af.

1
Remark 1. In the existence theorem that follows, we will be proving existence for (6,v) € H*® x H*™!;
naturally, 6 and ~ will defined soon. This remark, though, concerns the value of s. We will say several times
that s is taken to be “sufficiently large.” This means that there exists so € Z such that if s > sg, then all of
our arguments work. We have not counted exactly the value of this sg, but we do note in a few places in the
sequel that we take s > 5. A careful reading of all of the arguments would allow one to compute exactly this
minimal value of sg. We further note that this approach to the regularity is the same as taken by the second
author in papers such as [3] and [5].



2 Aninstructive example

Let both ¢; and ¢y be positive constants. We consider the following linear system, which has the same
types of leading-order terms as the hydroelastic system with mass:

0 = H(’V&% )

Yt = _clH(’Yat) - 62904040404 + 6390404 + C4H('7ao¢) + C5H(f7a)~ (3)

While we assume that ¢; and cg are positive, we are able to estimate the contributions from the remaining
terms without regard to the signs of c¢s, ¢4, and c5. For the purpose of the present example, we take (6,~) to
be a solution of this system which is sufficiently smooth for all of the integrals we are about to use to make
sense.

It is obvious that the operator (I + ¢;A) ™! exists and is a bounded operator from H* — H*™!. So we
can rewrite (3) as follows:

Tt = (I + ClA)71<_629aao¢a + 6390«1 + C4H('7aa) + C5H(7a))- 4

The energy functional we will estimate will serve as an upper bound for a constant times the square of the
H?3-norm of # and the square of the H?-norm of . We let E(t) be given by

E(t) = Eo(t) + Ex(t) + Ea(t) + E3(1),

/ 0% +~* da,

Ei(t) = 3 /O (820)? do
1

where

27
Bat) =3 | (@) (HO) do

2
Bi) = 5 [ (@2 (02) do.

Taking the time derivative and substituting from (2) and (4), we have

dE. 2 B
dTO = / OH~o + (I + c1A) " (—c20000a + c30aa + caH (Yaa) + s H(7a)) da < CE,  (5)
0
since the integral can be bounded in terms of at most third derivatives of 8 and at most the first derivative of
~ because of the mapping property of (I + c;A)™*
We next take the time derivative of /7 and substitute from (2):

dEl_ o 3 3 _ o 3 4
o [ (030)(@30)da = 2 | (030)(HOL) dov ©)

0 0



Next, we take the time derivative of E5 and plug in from (3):

dE 2
= | @uezy) da

21 27 27
— / (H27)(HOZ) dov— ¢ / (20)(HOZ) dov + ¢ / (26)(HOZ7) do
0 0 0

2m 2
te [ HO3)(HZy) da+es | H(0%y)(HIY) de.
0 0
We rewrite the first and fourth terms on the right-hand side; for the first term, we use the fact that the adjoint
of H is —H, and for the fourth term, we recognize a perfect derivative:

27 27 27
%:—cl / (024)(02) da — 3 / (050) (HO) da + 3 / (030)(HO2) da
0 0 0
21

/ Oa((HO?7))? do + ¢5 H(9%y)(Hy) da.
0

Recognizing that the first term on the right-hand side is equal to —dF53/dt, and that the fourth term on the
right-hand side integrates to zero, this becomes

dE dE 27 2 27

T / (920) (HOZ) do+cs / (920)(HOZ) datcs | H(02)(HOZ) da. (7)

0 0 0
We now add (6) and (7). An important cancellation occurs upon integrating by parts, and we slightly
rearrange the remaining terms, finding the following:
dEy dE, dEj o

2T
+=C =" =c3 / (030)(HOZy) da+c5 | H(927)(HOZv)do < CE. ®)
' dt ' dt 0 0

Adding (5) and (8), we have

dE
— < CF
dt ¢ ©)

This implies that the energy grows at most exponentially. Recall that c¢; and cy are positive; we have the
following conclusion:

S U013+ 117113) < B(t) < E(0)e". (10)

mln{2 DR

3 Equations of motion

The model we consider is an elastic sheet with density py between two irrotational, inviscid, incom-
pressible fluids. The densities of the lower and upper fluids are denoted by p1, pa, respectively. The one-
dimensional free surface is X (o, t) = (xz(«, t), y(, t)) with period 27, where « is the parameter along the
curve and ¢ is time; specifically, the periodicity means that (z(«, t), y(«, t)) satisfies

r(a+2m,t) = z(a,t) + 2m, yla+2n,t) =y(a,t), Va,t. (11)



We let ¢, n denote the unit tangent and normal vectors along the curve, and s is arclength. These quantities
t, n, and s, are defined by

t— (xavya)’ n = (7you xoz)7
Sa Sa

2 _ 2 2
Sa_'roz—i_ya'

We denote U and V' as the normal and tangential velocities of the free surface, so that
X, =Un+Vt. 12)

We define the tangent angle § = tan™!(y, /). Then the evolution equations for s, and 6, which we infer
from (12), are

Sat = Vo — eaU7 (13)
Uy + Vi,

Sa

0

We introduce «, the curvature of the curve X . The relationship between curvature and tangent angle is
Kk =04/50-

Notice that the normal velocity U is determined by the physics of the problem; however, the tangential
velocity V is not. That is to say, we have some freedom when choosing V, and we use this freedom to enforce
our preferred parameterization. Our preferred parameterization is a normalized arclength parameterization:
we would like s, to be independent of the variable «.. If we denote by L(t) the length of one period of the
curve, then we would like

Sq = L/2m, (14)
for all ¢. If the equation (14) holds at the initial time, then it will hold at later time as long as
Sat — Lt/27T. (15)

Then we can solve for V' by the equation (13) and equation (15), as long as we know L;. To this end, we
calculate that L; = 27s,;, and we average this over the interval [0, 27] :

2 2
L; = / Satdo = — 0,U dao. (16)
0 0

Here, we have used the fact that V,, integrates to zero over [0, 2], since V' is periodic. Using the equation
(13) and equation (16), we have

1 21
Vo = Li/2m + 0.0 = — / OoUdo + 0,U = P(0,U).
0



Therefore the equation of V' is
V =05 "P(0,U) + Vi (t). 17)

We will comment on the choice of V;(¢), which is the mean of V' at each time, at the end of Section 3.1.

Since there is no vorticity in the bulk of the fluid, we are able to use a vortex sheet formulation. The
average of the upper and lower fluid velocities evaluated at the interface is denoted by W = (W7, W5) and is
specified by the Birkhoff-Rott integral. The Birkhoff-Rott integral and its approximation will be introduced
in Section 3.1. The normal velocity is the normal component of the Birkhoff-Rott integral,

U=W - -n. (18)
In the paper, we denote
Vb=V - W -t. (19)
We use the new notation to rewrite 6; :
1
0; = S—(Wa ‘n — Viyby) (20)
(07

Establishing (20) requires use of the geometric identity 1, = —0,t.

The vortex sheet strength « is the jump in velocity across the interface. Since the velocity potential
on each side of the interface satisfies a Bernoulli equation, upon taking the limit at the interface, an evolu-
tion equation for the jump in potential across the interface can be found. Differentiating this leads to the
following evolution equation for ~:

2 Wi 1 2
Yt = — [P]a + ( W'Y)a —2A <5aWt -t 4+ *aa (72) - VWWa -t + gya) s (21)
p1+ p2 Sa 8 Sa
where [P} = p; — p2 is the jump in pressure at the interface, g is the acceleration due to gravity, and
A= pL=p + . The equation (21) is given in [7]; the work [7] treated the case with zero density of the elastic
P1 T P2

sheet, pop = 0. At present we instead consider pg > 0. The model of Plotnikov and Toland [23] gives the
equation of motion of the elastic sheet as

1
PO X + {iAWé(H) +2H(HW,(H) — Wy(H) — KWy(H))}n = )n—gpJ, (22)

where j = (0,1), H is the mean curvature, K is the Gauss curvature, and p = po/+/a is the density of
the deformed elastic shell at point X, with v/a related to the metric of the free surface. In the sequel, we
take W, (H) to be a quadratic function of b, namely Wy (H) = Ej, H?, where the constant E is the bending
modulus.
In two dimensions, X («,t) = (z(a,t),y(a,t)), A = 0ss, K = 0, and H = /2, where s, k are the
arclength and the curvature of the curve, respectively. The first-order geometric invariant \/a is given by
= a2 4+ y2 = s,. Then, the equation (22) becomes

1 1 .
PO X + iEb{ﬁss + 5,5’}n = P(X)n —gpj. (23)



The equation for the jump in pressure across the interface, P(X), is then given by
1 1 4 .
P(X)=pouX  -n+ 5Eb{f<ass + 5/@' } + gpj - n. 24)
By (12), we calculate 0, X - n :

8ttX-n:(Utn+Vtt—Ut9t+Vn9t)-n:Ut—FV@t

Here, we have used the geometric identities £; = 6,n and n; = —60,t, as well as (18). We need to calculate
a derivative of this with respect to « :

(@tX : n)a =W -n— W, - t0, + (Viv)abi + Vivbia, (25
where we have again used the geometric identity n, = —6,t. Substituting the equation for the derivative of
the jump in pressure, [P],, we rewrite 7, as

1 1y Wwa 1, (7
"= T _i_pQEb(/‘ﬁss + 5f )a + e 2A | saWi -t + gaa 27 VivWa -t + gya
2
- p (Wat n— W, tea + (VW)agt + VWHta + g(xa/sa)a)'
p1+ p2
) L .~ 0 - ISION
Using k = 0,/8a, 0s = 0n/Sa, and s, = —, and defining A = and A = —— wema
s a/Sa; O = Oa/sa “on s p1+ p2 L3(p1 + p2) d
restate the evolution of « as follows:
- 3626 27 (W4 ~ ~
v =—A (aj;e + a2 X2+ ult zv'y)"‘ —2A(Wy - n) — (24 — 4w Ab, /L) (W - t)sq
~ 2wgx 72 (26)
—24 <(VW)a9t +Viwbia + —5 °‘°‘> —24 <<L2> VYo — ViwWe - t + gya> :

We have mentioned before that we will focus on the elastic sheet with mass between two fluids. Comparing
to the elastic sheet between two fluids without accounting for its mass, it is obvious that the evolution of 6,
is the same. However, the evolution of -, is significantly more complicated in the presence of mass, i.e., in
the case A > 0. The additional terms which arise in the ~¢ equation, such as W, - n, (Viy )0y and Viy 0y,
require care to understand and estimate.

3.1 The Birkhoff-Rott integral, related operators, and consequences

To better understand the Birkhoff-Rott integral, it is helpful to introduce a bit of complex notation. We
define a complexification map: C : R? — C to be

Clz,y) =z + 1y. 27



We denote a complex field point z = = + iy = C(z, y). The Birkhoff-Rott integral is

21
COWY* = W, — i, = 4jm,Pv/O () cot(%(z(a) () do. (28)

Applying the complexification map, we have the following:

C(t) = Za/sou (29)
C(n) =1z2q4/Sa, (30)
W - n = Re{C(W)*C(n)}. 31)

We introduced the periodic Hilbert transform, H, in the introduction. However, we only discussed its
symbol. There is also an integral form of the periodic Hilbert transform; if f € L?, then we have

2m
Hf(a) = iPV (o/)cot(}(a — o)) dd. (32)
2T 0 2
Notice that, the Birkhoff-Rott integral (28) looks very much like the Hilbert transform. Thus, it is natural
to introduce the following operator, which is the error from approximating the Birkhoff-Rott integral using
the Hilbert transform. In Section 4, we will see that the error operator is a smooth operator as desired. The
error operator is defined as follows:

1 2

Klalf@) = g0 [ 1) eott5eate) = za(a)) -

7471'7/ 0

cot(%(a —a))| dd. (33)

Here, we have introduced the quantity z;, which is defined as
Zd(Oé, t) = Z(O[, t) - 2(07 t)7

it is necessary to introduce z4, since z4 is determined uniquely from 6 while z is not. Notice that z4(«, t) —
zq(t) = z(a,t) — z(a/,t) and Dp2g = Du 2.

We will also need to introduce the commutator of the Hilbert transform and multiplication by a smooth
function ¢, which is

[H, ¢l () = H(¢f)() = p(a) H(f)(e).
We will prove that the operator [H, ¢ is also a smoothing operator in Section 4.

To rewrite the 0; equation, we need a formula for W, and we will use the operators we have introduced
for this purpose. After some manipulations, we arrive at the following (see [3] for the full details):

27 o
(W) = 1,PV/0 2a() (7( ) ) cot(5 (=(a0) — =(a'))) da’

4mi za ()

=t ((3),) 5 [ (+(0),) - (e o)




Let m denote the quantity defined by

cor-aia(2)) 52 (- (2))

Then, we arrive at a useful formula for W, :

T ™
W, = ZH(’ya)n — ZH(’yGa)t +m. (35)
Again, the interested reader might see [3] for full details; the formulas for W, and m were initially devel-
oped by the second author in [3] and were used subsequently in several papers, including [4], [5], [6], and
[7]. We substitute (35) into (20), finding the following useful form of the the ; equation:

272 2m 2w
0, = ﬁH(’ya) + TVWGQ + - men. (36)

We use (35) to give a useful formula for Vyy, which was defined previously in (19). To begin, we
differentiate Vyy :
O Viw =Vo — Wy -t — (W -n),.

L
Since V,, = 2—t + 0,U and U = W - n, we see that
Y

s Lt
WViv = ~H(40,) —m -t + =
O Viv 7 (v0o) —m -t + o

This can be rewritten by using the operator IP; recall that IP removes the mean of a periodic function. Since
the left-hand side has zero mean, and since a Hilbert transform has zero mean, we must have the following:

O Vi = %H(fy@a) —P(m-t).

We apply the operator 0, ! finding

Vi =0, <2H(79a) —P(m- t)). (37)

From the formula of V1, we can see that the mean of V' is same as the mean of W - ¢. This is possible since
the equation of V' is defined from V,,, and the mean of V is then free to be chosen. Previously, we denoted
the mean of V" at each time as Vj(¢), so we see that we have taken this to be the mean of W - ¢ at each time.

3.2 Calculation of (W, - t)s, and W, - n

To analyze the right-hand side of the equation for 7;, we must find good expressions for (W} - t)s,, and
Wat n.

10



To begin, we can write W; as

2w
C(Wy)" = 471m'PV/0 ’Yt(o/)cot(%(z(a) —2())) do’ .
27
_BLPVA VWW%W%ﬂMdﬁmggwmg—ddmdd'

Then we can write (W - t)s,, as

(Wi - t)sq = Re{C(W})" 24}

~ Re {ZO‘_PV /027r (a) cot(%(z(a) — () do/}

4y

~ Re {Z‘“pv /0 : ~(@) (z(a) — z(a)) CSCZ(%(z(a) — () do/} .

81

We define the first term on the right-hand side to be J[z4]~y; and the second term to be Ry.
Using integration by parts, [?y can be rewritten as the sum of 1 and Ro, where

Ry = Re {ZO‘PV /0% ( 1) >a/ (z(a) — z(a)) COW%(Z(O&) —z(a))) do/} ,

4mi za ()
Py 27 (o Zto o , ,
Ry = —Re {ZL;Z,PV/O Wcot(;(z(a) —2(a"))) da } .

Of course, we can continue to rewrite /21 and Ry. Fortunately, the terms comprising R; will be unimportant
in the sequel:

Ry = Re {zath[Zd] ((”)) } ~ Re {zamzd] < <7)) } e {2[H 2] <1 (7)> } |

(39)

By adding and subtracting in 22, we have
Ry = —Re {zaK[zd} <72t0‘> } — Re {ZO‘H (fyz;a) }
Za 21 z5
(6% (0% 1 (6% 1 (6%
= oreetad (5 e [ (o)) et (50)
ZOL 2Z Za Za 2Z ZCV

The last term on the right-hand side of this equation can be simplified because of the following calculation:

Re{zm} _ (Tat; Yat) -1 _Ua+Vla _

120 Sa Sa

0.

Using this fact, we find the following formula for R» :

Ry = —Re {zaK[zd] (ft“)} — Re {;‘Z [H ;] (ft“)} - %H(wt). 40)

11




The first two terms on the right-hand side of (40) involve the operator K [z4] and commutator operators.
Good estimates are available for both of these (we will present these estimates in Section 4 below). We will
deal with the last term on the right-hand side of (40) carefully later.

To calculate W, - n, we will introduce C(W),, first:

W) =0 (Y [ ) (200 ot (ot =(e) ')

= ey [T (2, o Gl <t a
L2 py /0 (Z2) oot Gylete) = star)
_ Z;(:;)pv /027r <;((O‘O:/))>a/(zt(a) — z(a’)) esc? (%(Z(Oé) —2(a))) do

—: C(A1)" + C(Ap)* +C(As)".

SoWy -n= A1 -n+ Az -n+ Az -n. We will investigate these terms separately.
In what follows, we will use z, = sqae'. We begin with A;. Recalling the definition of m, we may

write A7 as follows:

Z Z
C(A1)" = QZZEH(’M — Yzaa/Za) + Zi:C(m)*. (41)
We then take the normal component:

Ay -n = Re{C(A1)%iza/Sa}

120 Zat 120 Zat
=R H(~, — C *
e { Yises? (Ya — Y2aa/%a) + S (m) }

o ~a6 . o 10 o i@'@
= e oo el gy, i) 4 L 0

Sat (915 Sat
_ Sat 2 H(100) + 2 n— Gym - t
252 (Va) + 25, (v0a) + . m-n—6m

wL w0 L
= L—;H(’ya) + TtH(fyHa) + ftm n—0m-t.
We similarly compute the normal component of A :

Ag-n = Re{C(A2)"iz0/Sa}
iz2 22
(), )} w2 2] ().} mbin (- ()
¥ Z 1
-l () ) el 2] (= (2),))
+ %H(w) — %H(%) - %H(’v@a@t)-

12



We reiterate that in this above calculation, use of the formula z, = sqe® helps very much to simplify some
of the expressions. We continue to rewrite:

o (2) ) o3 ] (2) )

23 1 —YZat s 7TLt ™
+ Re {23a [H, Za] <2a < 2 )a> } + ZH(%t) - ?H(%{) - ZH(’YHa@t)-

To more compactly describe some of the terms on the right-hand side of the A5 - n equation, we define an
operator S(;) as follows:

son = {Swaa () emefaz o] (< ()} e

Next, we calculate A3 - n using the same method as for Ry; that is, we recognize that the squared
cosecant term can be written as the derivative of a cotangent, and we integrate by parts. We then write
A3z -n = Ry + Ry where Ry and Ry are defined as follows:

{220 | (2]
et (1 (Y0) )}
mne {5 (1) %) - ((2), )
-2 1 22 Zat 1 Zaa \ Zot
:&{%mkfi]«gjg%>_éfVAQQDQ%>}_&{%JMK%_7%>a)}'

The final term on the right-hand side can be better understood by again making use of the equation z, =
i0
sqa€”

~ —22 1 ¥ 22 0% Zot Ll T
— _fa g — L ot | — =2 -] = - —H — —H(~0,0;).
Ro=me{ oz [ 5] (2) ) = St ((2), 22) ) 00 - o)

After all, we say

W, -n = %H(fng) +S(v) + Rs + Ry (43)
where ,
Ro = Rel P2 K[ (F222),)) + Re{ 22 [, ) (0 (C2221),))
+mfﬁéluﬂfmw”2mmﬂ>%n+5 "
284 221\ g, 0 Zo ’
Ri= ”Letﬂ( 0) — %H(%) - %H(y@oﬂt) + %m ‘n—Om-t. (45)
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3.3 Our small-scale decomposition

We are now going to rewrite the evolution equations to emphasize the terms in the 6; and ~; equations
which must be treated carefully in the energy estimate.

First, substituting the expressions we have found above for (W, - t)s, and W, - n into (26), we
immediately get

2 L
_924 (%H(w) + S(v) + Rs + R4) - (2A - 47r19a/L> (J[za () + Ry + Ry)

2
v = _A <639 + 3‘90490401> + 27T(VW’Y)04

e 2 oo 2
—24 <(VW)a9t + Vi o + ngx ) —2A <<22> YVa — Vir Wy -t + gya> -

Next, we wish to replace Rp by substituting from (40) and replace W, - t from (35):

39390@ n 27T(VW'Y)0¢
2 L

_924 (%H(w) + S(v) + Rs + 34) - (2A — 4n A6, /L) (J[za) () + R1)

_ (2A - 47@19@/L) <—;H(79t) — Re {ZaK[Zd] (Za) } ~fie {;j [H zlfj (7,:?) }>

e 2 ao 2
— 24 <(VW)a9t + VWHta + ﬂ-ng ) — 24 <<7IT/2> VYo — VW(_%H(’V‘QQ) +m- t) + gya) .

Several terms on the right-hand side of this latest expression for ; include 6;; we will be substituting for
these using the 6; equation. To start, since the expression for Ry contains a term —§H (v0:), we use (36) to
calculate the following:

2

2 2 2
(o0 = T HvH () + H (vaew + M m. n)

272 272 2T 2
= ﬁ[fi YIH (Vo) — 72 e +H (LVWQO/Y + Tom: n> )

14



Second, all the terms involving 6; are

7T9t
T H0be) =

2
= (fﬂwea) + TH(30:) = P(m-t) = m - ¢) 6, = TH(30000) + Virbic
L L L
27

=~ H, 0100 — (P(m ) + (m )01 + Vivbia

473 2 2 2
= —ﬁ[H, (HYa) 700 — T {H <VW9()¢ +m: n)] Y0a

—H(v0,0;) + (Vv )abr — im - t + Viy by,

2
—(P(m-t)+m-t) <2I7/T2 H(Va) —|— VWH + ng n>

212V, 27 V4 27 V4
%H(vm) V2 0o + WLW(VW)a9a+ W (m - n)a

473 272 212 W4
— U e (Pl )+ - 0) (T3 100 ) + T H00) + 5 Vi + R

where Rj is

2 2 2 2 2
R5 Sl H, 7T1/1/1/0a+—7rm-'11 Y0q — (P(m-t) + m - t) IVW9a+im-n

+

L
+ VW(VW) O +

Substltutlng all of this, the equation for 7, is

- 02000 2 o 2 o

24 (T H (o) + 5(0)) — (24 — 4w Aba/L) (J[z4] ()

~ 473 272 7L 272 2T
=2 (= . ()t = (G- 8) + ) H ) = T HOw) + Ty VirHaa) + 5 Vit

7'['2 7'('2 ™ T
<2A 47rA9a/L) (Lg [H,7]H (a) = 737+ H (vaeof)’ +pym: n))

- (2A - 4wﬁ9a/L) <—Re {ZQK[zd] <7§;°“) } — Re {Zj [H Zla] <VZC“> } + R1>
2

—2A<Lm n+R3+R5+L> —2A <(LQ> YYa — Vv <—EH(79a)+m't) +gya> .

To simplify the notation of the equation for ~;, we define R and R:

~ — 2 A i
7o _A39a29aa n 27T(V1YI;/V’704) _ (4A — 471'A9a/L) g;V%)

Ny 2 Ly 27 -
Y <—LQ[H, (H'Ya)h/goé —(P(m-t)+m- t)ﬁH('Yoa) - ﬁH(’YQ) + LVV%/QO(O() )

15



g = W) (2A — 4nAY, /L) <7T2[H, VH(Ya) + H (%vwow + Zym- n)>

L L? L

_ (2A _ 4ﬂﬁea/L) <—Re {zaK[zd] (fl"“) } — Re {;j [H Zj (72“) } + R1>

~ (L 2TGT e m
—2A (Lm ot Rs + R5> —24 (-VW <—ZH(790¢) +m- t) + gya) - (48)

Finally, we turn to the operators acting on ;. Using the definitions of .S and J[z4], substituting s, = L/2m
and rewriting J[z,]:, we introduce the operator 7'[6)] :

2AS(04) + (24~ An R84 /L) Ledl ) = (24 ~ 200 /L) Re { szl + 32 1, ] 2}

+2ARe {%fimzd] ((V)) b+oire {”L %] (= (7>) b= Tioln). @)

In conclusion, the equation for ~y; is the following:

. 24 4AVym? ~
Y = —A0%0 — T H(Yar) = TIO)() = =5 H(Yaa) + R+ R. (50)
Finally, we group together some like terms, rewriting 7 as
_ 2Am 4AViy
Y= A0 — = H(ar) =~y H(Yaa) + Q. (51)

where @ is the summation of the smoother terms, Q = —T'[0]; + R + R.
It will be helpful to have a brief notation for the evolution equations, so we introduce the following:

(0t,7¢) = (B1, Ba), (52)

where 31 and B3 are the right-hand sides of equation (36) and (50) or (51).

4 Preliminary estimates

In this section, we will collect together several estimates which will be useful many times in the sequel.
These include interpolation, algebra, and composition estimates for Sobolev spaces, as well as estimates for
operators related to the Hilbert transform and the Birkhoff-Rott integral.

First, we have an elementary interpolation lemma. We omit the proof of this lemma; it may be found
many places, one of which is [3].

Lemma 4.1. Let m > 0 and s > m and f € H® be given. Then,
m/s 1-m/s
1l < CLAIZ 11 (53)
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Next, we have the usual algebra property.

Lemma 4.2. For all s > 1/2, H*(T) is a Banach algebra. That is, there exists ¢ > 0 such that for all
u,v € H?,

Juv]ls < ellulls[lv]ls- (54)
We next have an elementary composition estimate; see, for instance, [25].

Lemma 4.3. If I is a smooth function and w is in H* N L™, then |[F ()| < C(1+ ||u||x). The constant
C depends on |FU) (u)| e, for 0 < j < k.

As in other works in the field such as [30], we must ensure that the curves z we consider are non-
self-intersecting. Following [30], we use the chord-arc condition for this purpose. Specifying that z is
non-self-intersecting thus means that we require that it satisfies the following estimate for some ¢ > 0 and
for all o and o
za(a) — zq(a’)

a—ao

lq1| = > C. (55)

We now turn to estimates for our integral operator K, which is the remainder from approximating the
Birkhoff-Rott integral with a Hilbert transform.

Lemma 4.4. Let n > 3 be an integer. Assume zq € H" and there exists 3 > 0, such that for all a, o,

‘ql [zd](a,o/)‘ > (56)
Then K|zq) : H' — H" ' and K|zg] : H® — H"™2, with the following estimates:
1K za] flln-1 < Cl fllv exp{C1]|zalln}, (57)
1K [za] flln—2 < Cl[fllo exp{C1|[zalln}- (58)
Furthermore,
1K [za](fa)lln—3 < Cl|.fllo exp{C1|zdlln}- (59)

We again do not include the proof here; instead, the interested reader might consult [3]. We also will
need a Lipschitz estimate for operator K; this will be useful when invoking the Picard Theorem during our
existence proof, and also when establishing uniqueness and continuous dependence of solutions.

Lemma 4.5. Let 0 and 0' be in H®. Let L and L' be the corresponding lengths of the associated curves zg
and zl’i and let q1 and q’l be the associated chord-arc quantities. Assume there exist positive constants [31
and 32 such that L < 33 and L' < By and for all o and o/,

[q1(a. @) > B1, |gr(a. )| > Br.
Then the following Lipschitz estimate holds, for any f € H'

1K [za) f — K[zg)fll < Cl10 = '] f]]1- (60)
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See, for instance, [2], [3] or [5] for proof and discussion of this lemma.

We have a few different commutator estimates for the commutator of the Hilbert transform and multi-
plication by a smooth function. These balance how much regularity we find for the commutator against how
much regularity we require on the function being acted upon.

Lemma 4.6. Let n > 1 be an integer. Let ¢ € H™ be given. Then [H, f] : H® — H" ! and [H, )] :

H'—H"?
I[H, ] flln-1 < cllllnll o, (61)
I[H, @] flln—2 < cllllnll fll-1- (62)
Furthermore, if j > 1 and n > 2j then [H, ¢] : H" ™ — H"
I[H, ¢f lln < cll@llnll flln—;- (63)

We again omit the proof, and again refer the reader to [3] and [5], as well as the earlier work [10], for
the proofs of these estimates.

5 Existence

Before proving existence of solutions, we first must introduce a regularized system of evolution equa-
tions. We will first prove existence of solutions for the regularized system, and then prove energy estimates
for the regularized system. We will then be able to pass to the limit as the regularization parameter vanishes,
finding that solutions of the non-regularized system of evolution equations exist.

5.1 The mollified system

We will need to be careful about reconstructing a curve from a tangent angle; this is because not every
periodic tangent angle function will lead to a periodic curve. In particular, say 7 is our tangent angle function,
perhaps at a step of an iteration procedure (so that n cannot be assumed to be a solution of our evolution
equation). First we concern ourselves with defining the length of the curve; this comes from the horizontal
periodicity. The derivative of the horizontal component of the curve to be constructed from 7 is

L
zaln, L] = o cos(n). (64)

To solve for L by the horizontal periodicity requirement x[n, L|(27) — z[n, L](0) = 27, we integrate
(64) and solve, finding

I_ 47?2
Sy cos(n(a))da’

One important immediate result we can get from the above equality is

(65)

L > 2.
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2
The vertical periodicity requires / Ya|n, L)(a)da = y[n, L](27) — y[n, L](0) = 0. We define y,[n, L] to
0
be

2m
ol = 52 (sinto) = 5 [ sinida ) = £ psing).

Now we will define the mollified curve first. We let 6% be given, and we define the length L° as

LF = L[F7].
- 8T E, ~ 2 . -
Naturally, since A = 77173 and A = &, we will define A° and A° as
(p1+ p2)L (p1+ p2)L
_ 8m3E, ~ 2
A — %, Ae— __“TPo (66)
(1 + p2)(L7) (1 + p2)L#
The derivative of the curve is given by
LS
xf, = x4[0°, LF] = — cos(6°), (67)
2
LE
Yo, = Yal0°, LF] = —Psin(6°). (68)
2
The mollified curve is then defined by integrating:
L€ «
25 = / cos(0°) + iP sin(6°) da, (69)
2 0
and the unit normal and the tangent vectors are defined to be
t° = (cos(#°),sin(6°)), mn° = (—sin(6°),cos(#%)). (70)

Note that if the mean of sin(6°) is not equal to zero, then these vector ¢, n° are not actually the unit tangent
and normal vectors to the curve z;. We will ensure that when 6° is a solution of evolution equation, the

1 2m
equation — / sin(6%)da = 0 holds.
27 0

2 " 904
Now we study / sin(é(a, t))da. By the evolution equation 6; = w, we have
0 Sa
d 2w 1 2
- / sin(f(a, t))da = — cos(f(a, 1)) (Uq + Vy)da. (71)
dt Jo Sa Jo
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L
Recall that V,, = 2—t + 0,U; we integrate by parts in the above integral:
0

d 27 1 27 1 27
- sin(f(a, t)) da = / sin(f(a, t))0,U do — / Vasin(0(a, t)) do
dt 0 Sa Jo Sa Jo

1 2w 1 2m Lt
= — sin(f(a, t))0,U daw — — (2 + OaU> sin(f(a, t)) do
0 ™

Sa Jo Sa
L 2
= —t/ sin(6(a, t)) da.
L 0

Therefore,

2T
4 <L/ sin(f(a, t)) da) =0. (72)
at \" ),

Thus for a solution @ of the exact evolution equations, we see that if the mean of sin(#) is initially zero, then
it will remain zero at positive times.
We introduce the following analogue of (52) for the mollified system:

(08’78)1& = (Bi + VE7B§)7 (73)

where Bj, v°, and B5 are to be defined now. Of course, B3], B5 will be rather clearly similar to By, Ba,
respectively. The additional term v* will be to enforce our periodicity requirement (that the mean of sin(6)
is zero). Here v/ is taken to be a function of ¢ and to be independent of «. By the system (73),

d 2 2w

2m
— sin(6°) da = T cos(0°) da + 1/5/ cos(6°) da. (74)
dt Jo 0 0

d 27
As we have discussed before, we need o / sin(6%) da. = 0. So from (65) we define v° as
0

2
T cos(6°)d Le [*T
Ve = -0 1 cos(6)da = 7 cos(0°) da. (75
Jo " cos(6°)do 4m= Jo

The point of this is that if (%, %) solves the system (73), then the mean of sin(6°(«, t)) equals zero. In
light of (67), (68), this implies

L6

|Zi‘ = %7 Va,

as desired; this would not be the case if the mean of sin(6°) were nonzero.
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5.1.1 An assumption on the solvability of the integral equation

We will use the Picard theorem to prove existence of solutions for the initial value problem for the
mollified system. In order to use it, we need to introduce the following open set O. We let s be a sufficiently
large integer. Let positive constants d, dy and d3 be given. Let O be the subset of H* x H*~! such that for
all (f1, f2) € O, the following three conditions are satisfied:

1(f1s fo)l s xms—1 < du, (76)
L[f1] < da, (77)
|Q1[fl}(aao/)| > J?)a \V/Oé,Oé,. (78)

We now consider (6,~) € O. Before mollifying the equations, it is necessary to solve for 74 in the open set.
The operator T'[f] involves z4 and z,, so we first give the estimates on z4 and z, in terms of 6.

Lemma 5.1. Let (0°,~°) € O be given. Then, the following estimates are satisfied.:

Izalls < CA+1167]5), (79)
[zalls+1 < C(1+[6°]]5). (80)

Proof. The inequality of (79) follows immediately from the equation (67) and (68), together with the stan-
dard composition estimate (Lemma 4.3) and the fact that the definition of O includes a bound on the length.
Since 2 is defined in (69) by an integral of ¢, y¢,, the estimate (80) follows. O

«

The equation (49) gives definition of T'[0](7;); generally for any f € H°, we have the definition

T[0)(f) = (24 — 4w Ab, /L) Re {ZQK[Zd]f + ;—j [H ZI} f}

(e

s (B () )} oo (5 3] () o

Lemma 5.2. Let (6,v) € O be given. Then T[0] is a bounded operator from H° to H°. Moreover, there
exist positive constants Cy and Cy such that for any f € H°,

IT0]llo < C1(A + Ag) exp{Cal|6]l2}[|flo. (82)

Po
p1+ p2

where Ay =
Proof. The operator contains K [z4] and Hilbert commutators. The following estimates take them into ac-

count separately.
By Lemma 4.4, for n > 3, we have the following estimates:

1K [zal fllo < Cullfllo exp{Callzall2},
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and

exp{Ca||zall3} < C1| fllo exp{C2| zall3}-
0

e ()] =l ()

By Lemma 4.6, we have the following:

[z ] 4] <] 1510 < ctsoennicalzaliy
« 0 a
and
H [Hl] ( <f>> <o) 1 ( (i))‘_lSClllfHoeXp{@llzalb}-

We now conclude that by Lemma 4.2 and Lemma 5.1, T'[6] is an operator from H to H°, moreover,

IT6)f1lg < C1 (A+ A) exp{Call0ll2} /Il

(Note that the constants C; and C; may depend upon the constants dy, dz, and d3 which define our open
set, but this causes no problem.) Since A = 27 4, /L < Ay, this completes the proof of the lemma. O

Generally, using Lemmas 4.2, 4.4 , 4.6 and Lemma 5.1 again for general s, the following estimate holds:
IT[6]flls—2 < C1(A + Ao) exp{Cal|6lls}[|f lo- (83)
The following lemma on the resolvent appears as Proposition 9.6 of [20]:

Lemma 5.3. If A is a bounded linear operator on a Hilbert space, then the resolvent set p(A) is an open
subset of C that contains the exterior disc {\ € C, |\ > ||A||}. The resolvent Ry = (A — A)™"is an
operator-valued analytic function of A defined on p(A). Moreover

1

M-—-A) < —— .
¢ )l = 4]

We will assume that the integral equation is solvable, and prove well-posedness of our initial value
problem under this assumption. It is important to note that by Lemma 5.3, we can verify that the assumption
is indeed satisfied at least for certain values of pg, p1, and po. For example, we can see that the operator 7'[]
is invertible as desired if pg is small.

Assumption 5.4. For fixed py, p1, and pa, and for all (0,~) € O, the operator T[0) satisfies
I T[0]]| oo < ¢ (84)

for some constant ¢ < 1.
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<1

2m ~ AT ~
Notice that the Fourier multiplier operator  + =T AA is invertible and H (I + —WAA)_I
L L Hs—HS

Thus, we may conclude

—1
H 142 AA T[6)] <e (85)

HO—HO

2T~ — _
By Lemma 5.3, the inverse (I + (I + %AA) 1T[H]) ! exists and is a uniformly bounded operator from
HY to H for all (6,~) € O.

5.1.2 Mollified Equations

We introduce the mollifier . with the parameter ¢: this operator acts through truncation of the Fourier
series, zeroing out modes with wave number larger that 1/e. As such, x. is a projection, so that X? = Xe-
We now define 57, B5. To begin, we make the following definitions:

. 2n? 21 27
Bi = (lﬁ)zlef(va) 72X My (xeba)) + 7omS - m, (86)
- 24T 4 A2
Bs = —A*X0,0° — Ufﬂﬁ%*wwxﬁwh (Vo)) + Q" 87

The mollification operator x. appears twice in some of terms to allow us to perform integration by parts
in the energy estimate. In the mollified system, there remain several terms to define, and we will do this
presently.

We define m*® the same way that m is defined in (34), but we use the mollified quantities instead:

cor—swa(D)) ] (5(2)

Then from equation (37), we define V{j, as follows:

Vi = 02 (72 H(Oer) (xe03)) — P(m - £9) ). (89)
Similarly, the mollified Birkhoff-Rott integral, W, is defined the same way as W, using (28), but in terms
of the new quantities 7%, 2 :
1 2w

C(We)* = — ; 72 () cot (;(zg(a) - zé(o/))do/. (90)

4

Then, we define U€ to be
Ut = WEe.nt. ©On
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We also need the mollified version of V', which is as defined in (17):

VE = 0, P(ORU) + V5 (1)- (92)
where Vy (t) is defined by
1 2
Ve = & / We - £da. 93)
21 0

According to the definition of B35, we still need to define °. To define it, we need to rewrite the y; equation.
We rewrite it as

2AT
M= —TH(’Vat) —T[0)(ve) + F, (%94)
where ~ )
- 4AVw ~
F=-A0% - TVQVH(%W) +R+R. (95)
By the assumption, for all (0,v) € O, we can solve for 7;:
o ~ \ - o ~ \
v = (I—i— <I+ LAA> T[@]) <I+ LAA) F. (96)
Then, we can rewrite () as follows:
-1 -1 -1
27 ~ 27 ~ ~
Q= -T[0) <I+ (I+ LAA> T[H]) (I+ LAA> F|+R+R. 97)
Now we will define F°, R®, and R°..
From (95), we define F* as
- 4A°VE, 72 ~
Fe=—A0%0° — —- W H(y5,) + B+ R°. 98
[} (L£)2 (’Yaa) + + ( )

This still leaves us needing to define R° and R®. Since Rand R involve~Lt and 2, z4¢, we now define their
mollified versions, and then replace all corresponding terms in R® and R°.

2w
L; =— 05U da, zi =C(Un® + V%), and zgp = 0oC(UN® + VEE°). (99)
0

The definition of R° is then straightforward:

- _ €\2pe . 3 2
[T LIy e <— I H, (HAS) 0 — (P - 1)+ me - 1) H(f))

2 (L5)2 (La)z @
27
~ [ 05U do 27 2r(Viis, ~ w2
-2 (0 o)+ LE(VVW;) + 2008 (0 - an o5/ 7) ((fop™re).
(100)
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We omit the details of definition of R®, which is similar to the definition of R, but in terms of all the new
quantities we have defined. Now we write out the formula for the operator 7'[#°] in terms of the mollified
quantities from the definition (81)

T[6°](f) = (2A — 4 A%6%,/LF) Re {ng[zg}f + % [H zlg} f}

o (250 () )} oo (5 o ) (5 (5) ) o

Finally, Q¢ is defined by

-1
o~ \ ! 2~ \ ¢ .
Q° = —T[0°] (I + (I + LZAEA) T[05]> <I + LZA%) Fel+R+R.  (102)

5.2 Some A Priori Estimates

In this section, we give estimates for quantities like W¢ or Vjj,, in terms of norms of §° and v* . We
note that the same estimates apply when there is no regularization, i.e., when € = 0, and the proof is exactly
the same.

Lemma 5.5. Let (0°,~1°) € O be given, such that 6 satisfies ((sin(6°))) = 0. Then, the following estimates
are satisfied:

[t°]s < C(14116°s), (103)
[nf]ls < C(+[|6°]ls), (104)
[mF]ls < Crl|7*][s—1 exp(C2||6°]s), (105)
[Wels—1 < Chll7*[ls—1 exp(Cal|6°]s), (106)
[U%)ls—1 < Crll7*[s—1 exp(Cal|6°][s), (107)
|Li| < Chl|7°||s—1 exp(Cal|6°]|s), (108)
[Vivlls < Cil[v"lls—1 exp(C2[[6°]]5), (109)
Vs < Clvlls—1 exp(Ca2||6°]s), (110)
2 Is—1 < Cil[7¥[ls—1 exp(C2[[6°]l5), (111)
IR )ls—1 < Co(L+ 77 )12_1) exp(Ca|6°]]s), (112)
[7][s—2 < Ch(1+ ||I7°]12_1) exp(Cal|6°]]s), (113)
1Q%ls—2 < C1(1+ 177 [12_1) exp(Ca|6°]]s), (114)
V| < Chl|7 ]| s—1 exp(Cal|6°|s)- (115)

Proof. We will use Lemma 5.1 in the following proof when we meet z{, and z. The estimates (103) and
(104) follow immediately from (70), together with the standard composition estimate, Lemma 4.3. By the
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definition of m® and Lemma 4.2, Lemma 4.4, and Lemma 4.6, we have

e () | e (2 (5).)

[mels < [lz5lls )
: 1

Zo
‘WZ
S

§ s

7 7°
<ailale |(2) || evtcaegnt + |3 (2
o ngal ’ ls(zg)zsazga572
< Cilly*fls—1 exp(Cal|6°]s)-
By the definition of W€, and adding and subtracting, we rewrite it as
COWe) = Kloiyf + - (L (116)
= Z JR— _— .
AT Z5,
Lemma 4.4 provides a bound for K|[zj] :
(3 S & ]' fye 3 I3
IWElls—1 < 1K zalylls—1 + || 5 H { 2 < Chl[Y*[ls—1 exp(Cal|67]]s)- (117)
« s—1

The estimate (107) immediately follows from (91) and the bounds (104) and (117). The estimate (108)
follows from (99), (107) and the Schwartz inequality. The estimate on Vjj; readily follows from its definition
(89) and the bound on m°. To estimate V', we first do Vj; (¢). By the definition (93), |V ()| is bounded from
(103) and (106) and the Schwartz inequality. Then the estimate on V' is straightforward from its definition
(92) and the bound on U®. The estimate (111) is obtained easily from the definition z; = C(U*n® + V%)
and previous bounds.

To get the estimate on R°, we first obtain bounds on terms which involving the operator K[z5] and
all kinds of Hilbert commutators. They are smoothing enough for sufficiently large s by Lemma 4.4 and
Lemma 4.6. And then all the terms comprising R® are bounded in H*~! from Lemma 4.2 and all previous
estimates. This demonstrates the inequality (112).

We have defined R® in (100), and it contains as the highest derivative terms ~; and 6%, . So the inequality
(113) follows from Lemma 4.2 and all previous estimates.

Now we turn to estimate Q°. Firstly || F<|[lo < C1(1 + ||7°]|2_;) exp(C2||6°||s) for sufficiently large s
by equation (98) and the bounds on R and R®. This immediately yields

-1
21 ~ -1 21 ~ -1
@+O+Bm0 TW) (1+288) P saa+ v eClo]l),
0

by Assumption 5.4 and Lemma 5.3. In conclusion, using the inequality (83), T'[6°] is a bounded operator
from H® to H*~2; together with the estimates on R¥ and R®, we have ||Q¢|s_o < C1(1+]|7°]|2_;) exp(Ca||6°]|s).
Finally the estimate on v is readily obtained from its definition (75), the Schwartz inequality and using
previous estimates.
O
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5.3 Existence and the energy estimate

We now prove that solutions of our mollified system exist, by using the Picard Theorem. This gives
existence on a time interval which depends badly upon the mollification parameter, €. We then prove an
energy estimate, and this allows us to extend the existence time to be uniform in €. We begin by stating
the Picard Theorem on a Banach space; there are many such statements of this theorem in the literature,
including in [21].

Theorem 5.6 (Picard). Let O C B be an open subset of a Banach space B. Let F' : O — B. Assume that
F is locally Lipschitz continuous, i.e., that for all x € O, there exists an open neighborhood of x, U, C O
and ¢ > 0 such that for all x1,x2 € Uy,

[ F(21) — F(z2)|lB < cl|z1 — 2] B-

Then, for every x¢ € O, there exists T > 0 and x € C*((—T,T); O) such that x is the solution of the initial

value problem

dx
i F(z), z(0)=xo.

In order to use Picard theorem, the open set O is as defined previously.

Theorem 5.7. Let (0p,v0) € O be given with ((sin(6p))) = 0. There exists T. > 0 and (6°,7°) €
CH((~T.,T.); O) such that (§°,~%) is the unique solution of the initial value problem given by (73) with
initial data (0, Y0)-

We do not provide further details, but the proof that the relevant function has the correct mapping
properties and is Lipschitz is now routine. We have demonstrated the existence of solutions to the mollified
system. We would like to pass to the limit as e — 0" . However, we cannot do this yet, as the time interval
from Theorem 5.7 could go to zero as € vanishes. Our next step is to prove an energy estimate, uniformly
in e, for the solutions (6%, ). We can then use the continuation theorem for ordinary differential equations
on a Banach space to find that the solutions of the mollified system exist on a common time interval; after
this, we will be able to pass to the limit as the regularization parameter vanishes.

Theorem 5.8. Let (0p,70) € O be given, with ((sin(6p))) = 0. Let ¢ > 0 be given. Let (60°,7°) €
C([0,T1, O) be a solution of (73), with initial conditions (6o, o). Then there exists constants ¢, € (0, 00), c2
(0,1) and c3 € (0,00), depending only on s,d1, dz, ds, ||6o||s and ||vo||s—1, such that

165112 + 17711321 < —e1n(ez — est). (118)
Proof. As in the example of Section 2, We define an energy functional E as

E(t) = Eo(t) + E1(t) + Ea2(t) + Es(t), (119)

27



where the definitions of Ey, F/1, E5 and Es3 are given by

2T
Eo(t)—;/ (0°)* + (v°)*da, (120)
0
(L€)2A€ 2 e
Bi(t) = = /0 (056°)da, (121)
2
Eat) =5 [ (0 ) (H: o, (122)
0
Ae 2w
Eg(t):”;/ (HO*'y%)2da. (123)
0

We see that A° > 0 and Af > 0 for all ¢, so the energy is well defined. (Also, recall that L® is bounded
above and below.)
To begin, we take the time derivative of Fy:

dE, 27
d—to =/, 0°0; + v dav.

Since s is sufficiently largely, it is immediate, from the evolution equations (73), the definitions (86) and
(87), and related equations, as well as the estimates from Lemma 5.5, that the following inequality holds:

dEy

e < Crexp(CaF). (124)
We next take the time derivative of Fj:
dEl o ((La)zAE)t °n s ne\2 (L€)2A€ n s ne s ne
o _ S /0 @307 da+ L) /0 (026°)(8265) dar. (125)

We note that 9, v° = 0, so there is no contribution from v in (125). To proceed with (125), we will focus
on the second term on the right-side hand. Applying 05, to 65 (see (86)), we get
272

S S 2m s
8a9§ = WXEH(aa+l’y€) + EXE (Vﬁ/(Xaaa—i_lae)) + q)la (126)

where ®; is given by the formula
27 - s j‘rs s+1—7pe 27 S e 5
¢ = [aXe E j aoz W(Xsaa o ) aa(”l 'n )

LE
j=1

All of the summands here involve at most s derivative of #° and Vjj,. Therefore, the estimates of Lemma
5.5 immediately imply that ||®1]lo < C exp(C2E). We plug (126) into (125), and we use the fact that x.
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is self-adjoint:

dE 15)2 A¢ 2T . - 2m ‘e s .
dtl _ (( 4)7T2 )t/ (aag )2 do+ A / (8&9 )(X5H8a+1’)/ ) dov
0 0
(LE)QAE

272

LF A¢
_|_

™

27 27
| xe0a0 i 02716 da+ | @6 )eda. a2
0 0

For the third term on the right-hand side of (127), by integrating by parts we have

’_L A < Oy exp(CLE).

2
s ne\2 €
s [ (0200 do

dE
Now we compute —2.

dt

27
2% /0 (O 157) (057205) dor

Next, we substitute using the formula (87):

472 A®

dE 2 _ . s — T o o s
2= [ o) (—Aﬁxeaa“es oA T H@ )~ 0 (erwmm;a») +0; 2@5) do.

a 7=

We treat this similarly to dF /dt, expanding as follows:

dE _ 2m 22{5 2m
T [ (o) 00 da = 25 [ (0571 1057 d
0 0
47.‘_225 27 L
- (La)2 /0 (XaHagi 75) VV?/XaHag’YE da
42 AE (2 _ 2 /s—9 , w 2 _ _

e | ) (0P avi o ey da+ [ (10 05 da.

j=1

(128)
We deal with the terms on the right-hand side of (128) one by one. We integrate by parts twice in the first
term on the right-hand side of (128), and we use that . is self-adjoint:

27 2m
—flg/ (HOE19°) x05126° dov = —AE/ (x=HOZ %) 956° dav,
0 0

which is same as the second term on the right-hand side of (127) with the opposite sign.
Next, we rewrite the second term on the right-hand side of (128):
2}{& T 2 Ave T d 2

-1 -1 _
= ), HO; "~°HO, ’yfda——LE i Jy

(HZ ') da. (129)
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We integrate by parts in the third term on the right-hand side of (128):

471—226 o S— 15 3 S . E 27T2’AVE o S— £ 2 €
—(LS)Q/O (XEHaa 17 )VWXsHaa’Y da = (La)g/o (XéHaa 1’7 ) 0o Viy da.

s—2
—9 . .
For the fourth term on the right-hand side of (128), we see that Z (S , > (2 Vi5) (xe HOZ 747 involves
j=1
at most s — 1 derivatives of 7° and s — 2 of V{3, so, using Lemma 5.5, we conclude

s—2
> ( . 2) (BLVi) (xHO977)|| < Cr exp(CoE).
j=1 0

And for the fifth term on the right-hand side of (128), we see ||052Q%||o < Cy exp(C2E) by Lemma 5.5.

E
Finally we compute B :
dt
dE3 d 7.‘-:4\5 2 —1 2 Wgsd 2m —1 2
= HO* 1454 — HO ™ ~%)*da. 130
dt dt<L5>/0( o ) dat T | (HOa ) da (150

When adding, (130) will provide a cancellation with (129). Now we add (127), (128), and (130), and we
then conclude that

dE;y dEy; dFEs3
<
o + It + 7 = & eXp(CQE) (131)

(We note that we have not discussed explicitly the terms which contain L], but these are immediately
bounded, using the definition of the energy and Lemma 5.5.) So we combine the time derivatives of
Ey, B, B, and E3, finding

dE
— < Crexp(CoE),
dt
which implies
_ —C2E(0) _
B(t) < In(e C1Cat)
Co

This completes the proof of the theorem. O

5.4 Passing to the limit: Existence and regularity

Now that we have both established the existence of solutions (6°,~°) and established bounds on these
which are independent of €, we are in a position to pass to the limit as € vanishes.

Theorem 5.9. Let (6o,70) € O be given, with 0y satisfying (sin(6p))) = 0. There exists T > 0 and

(0,7) € C([0,T]; O) such that (0,7) satisfies (20) and (50) with (6(-,0), 7(_-, 0)) = (6o,70)-
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Proof. Note that the set O is the closure of the open set O. Theorem 5.8 implies that the norm of solutions
of the mollified problem (73), (6°,~°), will not blow up in a short time. Indeed, it indicates that the solutions
(6°,~°) are bounded independently of . Furthermore, the solutions all exist on a common time interval, by
the continuation theorem for autonomous ODE on a Banach space. That is, there exists T' > 0, such that for
all ¢ > 0, solutions of the initial value problem (6°,~°) are in C([0,T; O), where O is a bounded subset
of H® x H*™!, and since we have taken s sufficiently large (s > 5 suffices for the present purpose), this
implies that each of 6, 0;, 7, and 7; are uniformly bounded periodic functions. Thus 6° and v° are bounded
and equicontinuous families. By the Arzela-Ascoli theorem, there exists (6,v) € C([0,2x] x [0,T]) x
C([0,27] x [0, T7]) such that a subsequence of (6%, ") converges uniformly to (6, ) on [0, 27] x [0, T]. We
will now show that this pair (6, ) is in the closure of O, and also that it solves the non-mollified evolution
equations.

Since each of # and ~ are in C'(]0, 27| x [0, T]), we see that they are also in L?([0, 27]) at each time. By
Lemma 4.1, we can conclude that the subsequence of (67, %) actually converges to (6,~) in H* x H* !
forany 1 < s’ < s. Moreover for any such s, we have (6,~) € L=([0, T]; H x H* ).

Since the divided differences for the solutions 6° are bounded by d3, we can pass it to the limit, finding

@16)(0,a)| > d5 >0 Voo,
Furthermore, all the solutions 6° satisfy

27
(sin(6°)) = — /0 sin(6F)dor = 0.

T on

Since along our subsequence 6° converges uniformly to 6, we can pass to the limit. That is, P(sin(6)) =
sin(#). We also can pass to the limit to find that ° goes to 0 as ¢ vanishes. Recall the definition of »* and
take the limit

L 2 1 2w
B cos(0)do = (Ua + VBq) cos(8)da.

lim v° = S —
27T 0

e—0t B 47'('2 0
We have previously calculated this integral; it is equal to

Lt 2

5L J, sin(f)da = 0.

We now integrate (73) from ¢t = 0 to any time ¢ € [0, 7T,

t
(6°7°) = (6o, 0) + / (B5 + v, BS) dr.
0

We have established sufficient regularity thus far to be able to pass to the limit here (along our subsequence),
finding

(6.7) = (60,70) + / (B, By) dr.

31



Differentiating this with respect to time, we have shown that (6, 7) is indeed a solution of (52), as desired.
It remains to demonstrate that (§,~v) € C([0,T]; H® x H*™'). For any t € [0,T], the sequence
(6°(-,t),~°(-,t)) is uniformly bounded with respect to both ¢ and ¢ in H* x H*"!. The unit ball of a
Hilbert space is weakly compact, so there exists a weak limit along a subsequence. This weak limit must
clearly be (0(-,t),7(-,t)), which implies that (6,~) € L*°([0, T]; H* x H*™ ).
To show continuity in time in H* x H*~!, we must show that for any ¢, € [0, T, we have

Hm [10C, 1) =0, t)lls + [7( 1) = v( 8 s-1 = 0.
Note that the above limit is a one-sided limit when ¢, = 0 or t, = T". We know that the space H*® x H s=lig
a Hilbert space. To establish convergence in a Hilbert space, it is sufficient to establish weak convergence,
plus convergence of the norm.

Firstly, for weak convergence, we only focus on 6 as an example. There is no difference with . Let
any s satisfying 0 < s’ < s be given. We know that 0(-,t) — 6(-,t,) in H*. Let ¢ € H™* be given.
By Sobolev embedding, H = is dense in H~® since —s' > —s. By Theorem 5.8, there exists a constant
K > 0 such that for any ¢ € [0,T], |6(-,t)||s < K.Let § > 0 be given, and choose ¢; € H~* such that

o
— _s < — . Th

<9('7t) - 0("t*)a ¢> = <‘9("t) - 0('at*)a ¢5> + <0("t) - 9(‘at*)a¢ - ¢5>

The second term on the right-hand side is bounded by , and thus by 26/3. And the first integral

2K6
3(1+K)
) /
can be made smaller than 3 by taking ¢ sufficiently close to ¢, since 6(-,t) converges to (-, ¢.) in H® . This
demonstrates the weak convergence. Finally, all that remains is to prove that the H* x H*~! norm of (6, )
is continuous in time. We omit the details of this, as the argument is identical to the corresponding argument

in [3] for the vortex sheet with surface tension, or the corresponding argument in Chapter 3 of [21] for the
incompressible Euler equations. O

6 Uniqueness and continuous dependence

We have proved above that solutions (6, ) exist in the space H® x H*"1. Now we assume that we
have two solutions (#,~) and (€’,~') in this space and estimate the difference in a lower regularity space
H3 x H?. This space is chosen to be high enough so that the estimates have positive powers of derivatives,
but low enough so that the terms can be bounded by ||0/|s and ||7y||s—1-

Before beginning, we note that we will use the estimates in Lemma 5.5 with unregularized quantities,
i.e. for e = 0. We also remark that the estimate that we now perform, for (§ — ',y —~/) in H> x H?, will
be very similar to the energy estimate above for the existence proof.

Theorem 6.1. Let (0y,70) € O and (0),7;) € O be given, with ((sin(6p))) = {(sin(0})) = 0. Let T' > 0 be
such that there exists (0,~) € C([0,T],O) which solves (52) with initial value (0(-,0),~v(-,0)) = (6o,70),
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and there exists (0',7') € C([0,T)],O) which solves (52) with initial value (6'(-,0),7'(-,0)) = (6(,7))-
There exists ¢ > 0 such that

S%%](IL = L4110 = 03+ [lv = +'ll2) < e(IL(0) = L'(0)] + [160 — Gplls + 170 — voll2))-  (132)
tel(0,

Moreover, the solution of the initial value problem (52) with initial data (0y,v0) € O is unique.

Proof. We define

Eq(t) = Zo(t) + Z1(t) + Z2(t) + Z5(1), (133)
where
1 N2 1 2 /N2 AV
Zoft) = 5L =L+ 5 [ (0-0P+ (- )da, (134)
0
2 A 21
Zi(t) = % (920 — 920")?da, (135)
47'(' 0
27
Zﬂﬂzi/ 00y — 0 )(HOZy — HOZA )dex, (136)
0
e 2T
Z3(t) = % (HO?y — HI%)2da. (137)
0

It is important to be able to get the Lipschitz estimates on the various quantities corresponding to Lemma
5.5 associated to (# — &',y — ') with s = 3. The simplest quantities are the unit tangent and normal vectors
which are bounded by standard Lipschitz estimates for sine and cosine:

[t —t|ls = [|(cos(B) — cos(6'), sin() — sin(¢'))||s < C||6 — 0']]s < CE,/>. (138)

And similarly,

1/2
In—n/||s < CEY?.

L
Since z, = %C(t), a bound for z, — 2/, follows:

(139)

L/

L-L
+le@) —C(#)|s < CE). (140)
3 2w

2

C(t)

20 — 2L < H

Next we estimate m — m’. We rewrite

Cm—-m/)=1+11I,
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where

- 2
Za 1 5 2! 1 ,
=200 (2l L) ) =22 |H,
] (+(2).) 3 ] (G

We rewrite I by adding and subtracting:

I = (0 — K2 ((”)) + 2 (K[zd] — K1) ((”)) oK) ((”) - (7))

With our uniform bounds on # and -, and using Lemma 4.2 and Lemma 4.4, the first term on the right-hand
side is bounded in H? by CEcll/ % For the second term, we apply Lemma 4.5, and we thus see that this term
is also bounded in H® by C’E’;/ ?. For the third term on the right-hand side, its norm in H? is bounded by
C’E;/ ? since K [2)] is a smoothing operator by Lemma 4.4.

We now consider the term /7. We start by adding and subtracting:

_ Za— %, 1 v zl, 1 1 vy
=" [H’za] ("a@a))W[H’za w] (Za<za>a>
24 1 Y N
e g, — |z L) =24(2) ).
+2z‘[ ’<za>2] ( () ( X

The first term on the right-hand side can be immediately bounded in H> by C E;/ ?. The third term can be

bounded in H? by CE;/ 2 by Lemma 4.6. For the second term on the right-hand side, we bound it not by
using smoothing properties of commutators, but by not regarding it as a commutator at all. That is, we write
the term out:

g (2) -5l et () 5 G -(2))

Each of the terms on the right-hand side can clearly be bounded in H® by C’Ecl/ 2. This completes the
estimate of m — m’. We conclude

lm —m'||3 < CE}/”. (141)
Now we estimate ||[W — W'||5. We first expand this, as we have several times before:
. . 1 1
CH(W) —C (W) = (Klad) —~ KT) 7+ 5 H /2~ f20) + K0 =) + 5 H O f20 =7 24,
(142)

By Lemma 4.4 and Lemma 4.5, ||W — W’||5 is thus bounded by C’E;/ ?. This immediately yields the fact

that ||U —U’||2 is also bounded by C’Eé/ ? since U = W -n. From formula (16) and the Schwartz inequality,
we immediately find the following estimate:

L, — Lj| < CEY?. (143)
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The bound on ||V — V’||3 follows from equation (17) and the bound on ||[U — U’||2. After adding and
subtracting several times, and by the above estimates on ¢ — ' and m — m/, and by equation (37), the
following estimate can be found:

Vv = Vi lls < CEY”.

Now we can conclude that
16, — 8]l < CE. (144)

dZ,
For the estimate of —, we still must estimate l7¢ — 71 llo. Recalling (47), by adding and subtracting

several times, we have the following estimate:
IR — R, < CEY?.

We now pay attention to R — R'. First, we find ||z — 2{[]2 < OEUI/2 since 2 = C(Un + Vt), and
making use of the above Lipschitz estimates for U, V, ¢, n. There are many Hilbert commutators and terms
involving K [z4] in the definition of R, and we only show the estimate for one such term in || R3 — Rj||2 as an
example. In the term on which we focus, we use the smoothing properties of Hilbert commutators carefully;
for other terms, the similar properties of K [z4] are used. For the term we select, we add and subtract:

e (=05 ) - g (5 050).) = I 2] (=(05).)
el (ema5) )« g (7)) gl (e -))

The first term and the second term on the right-hand side are bounded in H? by CECI/ ? since 2o — 25|12 is

bounded by C’E;/ 2 and za(vzta )o i bounded in H 573 The third term on the right-hand side is bounded
z

«

in H? by CEY/? since by Lemma 4.6,

1 AN 1 AN
2] G (=) DL =l G =) )l
2o Za « 2 Zall2 o « 0
The fourth term on the right-hand side is bounded in H? by C’E;/ 2, since by Lemma 4.6,
"2l @ Zo, 2 ) o) e T 2L o Zo, 2" ) o) o ’

We omit the remaining details for our estimate of R — R’ since they are similar to the above. We now make
the conclusion that
IR - R < CE;*.
Recalling the formula for F' (95), we see that this involves four derivatives of ¢ and two derivatives of
~; we estimate thusly:

<CE)?. (145)

-1
H (I + 2L7TEA> (F — F')
0
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We must understand the regularity of ;. First, using the evolution equation (94), we write y; as

-1
or ~ \ 2 -
= <1+ <I+ L”AA) T[e]) <I+ L”AA) F.
Since € H*,v € H* '\, R € H* ?and R € H*™ ', we have F € H°* % We see from Lemma 5.3 that
v € H° when F € HY for sufficiently large s. Next, using the estimate (83), we can demonstrate that

9 -1
T[6)y; € H* 2. Since 3 = (I + 7TAA> (=T'[0]v: + F) by the evolution equation (94), we see that

Y € H*3.
Now we focus on the Lipschitz estimate for T'[6]. Since we can decompose 7'[f] as commutators and
terms involving K [z4], we can claim that for any f € H?,

IT0]f — T fll < CES|| 1o (146)

The proof of (146) is analogous to the proof of Lemma 5.2 by adding and subtracting several times, so we

only give one interesting term as an example:
H (( > > [ /] (( >a>
Za

peaa((2),) - (),
s ((9).-(2). 2

1

1

<cto-oh (L) | +eran|(L) - (%) | <cmiise
a/ o “a allo
Since ; € H? for sufficiently large s, the estimate on (T[0] — T'[0']); follows:
I(T16) - Tl < CEZ. (147)

We are ready to estimate ||y; — 7;||o. Using the evolution equation (94), we add and subtract to get the
following equation:

2Am 2AV7T 2;[’7r
Y=y = —TH(vat—vgt)— <L - ) H () =T10)(ve—1)— (T[0]=T[0'])v;+F—F'. (148)

By inequalities (145) and (147) the following estimate can be found:

o2 ~ \ ! 2Ar  2A'rn 1/2
1 Fallg = ‘(I + LAA> (—(L = = H O — (T10) = T + F — F) < CE)*.
0
By Lemma 5.3, we finally have
2 ! !
1 — ¥llo = @+<L+§AQ TM) Fyl| <cEY? (149)

0
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Furthermore, we make a conclusion that
dZy
— < CE,. 150
g =Cka (150)

We still must estimate the growth of Z;, Zs, and Zs; first, we work with Q — @'. Since we have
Q = —T[0)v + R+ R, we have the following for Q — Q" :

Q—Q =-TWl(% —) — (TO) - TN () + R~ R + R~ R. 1)

By the estimate of ||y — ;|0 and the smoothing estimate of T'[] (83), and the previous Lipschitz estimates
for T[], R, and R, we can conclude that

1Q - Q'|l, < CEY. (152)

Now, we will take the time derivative of 77 :

7, (L2A), (7 LPA [
% _ W)t /O (920 — 040 o+ 5 3 | (020 — 048) (920, — 020

We apply 8§ to equation (20), finding
22 2w
where Y7 is defined as
27 6m 61 2
Yi = fangaae + fangage + faavwaf;e + fﬁg(m ‘n).

Substituting yields the following:

dzy _ (L*A)e [ 391\2 LA [ 3on (27 oa 2’ 41
e /0 (020 = 030 o+ [ (020 = 020) (T30 = 0k ) do
21 2w 21 pr2r
= [ az0 - o) (vaaée—?vvaaia’) dot sy [~ 20— 020 (% - Yo,

(153)

There are four integrals on the right-hand side of (153). We estimate them one by one. The first term on the
right-hand side of (153) is obviously bounded by C'E;. We will add and subtract to rewrite the other three
terms. The second term is equal to

B 27 LQA 27 271'2 27'['2
A /0 (030 — 920" (HO y — HI ' )da + 57 /0 (D30 — 020") (L2 — (L’)2> HOlv'da. (154)
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The first term in (154) will cancel with another term later. The second term in (154) is bounded by C'E,

since L is bounded (above and below) and ||y'||4 is bounded if s > 5. We now work with the third term of

equation (153); after adding and subtracting, it is

21 2 2 A 2
% (030 — O3 Vi (040 — 030" )do + % NG <2L7TVW 2y, ) 90/ da.

(155)

The first term in (155) is bounded by C'E; since we can integrate by parts. The second term in (155) is

bounded by C'Ej; since

27r 27r 27T

and [|[Viy — Viylls < C’Ecl/ ®. The last term of equation (153) requires an estimate for Y1 — Y{||o. After

adding and subtracting, it is bounded by C' Eé/ ? because it only involves at most 3 derivatives of § — ¢ and
at most 2 derivatives of v — .
We now take the time derivative of Zs :

A 2

= / (Oave = Bayp) (HOZy — HOZA)da
0

Using (50), we have the following equation:

- 2Am 4AT2 411
Yot = —AD50 — TH(azﬂt) - Y(VW)aH(’Yaa) — ——VwH(927) + Qa.

4 A7

Notice that [|Qo — Q% llo < CE:/ ®and — 5~ (9o Viw) H (7aa) contains at most a second derivative of .

That is,

A2 Al 2
S ) (00) + g (Vi)aH 0)

< CE)”.
0

Now we are going to deal with

24 oA 2An 24 24
~ 2L H(02 ) + = H(02) = — (” - ”) H(0%4]) — =2 H (02 — 024)).

L L L L L

The first term of the above equation is bounded by C’Ecll/ ? because ¢ € H? for sufficiently large s.
Summing up the Z5 calculation, we have

2 A 2T
ddZtQ <—a[ (@ro- 359’)(Ha§y—Ha§y’)da—2A% H (02, — 02~)) (HO2y — HO2)da
0

4Ar? 4 A 72
- / ( . ViwH®3~ — )2 VWH837’> (HO?y — HO?+)do+ CE4.  (156)
0
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dz, dZ dz
Adding —tl d—;, and —3, we can cancel the first two terms on the right-hand side equation (156).

Furthermore, by adding, subtracting and integrating by parts, the third term of the above right-hand side is
bounded by C'E4. So we now can conclude that

dE,
— < CE,. 157
g = CFka (157)

Solving the inequality, we find
Ey(t) < Eq(0)e“t.

This implies both continuous dependence and uniqueness. This also completes the proof. O
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