
Homework Set 7

MATH 221 — FALL 19

Due Wednesday, November 20

PROBLEM 7.1. Suppose that a connected planar graph has 12 vertices and 18 edges. How many
faces does it have?

PROBLEM 7.2. Show that the following graphs are planar by drawing them without edge cross-
ings:

PROBLEM 7.3. Construct a connected planar graph on 12 vertices such that every vertex has
degree 4.

THEOREM. If G is a planar graph with e edges and n vertices, and n ≥ 3, then e ≤ 3n− 6.

This theorem can be proved using Euler’s formula.

PROBLEM 7.4. Use the theorem above to prove that every planar graph has a vertex of degree at
most 5.

PROBLEM 7.5. In this problem, you will prove that the Petersen graph is not planar. Let P
denote the Petersen graph. The proof will be a proof by contradiction. We will assume that P can
be drawn without edge crossings and then arrive at a contradiction.

a) As we are assuming P is planar, let f be the number of faces in a planar drawing of P . Let
n be the number of vertices of P and e the number of edges. What are n and e? Compute f
using Euler’s formula.

b) Let l1, l2, . . . , lf denote the lengths of the faces of the planar drawing of P . Show that
l1 + l2 + · · ·+ lf = 2e.

c) Every cycle of the Petersen graph has length at least 5, hence the integers l1, l2, . . . , lf are all
at least 5. Use this together with parts (a) and (b) to obtain the desired contradiction.

PROBLEM 7.6. Factor the following integers into powers of primes: 30, 36, 81, 11, 111, 1111,
210, 625, 667, 223, 297, 10000.



PROBLEM 7.7.
a) Find the divisors of 30.

b) Find the divisors of 36.

c) Find the common divisors of 36 and 30.

d) Compute gcd(36, 30).

PROBLEM 7.8. Prove that d|a implies that d|ac for any c ∈ Z.

PROBLEM 7.9. Prove that gcd(a, b) = gcd(a− b, b) = gcd(a+ b, b) = gcd(a+ 2b, b).


