
Homework Set 7

MATH 221 — WINTER 2016

Due Wednesday, March 2

PROBLEM 7.1. Your friend is running Kruskal’s algorithm on the graphbelow and has so far
selected the bold edges for the spanning tree. You can see allthe edge weights except the weight
labeledw. The next edge your friend selects is the one with weightw. Assuming that the edge
weights in the graph are distinct integers, what are the possibilities for w?
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PROBLEM 7.2. Thechromatic number χ(G) of a graphG is the smallestk such thatG is
k-colorable.

a) Determine the chromatic number of the cube.

b) Determine the chromatic number of the dodecahedron.

c) Determine the chromatic number of the wheel on 8 vertices,shown below.

PROBLEM 7.3. A saturated hydrocarbon is a molecule formed fromk carbon andl hydrogen
atoms by adding bonds between atoms such that each carbon is in 4 bonds, each hydrogen atom is
in 1 bond, and no sequence of bonds forms a cycle of atoms. Prove thatl = 2k + 2.



PROBLEM 7.4. Prove or disprove: Ifu andv are the only vertices of odd degree in a graphG,
thenG contains a path with endsu andv.

PROBLEM 7.5. Suppose that a connected planar graph has 12 vertices and 18 edges. How many
faces does it have?

PROBLEM 7.6. Show that the following graphs are planar by drawing them without edge cross-
ings:

PROBLEM 7.7. Construct a connected planar graph on 12 vertices such that every vertex has
degree 4.

THEOREM. If G is a planar graph with e edges and n vertices, and n ≥ 3, then e ≤ 3n− 6.

This theorem can be proved using Euler’s formula.

PROBLEM 7.8. Use the theorem above to prove that every planar graph has a vertex of degree at
most 5.

PROBLEM 7.9. In this problem, you will prove that the Petersen graph is not planar. LetP
denote the Petersen graph. The proof will be a proof by contradiction. We will assume thatP can
be drawn without edge crossings and then arrive at a contradiction.

a) As we are assumingP is planar, letf be the number of faces in a planar drawing ofP . Let
n be the number of vertices ofP ande the number of edges. What aren ande? Computef
using Euler’s formula.

b) Let l1, l2, . . . , lf denote the lengths of the faces of the planar drawing ofP . Show that
l1 + l2 + · · ·+ lf = 2e.

c) Every cycle of the Petersen graph has length at least 5, hence the integersl1, l2, . . . , lf are all
at least5. Use this together with parts (a) and (b) to obtain the desired contradiction.


