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ABSTRACT. A fundamental open problem in algebraic combinatorics is to find a positive
combinatorial formula for Kronecker coefficients, which are multiplicities of the decom-
position of the tensor product of two S,-irreducibles into irreducibles. Mulmuley and
Sohoni attempt to solve this problem using canonical basis theory, by first constructing a
nonstandard Hecke algebra B,., which, though not a Hopf algebra, is a u-analogue of the
Hopf algebra CS, in some sense (where u is the Hecke algebra parameter). For r = 3,
we study this Hopf-like structure in detail. We define a nonstandard Hecke algebra
%%(k) - %®k7 determine its irreducible representations over Q(u), and show that it has
a presentation with a nonstandard braid relation that involves Chebyshev polynomials
evaluated at # We generalize this to Hecke algebras of dihedral groups. We go on to
show that these nonstandard Hecke algebras have bases similar to the Kazhdan-Lusztig
basis of 73 and are cellular algebras in the sense of Graham and Lehrer.

1. INTRODUCTION

Let S, denote the symmetric group on r letters and let M, be the S,-irreducible cor-
responding to the partition v. The Kronecker coefficient g, is the multiplicity of M,
in the tensor product M, ® M,. A fundamental and difficult open problem in algebraic
combinatorics is to find a positive combinatorial formula for these coefficients. Although
this problem has been studied since the early twentieth century, the general case still
seems out of reach. In the last ten years this problem has seen a resurgence of effort,
perhaps because of its recently discovered connections to quantum information theory [9]
and complexity theory [16]. Much of the recent progress has been for Kronecker coef-
ficients indexed by two two-row shapes, i.e., when \ and p have two rows: an explicit,
though not positive, formula was given by Remmel and Whitehead in [17] and further
improvements were made by Rosas [19] and Briand-Orellana-Rosas [7]. Briand-Orellana-
Rosas [7, 8] and Ballantine-Orellana [2] have also made progress on the special case of
reduced Kronecker coefficients, sometimes called the stable limit, in which the first part
of the partitions A, u, v is large.

In a series of recent papers, Mulmuley, in part with Sohoni and Narayanan, describes
an approach to P vs. NP and related lower bound problems in complexity theory us-
ing algebraic geometry and representation theory, termed geometric complexity theory.
Understanding Kronecker coefficients, particularly, having a good rule for when they are
zero, is critical to their plan. In fact, Mulmuley gives a substantial informal argument
claiming that if certain difficult separation conjectures like P # NP are true, then there
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is a # P formula for Kronecker coefficients and a polynomial time algorithm that deter-
mines whether a Kronecker coefficient is nonzero [15]. Thus from the complexity-theoretic
perspective, there is hope that Kronecker coefficients will have nice formulae like those for
Littlewood-Richardson coefficients, though experience suggests they will be much harder.

A useful perspective for studying tensor products of S,-modules is to endow the group
algebra ZS, with the structure of a Hopf algebra. The coproduct is A : ZS, — ZS, RZS,,
w = w @ w, and the ZS,-module M, ® M, is then defined to be the restriction of the
7S, ® ZS,-module M, X M, along A.

In [16], Mulmuley and Sohoni attempt to use canonical bases to understand Kronecker
coefficients by constructing an algebra defined over Z[u,u™!| that carries some of the
information of the Hopf algebra ZS, and specializes to it at u = 1. Specifically, they
construct the nonstandard Hecke algebra .77 (denoted B, in [16]), which is a subalgebra
of the tensor square of the Hecke algebra .77, such that the inclusion A A
is a u-analogue of the coproduct A of ZS, (see Definition 2.2). The goal is then to break
up the Kronecker problem into two steps [14]:

(1) Determine the multiplicity ng , of an irreducible H.-module M, in the tensor
product M) @ M,,.
(2) Determine the multiplicity m” of the S,-irreducible M, in Mg |,—;.

The resulting formula for Kronecker coefficients is
D = Z niumé (1>

Thus a positive combinatorial formula for nf§ , and my would yield one for Kronecker
coefficients.

However, this approach meets with serious difficulties. The defining relations of the
algebras 2 seem to be extremely complicated and remain mysterious even for r = 4.
Problem (1) seems to be within reach, and, in the forthcoming paper [6], we solve it in
the two-row case. For problem (2), the hope is to find a canonical basis of M, that has a
cellular decomposition into S,-irreducibles at u = 1, however this seems to be extremely
difficult.

In this paper we study a family of algebras %’g““ that contains 4 and % as cases
k = 1,2. We discover a remarkable connection between the defining relations of these
algebras and Chebyshev polynomials Ty (x). Specifically, we show that %@f’“) is gener-

ated by Pl(k), Pz(k) and has a relation, which we call the nonstandard braid relation, that
generalizes the braid relation for k = 1:

PEPS — ([21Fa™)?)(PS) — ([21Fa®)?) .. (P — ([2Fa®))?) =

PAPL — (M) (PR — ([2Ra®)?) .. (P — (12%a™)?), (2)

where [2] = u +u™!, 77@(1]?2 = Pi(lk)Pi(f), and the coefficient a\?) is equal to T](El])
Chebyshev polynomials come up in several places in nearby areas of algebra, however
their appearance here seems to be genuinely new. For example, Chebyshev polynomials
appear in the criterion for semisimplicity of Temperley-Lieb and Jones algebras [11, 12]
(also see [4]). In [4] they appear in three ways—as just mentioned, in giving the dimension
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of a centralizer algebra of a Temperley-Lieb algebra, and in calculating the decomposi-
tion of a Brauer algebra module into Temperley-Lieb algebra modules. In this paper,
Chebyshev polynomials appear as the coefficients in the relations of an algebra.

This paper is organized as follows. In Section 2 we define the nonstandard Hecke alge-
bras e%bm(/k) for any Coxeter group W and establish some of their basic properties. Section
3 contains our main results—a description of the irreducible representations of %(k)
(Theorem 3.4) and a presentation for %@W (Theorem 3.7). In Section 4 we generalize

these results to nonstandard Hecke algebras e%bm(/k) of dihedral groups. In this case, the
nonstandard braid relation involves a multivariate version of Chebyshev polynomials and
the e%bé/k)—irreducibles are parameterized by signed compositions of k (see Definition 4.2).
We further show (Section 5) that the nonstandard Hecke algebras of dihedral groups have
bases generalizing the Kazhdan-Lusztig basis of 77 and are cellular algebras in the sense
of Graham and Lehrer [12].

2. NONSTANDARD HECKE ALGEBRAS

After recalling the definition of the (standard) Hecke algebra 7 of a Coxeter group
W, we introduce the nonstandard Hecke algebra .4y of [16]. Hecke algebras are not
Hopf algebras in a natural way, and the nonstandard Hecke algebra 4 is in a sense the
smallest deformation of .77, that also deforms the Hopf algebra structure of the group
algebra ZW. We show that the Hecke algebra R.7%, is a Hopf algebra (for suitable rings

R). We then define the sequence of algebras j‘fvf,k), k > 1, that begins with J#y (k = 1)

and Ay (k = 2). We record some basic facts about the representation theory of these
algebras and define anti-automorphisms that behave like the antipode of a Hopf algebra.

2.1. Let (W,S) be a Coxeter group with length function ¢. We work over the ground
ring A = Z[u,u™!], the ring of Laurent polynomials in the indeterminate .

Definition 2.1. The Hecke algebra 7y of a Coxeter group (W, .S) is the free A-module
with basis {7}, : w € W} and relations generated by

T.T, = Ty if l(uv) = C(u) + L(v) (3)
(Ty —u)(Ts+u™)=0 ifseS.

For any J C S, the parabolic subgroup W is the subgroup of W generated by J. We let
(4 ) denote the subalgebra of 74y with A-basis {7}, : w € W}, which is isomorphic
to %WJ'

For any commutative ring K and ring homomorphism A — K, let Ky = K Q@A Ay .
We will often let K = Q(u), the quotient field of A. If the ring K is understood and
A — K is given by u — z, then we also write Sy |,—. for K ®a 4. The Hecke algebra
Fhy over A is the generic Hecke algebra of W and K7y is a specialization of 6y .

We are particularly interested in the type A case in this paper, and in this case (W, S) =
(Sry{s1,.-.,8—1}) and we abbreviate %5, by JZ,.

2.2. The u-integers are [k] := “::;L:lk € A. We also use the notation [k] to denote the

set {1,...,k}, but these usages should be easy to distinguish from context. We also set
f = [2]? because this constant appears particularly often.
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Let C! =T, +u™t and C; = Ty, — u for each s € S. These are the simplest unsigned
and signed Kazhdan-Lusztig basis elements. They are also proportional to the primitive
central idempotents of K(y)(sy = K76, provided the constant [2] is invertible in K;
define p, = ﬁc;l (respectively p_ = —ﬁC’Sl) to be the idempotent corresponding to the
trivial (respectively sign) representation of K.723.

Write €, e_ for the one-dimensional trivial and sign representations of .7, which are
defined by

e :Cl— 2], e :Cl—0, seb.
We identify these algebra homomorphisms €,,e_ : &y — A with left 7% -modules in
the usual way.

There is an A-algebra automorphism 6 : Sy — Sy defined by 0(T,) = —T, ', s € S.
Let 1°P be the A-anti-automorphism of 74y given by 1°°(7,) = T,,-1. Let 6°° be the
A-anti-automorphism of 7, given by 6°° = § o 1°? = 1°? o §. We will establish some
basic properties of these anti-automorphisms in §2.5.

Let n be the unique A-algebra homomorphism from A to J&y. At u = 1, the maps
7, €1, 1°P specialize to the unit, counit, and antipode of the Hopf algebra ZW .

2.3. Here we introduce the nonstandard Hecke algebra 4y from [16] (denoted B, there
in the case W = S,), and show that R is isomorphic to R (for suitable R), thereby
giving a Hopf algebra structure on R77%5. We also show that the anti-automorphism 1°P
behaves like an antipode of the Hopf algebra-like object & .

Definition 2.2. The nonstandard Hecke algebra Sy is the subalgebra of J4, ® J6y
generated by the elements

Po=C.0C, +C;,0C,, seS.

We let A : %?W — 4y ® Ay denote the canonical inclusion, which we think of as a
deformation of the coproduct Az : ZW — ZW Q@ ZW, w — w @ w.

The nonstandard Hecke algebra is also the subalgebra of 74 ® 74 generated by
Qs :f_Ps:_C;®CS_CS®C;, SES.

Despite their simple definition, the nonstandard Hecke algebras seem to be extremely
difficult to describe in terms of generators and relations. Indeed, the main purpose of
this paper is to work out such a presentation for dihedral groups W. For the easiest case
W = &,, the story is quite nice.

Proposition 2.3. Set R = A[ﬁ] and Ry = Z[3] (so that Ry is the u = 1 specialization
of R). We have R4 = R by %771 — py. Then

(i) R is a Hopf algebra with coproduct A = A, antipode 1°7, counit e, and unit
7.

(ii) the Hopf algebra R|.—1, with Hopf algebra structure coming from (i), is
isomorphic to the group algebra RSy with its usual Hopf algebra structure.

Moreover, the Hopf algebra structure of (i) is the unique way to make the algebra R
into a Hopf algebra so that (ii) is satisfied.
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Proof. The isomorphism R.# = R is immediate from the observation that A(%Ps) =
Py ® py +p_ ®p_ is an idempotent in R7%5 ® RA5.

The axiom for the antipode is a special case of Proposition 2.4 to come (and also easy
to check directly). We need to check the axioms

(e, ®id)o A=1id=(id®Rey)o A,
(A®id)o A= (id® A)o A,
which is easy. For example, for the second, observe that both sides applied to p, yield
P+ AP @Opr +py Op-Qp_+p-Qpy Qp- +p-Qp- D py.

It is straightforward to see that (ii) is satisfied. We check only that the coproduct
commutes with specialization, and omit verifying that this is also so for the antipode, the
counit, and the unit:

—_

1 1 1 1
A|u:1(§(1 + 1)) = 5(1 +51) ® 5(1 + s1) + 5(1 —51)® 5(1 —s1)
1 1
= 5(1 ®1+ 51 ® 81) = A3132(§(1 + 81)),
where Al,—; is the specialization of A and Ag, s, is the usual coproduct on R;S.

For the uniqueness statement, we use that R7% ® R is isomorphic to a product of
matrix algebras. Explicitly,

R © R = R(py @ py) @ R(pr @ p-) ® R(p- @p4) © R(p- @ p-).

The map A is determined by A(p,), and the image of A is isomorphic to R4 if and
only if A(p,) is an idempotent not equal to the identity. We also have that Ag,s,(p1) =
Py @py+p_ @p_. The only idempotent of R @ R that specializes to Ag,s,(p+) at
u=11s py ®ps +p_ @p_, hence this must be A(p, ) as desired. Additionally, the counit
is determined uniquely by the comultiplication; the only anti-automorphisms of R.J%; are
1°P and #°P, and only 1°P satisfies the required axiom. O

Analogous to the trivial and sign representations of Jy, there are one-dimensional
trivial and sign representations of 7%, which we denote by €, and €_:

é& Py— 22, e :Py—0, seS.

For the next proposition, let 1, 1°P, 8°? be as in §2.2, and let p be the multiplication
map for J4y.

Proposition 2.4. The involutions 1°7 and 6°P are antipodes in the following sense:
po(1?®1) oA =noé,, (4)
po(@?P®1)oA=noé_, (5)
where these are equalities of maps from Gy to Ay .

Proof. The right-hand side of (4) is the algebra homomorphism defined by noé, (Qs) =0,
s € S. This is a linear map from &y to 4 which sends the two-sided ideal generated
by the Q; to 0 and sends 1 to 1, and there is only one linear map with these properties.
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To see that the left-hand side is also this linear map, first observe that it takes Qg to 0
and 1 to 1:

po (1P @ 1)(Q,) = u(Q,) = —C.Cs — C,CL =0, s € S. (6)
Next, let A(Q,) =3, a @b and A(x) = > ¢ @ dY) for some x € Ay . Since A is
an algebra homomorphism, there holds

po (17 @1) 0 A(Qu) = o (1P @1) (Si(al? @) 3,(cV) @ d))
= ., 1P (1)) 1P (D) p® g0) (7)
= 0,
where the last equality is by (6).

We can similarly show that o (1°° ® 1) o A(xQ,) = 0 for any = € J#y. Thus the
two-sided ideal generated by the Q; is sent to zero, so the left and right-hand sides of (4)
agree. Equation (5) is proved in a similar way by replacing Q, with P and e, with e_
above. U

2.4. By Proposition 2.3, we can define A®) : R4 — RGP* inductively by A®) =
(A* D@1 oA=(12A%D)oA and A® := A. Explicitly,

APy = > pu®...@pa,. (8)
a€{+7_}k
[{i:a;=—1}| is even

It is now natural to generalize /&y as follows.

Definition 2.5. The nonstandard Hecke algebra %vafk) is the subalgebra of %Vf?k gen-
crated by the P¥ = [2]FAP (p,) for all s € S, where AP = 1% o A®) and o, is the
inclusion 6 = (Hy ) sy — . Let ATH) . %vafk) — 2% be the canonical inclusion.

Set o = 2] — ") The set S of simple reflections of W will always be denoted
be shorthand for PS(Z) ® .. -PS(Z). Note

S,L'Q

{s1,...,8-_1} in this paper, and we let P

2112...1]

that e%bm(/?) = Ay, PP — P, and e%bm(,l) = Jy, P — C?, and we set %VS)) = A.

Remark 2.6. Proposition 2.3 supports the idea that the %Vf,k) are “the smallest ap-
proximation to a Hopf algebra on 74 deforming the Hopf algebra ZW.” An interesting

problem is to make this precise by showing that [],~, %Vf,k) (or a similar algebra) is a
universal object in some categorical sense. This may be closely related to the problem
of constructing a right adjoint to the forgetful functor from Hopf algebras to algebras,
which was recently done in [1].

For any nonnegative integers k;, k, with k; + k, = k, we have A®) = (AF) @ Ak))o A;
applying this to [2]¥p, yields

PP =Pk @ Pk + ol @ Qi) 9)
= 2P @ PR — (2t 0 P — P o [ + [ (10)
for all s € S. As a consequence, there is a canonical inclusion

Ak s 20 s 200 @ A0, PR s PR @ Pl 1 Q) @ 9o (11)
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Thus any pair M;, M,, where M; is a %%,ffl )_module and M, is a %fokr)—module, gives rise

to the jibvg,k)—module M, ® M, by restriction.
We have the following commutativity property

Res ) (Ml ® MT) = Res
w

7 M, ® M), (12)

paall

where the isomorphism is given by the map swapping tensor factors; this is an %Vf,k)—
module homomorphism by (9).

There are one-dimensional trivial and sign representations of t%bvg,k) which generalize
those for 4y = %ZM(/Q ) defined previously. We also denote these by €, and ¢_:

&P 2F, e "0, ses.

For a ring homomorphism K — A, we have the specialization K %bvffk) = K ®a %fok)
of the nonstandard Hecke algebra. Also, we often abuse notation and write €, for the

K %Vf,k)-module K ®a €., when K is understood from context; the same goes for all the
other one-dimensional representations in this paper.

2.5. Here we record some useful results about the anti-automorphisms 1°P, §°P of 7}, and
their corresponding anti-automorphisms 1°P, (6%))P of %Zm(/k). Many of the observations
here are also made in [16, §10].

Any anti-automorphism S of an A-algebra H allows us to define duals of H-modules:
let (,) : M ®M* — A be the canonical pairing, where M* is the A-module Homa (M, A).
Then the H-module structure on M™* is defined by

(m,hm') = (S(h)m,m’) for any h € H, m € M,m' € M*.

We write M® (respectively M#) for the s4y-module dual to M corresponding to the
anti-automorphism 1°P (respectively 6°P).
We note that for W = S, dualization M + M# corresponds to transposing partitions.

Proposition 2.7 ([6] (see also [13, Exercises 2.7, 3.14])). Let My be the Specht module
of F. of shape \. Then

M= My and M} = My,
where X' is the transpose of the partition .
Let 7 be the subgroup of automorphisms of %‘g’k generated by
;=10 - 1001 ®---®1,

where the § appears in the i-th tensor factor. Let @7 be the subgroup of @ generated
by 60,8, for i, j € [k]. This is a subgroup of index 2 and consists of the involutions having
an even number of #’s and the rest 1’s.

Proposition 2.8. The elements of o7 behave well upon restriction to Aut (%Vf,k))

(k) 0
(i) a(PP) = { o acd for all s € S.

W ifae 6,90
(ii) %Zm(/k) is invariant under the action of <, i.e. a(%vg,k)) = %Vf,k) foralla € o).
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(iii) The restriction of an element of <% to an automorphism of %bvffk) (which is
well-defined by (ii)) corresponds to the map <% — Aut (%Vf/k)),ﬁi — 0% where
ok %bvffk) — %fok) is the A-algebra homomorphism determined by 0% (P =
ng) for all s € S.

(iv) The homomorphism 0% is an involution of %Zm(/k).

(v) The inclusion Ak of (11) induces a map
Aut (Q%bvf/kl) ® Q%bvffkr)) — Aut (t%bvf/k)), which sends 0% @ 1 and 1 ® 0% to H*),

Proof. 1t is enough to check (i) for W = &,, and this can be seen directly from the
observation 6(p,) = p_ and by comparing

1
7" =aPp )= 3 pe.op,

ae{+7_}k
[{i:a;=—1}| is odd

with the similar expression for A®)(p,) in (8). The remaining statements follow easily.
U

There are also anti-automorphisms 1 := 1P ® 1P ®- - -®1°° and (§*))°P := 1P o) of
j‘fvf,k), where 0 is defined in Proposition 2.8 (iii). We also write M® (respectively M#)
for the e%bé/k)—module dual to M corresponding to the anti-automorphism 1°P (respectively
(™))°P). The next proposition is immediate from Proposition 2.8 (v) and definitions.

Proposition 2.9. Let M, be an e%bé/k’)-module and M, an e%bl,l(/kr)-module and assume that
these are free and finite-dimensional as A-modules. Then

(M, ® M,)° = My @ M7 = M @ M¥,
(M, ® M,)# = M @ M# = M @ M.

3. THE NONSTANDARD BRAID RELATION

Here we determine the irreducible representations of the nonstandard Hecke algebra
%) and find that it has a two-dimensional irreducible with defining constant [Q]kT](ﬁ)

for each j € [k]. We deduce from this the nonstandard braid relation (2) for %@f’“).

3.1. In this subsection we let W be any dihedral group, whereas in §3.2-3.3 we focus on
the case W = S3. It will be shown in the course of the next two sections that all of the
two-dimensional irreducible representations of K ,%Zm(,k) (for a suitable field K') are of the
form X*)(¢) = K2, for some constant ¢ € K, defined by the following matrices giving

the action of P* on X®(c):

(®) 2)F e w®,, (0 0
Plr—><0 0 ) P 1ok ) (13)
Here we have specified a basis (21, z3) for X*)(¢) and are thinking of matrices as act-
ing on the left on column vectors, so that the j-th column of these matrices gives the

coefficients of Pi(k):zj in the basis (z1,23). The map Ke%bm(/k) — Endg (K?) specified by
(13) only defines an algebra homomorphism for special values of ¢ (i.e. X*)(c) is only a
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representation of K %fok) for special values of ¢), and these values will be determined in
the course of the proofs below.

Recall that a representation of an algebra over a field K is absolutely irreducible if it is
irreducible over any field extension of K (the appendix of [13] is a good quick reference for
this and other basic definitions and results about finite dimensional algebras over a field).

Suppose that X®)(c) is a K %Vf,k)-module. Observe that X*)(c) has a one-dimensional

k
submodule if and only if ( (1) ) or < 2

7 ) spans a submodule. Since < (1) ) spans a

k
submodule if and only if ¢ = 0 and ( [E]

1 ) spans a submodule if and only if ¢ = f*

(recall f = [2]?), we conclude that

X®(¢) is absolutely irreducible <= ¢ ¢ {0, f*}. (14)
One also checks easily that if X®)(c), X®)(¢) are K e%bl,l(/k)—modules, then
XB ()2 XK () = c=¢. (15)

Proposition 3.1. Let ki, k, be positive integers with k; + k., = k. Suppose that X; =
X®)(¢), X, = X®)(¢,) are irreducible K%ﬂvf/kl), K%V&kr)—modules, respectively with con-
stants ¢, ¢, € K. Put a; = \/c;, a, = \/c¢, and define

ax = aqia, =/ (f2 —a)(f —c). (16)
Assume that aja,.,a+ € K and that K is an integral domain in which 2 # 0. Then

X, ®X, isa K%bvf,k)-module via AFkr) (see (11)) with the following decomposition into
wrreducibles

X®(a2)® X®(a®) a2 # f* and a_ #0,
E @ ®XW(a®) o =fF anda_ #0,
oD XM (a2) a2 #£ fFanda_ =0,
L DE_DPEDE a2 = f*and a_ =0,

X, X, (17)

where €, and é; are one-dimensional representations given by

&: PPk, P o,
&: PP o, PP 2k
Remark 3.2. A direct calculation shows that, with the appropriate convention for square
roots,
ai=f" = frea=fle,
a_=0 <= fk=fhic, + flre.
Note that by (14) and (16), our assumptions on K and that X; and X, are irreducible

imply a? # a®. Thus the last three cases of (17) are the only degenerate cases that can
occur.

Proof. Let (211, 212) and (2,1, Z,2) be bases for X; and X,, respectively, corresponding to
the matrices in (13). Using (10) we compute the matrices that give the action of the Pi(k)
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on the KAP-module X; ® X, in the basis (21 @ T, 211 @ Tya, Tp @ Ty1, Ty @ Tya):

2]F [2)ke, [2)F ¢ 2¢c, 2] 0 0 0
(k) 0 0 0 —[2k¢q (k) —[2]% 0 0 0
Pl o o 0 —fke PP Zge 0 0 o | U
0 0 0 2] 2 2 [2% 2
Now set
aya,ay 2]k aa,a a0, 2]*aa,qa_
| =2k | —2Raacay | -2)Fa | -2Rraara
A1+ = _[2]klcr )y 224+ = _[2]kralara+ »Rl— = _[Q]klcr )y R2— = —[2]kralara_
2" 2 2" 2
(19)

The vectors 24, 224,21, 20— were found using the form of the matrices in (18) to
ensure that z;, and z;_ span the €, -isotypic component of Res{si}(Xl ® Xr) for i =1, 2.
A direct computation shows that K{z1,, 204 } (respectively K{z;_,zs_}) is a submodule
of X; ® X, provided a. (respectively a_) is a solution to the following quadratic equation
in the variable y

y* = 2aa,y — £+ fra+ ffe, = 0. (20)
The solutions to this quadratic equation are given by (16), hence K {21, 2o+ } and K{z_, z0_}
are submodules.

By comparing the first and last components of z;;, z;—, one checks that if a2 # f*
(respectively a_ # 0), then K{z1;, 224} (respectively K{z_,25_}) is two-dimensional.
Moreover, by tvhe remark before the proof, a? # f* (respectively a_ # 0) implies X ('“)(ai)
(respectively X*)(a?)) is irreducible. Then with the assumptions of the first case of (17),
(214, %24, 21—, 7o) is a basis of X; ® X, and the action of Pi(k) in this basis is given by

2" a2 0 0 00 0 0
(k) o 0 0 0 (k) 1L 280 0
PRt oora P00 0 0 |0 21)
o 0 0 0 0 0 1 [2*
which verifies (17) in this case.
Next suppose a2 = f* and a_ # 0, and define 2}, by
0
1
2y 1= -1
0
Then (214, 25, , 21—, 22— ) is a basis and the action of 732.(]9) in this basis is given by
2 0 0 0 21" 00 0
(k) 0o 0 0 0 (k) 0 00 O
Plol o ok a2 |27 0 00 o (22)
0O 0 0 O 0 0 1 [2



NONSTANDARD BRAID RELATIONS AND CHEBYSHEV POLYNOMIALS 11

The second case of (17) follows. The third and fourth cases of (17) are similar: if a2 # f*

and a_ = 0, then (214, 204, 21—, 2,_) is a basis, where
[2]¥a;a,
o | —2Paa,
= —12Faa,
a_
If a2 = f* and a_ = 0, then (214, 25, , 21, 2,_) is a basis of X; ® X,. O

3.2. The k-th Chebyshev polynomial Tj(x) of the first kind is the polynomial express-
ing cos(kf) in terms of x = cos(f). Chebyshev polynomials appear in many areas of
mathematics including numerical analysis, special functions, approximation theory, and
ergodic theory. Explicit formulas, recurrences, and generating functions are known for
Chebyshev polynomials [18], though in this paper all we need are simple trigonometric
identities. Recall from the introduction the constants

a®) = Tk<i), k> 1. (23)

2]

We will see that [2]*a), j € [k] are the defining constants of the two-dimensional irre-
ducible representations of %@f’f’. The first few coefficients [2]¥a(¥) are

[2Ja® = 1 = 1

2]2a® = —f+2 = — u? —u? (24)
2]2a® = —3f+4 =  —3u?—-2—3u?

2*a® = f2-8f+8 = u'—4du?—-2—4dut4+ut

Though Chebyshev polynomials are usually defined for £ > 0, it is convenient to define
them for all integers k. Note that the definition above still makes sense and we have
Tw(x) = T_p(z). Accordingly, we extend the definition a*) = Tk(ﬁ) to all k € Z.
Also let T} (x) be the element of v/1 — x2Z[z] obtained by expressing sin(kz) in terms
of z = cos(#); more precisely, we should write T} (z) € yZ[x] C Z[z,y]/(x* + y* — 1).
The k-th Chebyshev polynomial Ug(z) of the second kind is the polynomial expressing
sin((k + 1)0)/sin() in terms of z = cos(). Then we have T} (z) = V1 — 22Uy _1(z) for
k > 1. Again, we may allow k to be any integer and there holds T, (z) = —T}(x).

The calculation decomposing the tensor products X; ® X, (Proposition 3.1) and the
following identity for Chebyshev polynomials are all we need to determine the irreducibles

of ,%’g(’f’.

Lemma 3.3. For non-negative integers ky, k,, there holds the following identity for Cheby-
shev polynomials (omitting the dependence of Ty(x) on x)

Trsk, = T, T, £ T, T,
Hence

[2]ka(kl:|:kr) — [2]kla(kl) [Q]kr-a(kr) + \/(ka _ ([Q]kza(kz))2) (fkr _ ([Q]kra(kr))2),
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Proof. The first statement is immediate from the trigonometric identity for the cosine of
a sum of angles:

1y, Ty, £ Tkl T, = cos(ki0) cos(k,0) £ sin(k,0) sin(k,0) = cos((k F kr)0) = Tixs, -

The second statement then follows by setting x = [% multiplying both sides by [2]¥ and

using T} = /1 — T¢. O
Theorem 3.4. Define M*) = X®)(([2]Fa®)?). For K = Q(u), the irreducible represen-
tations of Kj%(k) consist of the trivial and sign representations

é-|-7 é—v
and the k two-dimensional representations
®k L pr ®k—2®M(2)’.”7M(k).

Proof. The proof is by induction on k. It is well known that e, = K M3y, e_ = KM 1),

and KM, are the irreducible representations of K% = K ,%@(1), where M, is the
Specht module of shape >\ A basis of KM is given by the Kazhdan-Lusztig basis:
the subquotient K{C} ,C; , ,C: .. }/K{ 813251} of K% (considered as a left K.73-
module) is equal to K M(s1). In the natural basis (C} ,C?_, ) of this module, the matrices

E R 8281

for left multiplying by Pi(l = (!, are the same as those defining M® = X®)(1); the
Kazhdan-Lusztig basis elements above are given explicitly by C! . = C! C!  C'

8281 $2°7 817 s18281

C;, CL 0, — CL, . This verifies the result for k = 1. Now assume k£ > 1.

Since K %(k) is a subalgebra of K. @ K %@f’“‘”, every irreducible representation of
K %@W belongs to the composition series of X ® X, for some irreducible K 7%-module X;
and irreducible K Q%v’f,)(k_l)—module X,. From the case X; = e,, we conclude by induction
that é,,é_, and €2/ ® M%7 j € [k — 1] are distinct irreducibles of K ,%@(k). To obtain
the complete list of irreducibles, by commutativity (12), it remains to decompose MO @
ME1 and é_ @ M* =1 into irreducibles.

Decomposing MM & M®*=1 into irreducibles is the crux of the proof, and this is a
special case of Proposition 3.1. Note that ¢¥? @ M*=2 = X®(([2]*a*=2)2). Then by
Proposition 3.1 and Lemma 3.3 with k; = 1,k = k — 1, M @ M®*=1 decomposes into
irreducibles as

MO @ WD = (20 NE-D)ol® k> 2, (25)

MY @ MW EL@e. aM? itk =2 (26)

1%

Finally, e_ @ M®*~1 22 ¢ @ (MFE-1)° = ¢, ®(M(k_1)) where the second isomorphism
is by Proposition 2.9 and the first is by M 1 > (M- D )ye = (M®*=D)# . This last fact
follows by induction using (25) and (26); the base case M® =2 (M1)° = (MM)# is the
r = 3 case of Proposition 2.7. Thus the irreducible constituent of e_ ® M®* =1 is already
in our list.

It remains to check that M® is distinct from e?j QMED je [k — 1]. This holds by
(15) and the fact that Ty (z) is a degree k polynomial in z, implying [2]*a") is a polynomial
in the u-integer [2] whose constant coefficient is nonzero if and only if j = k. O
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Corollary 3.5. The algebra K,%;g(k) is split semisimple for K = Q(u).

Proof. Proceed by induction on k. We can view the inclusion A=+ ;2% 5 sz
%%(k_l) of (11) as one of left ffvg(k)—modules. Since localizations are flat, K is a flat
A-module; thus, K ,%;g(k) — K5 @ K ,%%f’f‘” is also an inclusion (this fails for the
specialization A — Z, u + 1). Hence to show that K %(k) is semisimple it suffices
to show that X; ® X, is a direct sum of irreducible K %(k)—modules for any irreducible
K -module X; and irreducible K ,%;g(k_l)—module X,. The proof above gives an explicit
decomposition of X; ® X, into irreducibles.

The algebra K. 4" is split because the irreducibles e5~7 @ M@ = X®)(([2]ka@)?),
J € [k] are absolutely irreducible by (14). O

Remark 3.6. It was claimed in [16] that R, is semisimple for any specialization A — R,
however there is a mistake in the proof. In fact, the specialization u + 1 is not semisimple
if 7 > 2. The proof was later repaired in [5, Proposition 11.8] to show that Q(u)./Z, is
semisimple. Since Q(u) is a perfect field, it follows that Q(u).7Z is a separable algebra,

which means that K .77 is semisimple for any field extension K O Q(u). So, for instance,

R(u).#. is also semisimple. We strongly suspect that all the algebras Q(u)%bvffk) are
semisimple for W any finite Weyl group, but we do not yet have a proof.

3.3. Now we can determine the nonstandard braid relation for ,%;g(k). Define

Fr(y) = (y = ([2]"a")*)(y = ([2%a®)?) .. (y = ([2]5a™)?),
a polynomial in an indeterminate y with coefficients in A.

Theorem 3.7. The algebra %@W 1s the associative A-algebra generated by Ps(k), seS=
{s1, 82}, with quadratic relations

(PW)? = [2]"PH),  se s, (27)
and nonstandard braid relation
PUE(PY) = P F(PLY). (28)

Proof. The quadratic relations follow from the fact that .74 is a Hopf algebra.
Set
b= P E(Py) — P R(PY) € A,
We next show that the nonstandard braid relation holds in K j‘?g(k), for K = Q(u), i.e.
1®h =0in Kj?g(k). To see this, one computes easily using (13) that 732(k)(731(]§) —([2]¥a9))?)
and PM(PF — ([2]Fa))2) act on €27 ® MU) by 0. We also have that P*) acts by 0
on é_. Further noting that both sides of (28) act on &, by the constant [2]*F},([2]%),
we conclude using Theorem 3.4 that 1 ® h acts by 0 on all irreducible representations of

K %:’f))(k). The semisimplicity of K %(k) then implies 1 ® h = 0.
We next claim that %%(k) —- K %%(k) is injective, which would imply h = 0, i.e. the
nonstandard braid relation holds. The claim holds because K %(k) is the localization of

%@W at the multiplicative set U = A\{0} and U contains no zero divisors (the facts
about localization needed for this would be standard in the commutative setting, and it
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is not difficult to show that they carry over to the case that the multiplicative set lies in
the center of the ring). The multiplicative set U contains no zero divisors because %%(k)
is a subalgebra of the free A-module %”V{?k.

To see that no other relations hold in j%(k), let H be the A-algebra generated by the
P*) with relations (27) and (28). The algebra H is a free A-module with basis given by

7

the 4k + 2 monomials
1L, (P, Py, PR@RYY, PEPE YL PP (P, g e [k

By the split semisimplicity of Q(u),%;g(k), dimgy) @(u),%;g(k) = 4k + 2 = dimg(,) Q(u)H.
An additional relation holding in .74 " and not in H would force dimgy) Q(u)j‘é’(k) <
dimg,) Q(u)H, hence H = %:’f,)(k). O

In the proof above we have shown that

Corollary 3.8. The algebra %’g(k) is free as an A-module.

4. GENERALIZATIONS TO DIHEDRAL GROUPS

Let W be the dihedral group of order 2m with simple reflections S = {s1,s2} and
relations
s? = id, ses

(Slsg)m = 1d. (29)

We will generalize the results of the previous section to the algebras j‘fvf,k). The two-

dimensional irreducibles of %Vf,k) are indexed by signed compositions of k (Definition 4.2)
and their defining constants are given by the evaluation of a multivariate generalization
of Chebyshev polynomials. These multivariate Chebyshev polynomials seem to be new.
For instance, they do not agree with those studied in [3].

4.1. We first recall the description of the irreducible representations of 7.

Theorem 4.1 (Kilmoyer-Solomon (see, for instance, [10, Theorem 8.3.1])). Let ¢ be a
primitive m-th root of unity and define w; =2+ (7 + (9. Setn = mT—Q if m is even and
n = "= ifm is odd. Suppose K is a subfield of C(u) containing the w;. The irreducible
representations of K. 76y consist of

(a) the trivial and sign representations €, €_,

(b) n two-dimensional representations denoted M;,j € [n], where M; = XM (w;),

(c) if m is even, two one-dimensional representations €, and ey determined by

er: Cp—[2], Chy 0,
€: O] —0, Cy — [2].

Throughout this section, W denotes the dihedral group of order 2m and we maintain
the notation n, w;, M;, etc. of Theorem 4.1.



NONSTANDARD BRAID RELATIONS AND CHEBYSHEV POLYNOMIALS 15

4.2. Here we introduce the combinatorics and multivariate generalization of Chebyshev
polynomials needed to describe the irreducibles of %fok).

Definition 4.2. A signed n-composition of k is an n-vector k = (ky, ..., k,) of integers
such that Y " | |k;| = k. If k is a signed composition of k, we also write |k| = k. Two
signed n-compositions k, k" are equivalent if k =k’ or k = —k’.

Let SComp,, ;, be the set of equivalence classes of signed n-compositions of k. Write
SComp,, <, = ;<< SComp,, ;. and SComp,, ;. = U<, SComp,, ..

Example 4.3. The signed 2-compositions of 3, with equivalent compositions in the same
column, are

(3,00 (2,1) (2,-1) (L,2) (1,-2) (0,3)

(-3,0) (-2,-1) (-2,1) (-1,-2) (-1,2) (0,-3).

Since the number of i-compositions of k is (1::11

B "L\ (k-1
|SCompn7k|—;2 (Z)(Z—l)

Definition 4.4. Let k be a signed n-composition of k. The multivariate Chebyshev
polynomial Ty (z1,...,Tn,Y1,---,Yn) € R is the polynomial expressing
cos(k101 + kaby + - - - + ky0,,) in terms of x; = cos(6;),y; = sin(;), where

R:Z[xlaaxnay1>>yn]/@($§+y]2—1)
J

), we have the enumerative result

Similarly, T\ (z1,...,%n, Y1, .,Yn) € R is the polynomial expressing
sin(k16y + ko6 + - - - + ky0,,) in terms of x; = cos(6;), y; = sin(§;).

The polynomials Ty, T;! can be expressed in terms of the univariate polynomials T} (x) :=
Ty(z,y) and T} (z,y) = yUr_1(z) (as defined in §3.2) explicitly as follows. Let Fy be the
finite field of order 2. If k is an n-vector, then a vector av € F3 is k-supported if k; = 0
implies a; = 0. There holds

T(Z1, oo Ty Y1y e oy Yn) = Z HT (x,9;), (30)

a k-supported, j€[n]
|| even

Ty, o Ty Yty e e Yn) = Z HT (xj,95). (31)

a k- supported j€[n]
la o

Fix once and for all square roots ,/w; and /f — w; in some field K containing A. For
instance, we may choose ,/w; = 2 cos(ZL) if K contains R.

Definition 4.5. Define A* = A[\/wy, ..., /Wn, V[ —w1,...,v/ [ —w,]. For each signed

n-composition k of k, define the following constants, which after being multiplied by [2]*,
belong to A*:

- VW1 VWn 1 1
.a'k_Tk([2]17 '] 0 2 J—w, 2 f_wn>>
o a. =T (\/[;L]}_l, w" % f—w, ﬁ f—wn>
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To better understand these coefficients, it is helpful to compute the specializations
(@1)uet = coS (1 i jkj), (al)]ucr = sin (1 i jkj). (32)
m = m

4.3. Let K be the quotient field of A*. We give names to the two-dimensional irreducibles
of K e%bm(/k):

N = XO (2 )?) k' € SComp, <.

. . . 33
Np® = XW((12Fal)?) 2 e © NI K € SComp,, . (33)

Note that these definitions make sense because ([2]*ays)? and ([2]*a},)? are independent
of the equivalence class of k/. The isomorphism in the second line will be seen in the

course of the proof below. We also remark that Nlilf) = efk_k/ ® nglf/), where k' = |K/|,
is an isomorphism of K jibvg,k)—modules. In the special case that k has only one nonzero
component k; = k, Nl({k) = X(k)(([Q]ka(%))Q) is similar to the representation M®*) in
the W = 83 case.

Theorem 4.6. Let W, m, and n be as in Theorem 4.1. For K the quotient field of A*,
the irreducible representations of Kjfvg,k) consist of

(a) the trivial and sign representations ey, €_,

(b) for each k' € SComp,, <, the two-dimensional representation N®

(c) if m is even, two one-dimensional representations €, = €; ® 6?’“—1 and &€y =

€2 ® 6%’“_1 given by

&: PP =2k PP o,
&: PV 0, PP 2k,
(d) if m is even, for each X' € SComp, ., the two-dimensional representation
NI,
Proof. The proof is by induction on k£ and similar to that of Theorem 3.4. The base case
k =1 is Theorem 4.1. §

As in the proof of Theorem 3.4, it suffices to decompose X; ® X, into irreducibles for
every irreducible K 74 -module X; and irreducible K jfvg,k_l)—module X,. The calculation
we need is a special case of the following: suppose that k;, k. are positive integers such
that k& = k; + k. and k;, k, are signed n-compositions of k;, k, respectively. Then by

Proposition 3.1 and Lemma 4.8 (below), the K %Zm(/k)—module ng];’) ® ng]?) decomposes

into irreducibles as (assume without loss of generality that if k; is equivalent to k.., then
k, =k,)

NV @ N = NP o NP, if k; # k,, (34)
NN =e o o NV, ifk =k, (35)

In particular, if we are given some signed n-composition k of k, then we may certainly
choose k;, k, such that k; + k, = k. Thus the first summand of the right-hand side of
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(34) is Nlik), so this is a representation of K%bvffk). And certainly |k; — k,|, |k; + k.| <k,
so the irreducibles on the right-hand side of (34) and (35) are in our list.

We now must consider the cases X; = €,,e_,€1,65. For the case X; = €, we have
QNI o Vlﬁ’,“ and e, @ N7 ]\Vfi,(k), and these are in our list of irreducibles (where
k' € SComp,, <y, k' € SComp,, _;,_; for the first, second isomorphism respectively).

Next, we consider the case X; = e_. We have

e X, Ze @ (X)) Zer 0 ((X,))7, (36)
where the second isomorphism is by Proposition 2.9. Hence this case follows from the
X, = €4 case.

Finally, we consider the case that m is even and X; = €; or X; = 5. The action of Pi(k)
on ¢, ® X* () is given by

PH ( [20]k [2(1‘3 ) , P ( ?E;] 8 ) . (37)

((6)-(%))

shows that e, ® X*=1(¢) =2 X®)(fk — cf), hence €, ® Nlilf_l) =~ Nli,(k). A similar compu-
tation shows that €5 ® ngf_l) ~ ]\Vfi,(k). Alsonote €; ® € =€, , 61 Réy X €, € Ry X éy
and € & él = E_.

It remains to prove that the list of irreducibles is distinct, and this is Proposition 4.9
(below). O

Changing to the basis

Corollary 4.7. The algebra Kj‘fvf,k) s split semisimple for K the quotient field of A*,
where A* is as in Definition 4.5.

Proof. This follows from the proof above, similar to the W = &3 case. The base case
k = 1 requires the split semisimplicity of K.y . A proof of this is given in [10, Corollary
8.3.2]. O

Lemma 4.8. For k;, k, signed n-compositions of k;, k, respectively, there holds
T, = Ti T, £ T, T, -
Proof. This is immediate from the trigonometric identity for the cosine of a sum of angles:

Ty, Tx, = Tél Tér
= cos(kpby + - - - + kinby) cos(kp61 + -« - - + k)£

sin(k‘ll@l + -+ klnen) Sin(krlel +-+ krnen) (38)
= cos((kn F k)b + -+ (kin F kn)6)
= Tkl:Fkr'
U

Proposition 4.9. The coefficients ([2]Faw )?, k' € SComp,, <, together with, if m is even,
([21*ay)?, K € SComp,, .y, are distinct elements of A* (see Definition 4.5).
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Proof. 1t suffices to consider the specializations ¢ : A — R, o(u) € Ryg. Set z =
m; the image of the map R.g — R, o(u) — z is (0, 3]. If m is odd, it suffices to
show that for any signed n-compositions k', k”,

cos? (K} arccos(y/wyx )+ - -+k! arccos(y/wyx)) = cos®(kj arccos(y/wiz )+ - -+k! arccos(y/w,x))

1

(an equality of real-valued functions on (0, 5]) implies k’ is equivalent to k”. Observe that

cos®(a) = cos*(b),a,b € R, if and only if
a+be2nZVU (rm+27Z) or a—be2nZU (r+271Z).
Define the functions ay : (0,1] — R by
x — (k) £ kY) arccos(y/wrx) + - -+ + (k, £ k) arccos(y/w,x)

If there exists zy € (0,1) such that o (z) ¢ 27Z U (7 + 27Z), then a_(z) is constant
in some neighborhood N’ of xg. Otherwise, ay is constant on (0,3). Since we can
choose square roots such that ,/w; = 2cos(27) € (0,2), the result follows from the lemma
below with z; = QCOS(%). The additional arguments needed in the case m is even are

similar. U
We are grateful to Sergei Ivanov for the proof of the following lemma.

Lemma 4.10. Suppose g(x) = > .2 a;x" is a non-polynomial real analytic function,
convergent to this series on a neighborhood N of the origin. If z,...,z, are distinct
positive real numbers, then the functions 1, g(z1x), ..., g(z,x), with domains restricted to
N’ for some N' C N having a limit point in N, are linearly independent over R.

Proof. Suppose for a contradiction that ¢ = c19(z12) +- - -+ ¢,9(2,2), ¢, ¢; € R with some
¢; nonzero. Assume without loss of generality that all of the ¢; are nonzero and that z;
is the largest of the z;. Then

00
=0

n
_ i | i
C—E E ¢z | aix
i j=1

holds for all x € N’ implies Zj cjz;- = 0 for all 7« > 0 such that a; # 0. For large i, the
term ¢;2! dominates this sum, hence ¢; = 0, contradiction. O

4.4. Now we can determine the nonstandard braid relation for %Vf,k) in the case that W
is the dihedral group of order 2m. Define

I - (2aw)? if m is odd,

k’eSComp,, <,

Gmi(y) =
H) y H (v — ([2]Faw)?) H (y — ([2]Fay)?) if m is even.

k/’eSComp,, <, k’eSComp,, i

(39)

Theorem 4.11. Let W,m, and n be as in Theorem 4.1. The algebra A*%Zm(,k) 15 the
associative A*-algebra generated by Ps(k), s € S ={s1, 82}, with quadratic relations

(PP =[2I"PH, ses, (40)
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and nonstandard braid relation
PG (P = PP G, (PR if m is odd, (41)
Gmk(PQUf)) = Gm,k(Pl(’;’) if m is even. (42)

Proof. The proof is similar to that of Theorem 3.7. In the case m is even, we need to

check that both sides of (42) act on ¢; and € by 0. This is clear since 771(5) acts on these
representations by 0. U

In fact, we can deduce a stronger statement, which does not seem to be easy to prove
directly.

Corollary 4.12. The polynomial G, x(y) belongs to Aly|. Therefore Theorem 4.11 holds
with A in place of A*.

Proof. Let K (respectively K*) be the field of fractions of A (respectively A*). Let F

be the A-algebra generated by P¥ s € S, with quadratic relations (40). The ideal of
relations I is defined by the exact sequence

01— F— AP 50 (43)

Since localizations are flat and free modules are flat, the sequence remains exact after
tensoring with K and K*. Thus Theorem 4.11 says that

h=PHG, (P —PPG, (PH) e K*F

generates K*I if m is odd (the m even case is similar).

Now choose a graded lexicographic term order on monomials in F' and let {g1, 9o, ...}
be a Groebner basis for KI. There exists an ¢ such that g; and h have the same leading
monomial. We must then have g; = ch, ¢ € K*, because if not we could cancel the leading
terms of g; and h, contradicting that {h} is a Groebner basis of K*I. Since g; € KF,
and the leading coefficient of h is 1, we must have ¢ € K. It follows that h € KF and
K1 = (h). The desired conclusion I = (h) then follows by repeating the argument from
the proof of Theorem 3.7. O

We may also conclude, as in the W = S5 case,

Corollary 4.13. The algebra e%bm(/k) 15 free as an A-module.

5. A CELLULAR BASIS FOR JZ.)

Graham and Lehrer’s theory of cellular algebras [12] formalizes the notion of an algebra
with a basis well-suited for studying representations of the algebra. The theory is modeled
after the Kazhdan-Lusztig basis of 7. in which a basis element C! is naturally labeled
by the insertion and recording tableaux of w. We briefly introduce this theory (following

some of the conventions in [13]) and show that R,%Zm(,k) (for R a suitable localization of
A*) is a cellular algebra with a cellular basis generalizing the Kazhdan-Lusztig basis of
7t and the basis of J# given in [16].
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5.1. Let H be an algebra over a commutative ring R.

Definition 5.1. Suppose that (A, >) is a (finite) poset and that for each A € A there is
a finite indexing set 7()\) and distinct elements C3, € H for all S,T € T ()) such that

C={Cl:NeAand S,T € T(\)}

is a (free) R-basis of H. For each A’ C A let Hy be the R-submodule of H with basis
{C4r:pe N and S, T € T(pn)}; write Hy, Hey in place of Hyxy, Hipeap<n-
The triple (C, A, T) is a cellular basis of H if
(i) the R-linear map * : H — H determined by (C3;)* = Cjg, for all X\ € A and
all S and T in T ()), is an algebra anti-isomorphism of H,
(ii) for any A € A and h € H there exist rg» g € R, for S',.S € T()), such that for
all T € T(A)

S'eT(N)

If H has a cellular basis then we say that H is a cellular algebra.

The cellular basis for R%bvf,k) (R to be specified) is similar to the “banal” example of
[12], which we now recall.

Example 5.2. For each element A\ € A, we are given an element o, of R. Let H =
R[y]/g(y) where g(y) = [[,ca(y — o). Choose a partial order < on A such that for each
incomparable pair p, A € A, the element 0, — o € R is invertible (for example, < can be
a total order and the o) can be any elements of any commutative ring R). For A € A, let

T(\) ={A} and set
A= =T[w- 0.

pEN
The triple ({C*}aea, A, T) is a cellular basis of H: one checks that {C*}yep is an
R-basis by evaluating a linear relation »,_, axC* = 0 at y = o, for s a maximal

element of A; one concludes that a, = 0 and shows by induction that the other a)’s are
0. Similar considerations show that for any A € A, {C* : p < A} is an R-basis of the
ideal of H generated by [],,,(y — 0,). We conclude that for h(y) € R[y], there holds

h(y)C* = h(ox)C* mod H_y.

The data for the cellular basis of R%Vf,k) is as follows:
o A= A1 U AQ, where
o A — {€,,¢_} %f m %s odd,
{€1,€_,€1,&} if m is even,

SComp,, <1, if m is odd,
A2 = =

B SComp,, <, U SCompiLKk if m is even,
o T(a) ={a},a €Ay,
o T(k)={1,2},k € As.
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The set SCompi, <1 is equal to SComp,, . and is decorated with a superscript 1 to distin-
guish its elements from those of SComp,, <. It is convenient to define oy for all k € A
by

o = [2]fax, k€ Scompn <k’

ok = [2]*ai, k€ SComp, _, and m is even,

where ay, aj. are as in Definition 4.5.

Choose a partial order on A, such that for each incomparable pair k, k' € Aj, the
constant of — of, is invertible in R. Then let the poset on A be that of A, with the
elements of A; added as in the following diagrams.

é_ é_ (44)
| |
A2 A2
NG
€1 €9
§ ~..
€+ €+
m odd m even

The cellular basis C of R%Vf,k) consists of, if m is odd,

Ce = 1,
Cﬁ = Ukplk) Hk/gk( ]f) - Ul2<’)>
05{1 = 7321) Hk/gk( ]f) - Ulzd)>
Cy = Ukpz )Hk'gk( Py — o), (45)
Cly = 7312) Hk/gk( (k) — o),
O = Hk'gg+(73 ) — o),

for all k € A, and the products are over all k' € A, satisfying the stated conditions.

Note that the quantity defining C*+ above is exactly Pl(k)Gm,k(ng)), equal to Pz(k)Gm,k(Pl(g

by the nonstandard braid relation (41).
If m is even, then the cellular basis C consists of

Ce- 1,
Citl = okPy )Hk/gk(ng) Ti),
C%(l = Pz(lf) kagk(Pélf) UI2<’>7
ng = Ukp2 )Hk/gk( > ‘712«)7
CYy = 7312) Hk/gk( ) o), (46)
co = kagq( © — )
ce = Hk/gez (Pm) o),
O = Hk’$e+( 5 Owr)s

where the products are over all k' € A, satisfying the stated conditions. The quantity
defining C* above is exactly vak(P}’g)), equal to Gm7k(732(lf)) by the nonstandard braid
relation (42).

')
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Proposition 5.3. Let A, T,C and oy be as above and let R be a ring containing A* such
that oy is invertible in R for all k € Ay. The algebra H = Rt%bvf/k) 1s a cellular algebra
with cellular basis (C,\,T). The anti-automorphism x of Definition 5.1 (i) is equal to
1°P of §2.5.

Proof. We must show that C is an R-basis of H. As an (H, H)-bimodule, the (é,,¢é,)-
isotypic component of the restriction of H to a (Hy,,}, His,y)-bimodule has an R-basis

consisting of monomials of the form P* (P{)i. The set {C¥ : k € Ay} U{é,} (unioned
with {é;} if m is even) is also an R-basis for this space by the same argument as in
Example 5.2. Similar considerations show that for any A € A and 7, j € {1, 2}, the set
{Cikj/ K < A} U {§+,éi} if m is 'even and i = j,
{é:} otherwise,
is an R-basis for the (¢, ¢, )-isotypic component of the (Hy,,y, His,)-restriction of Iy,

where I, is the two-sided ideal of H generated by [ [, p, )\(731(];) —02,). That C is an R-basis
of H follows by applying this to A = é¢_. We may also deduce that

k k k k k k
PUCY =Pl [ (P —ob) = PV (PY — ot + o) [[ (P — o2)
k'<k k'<k
= Pl(k) H (Pz(lf) —0l) + ok CY, = 0 OF, mod H_y. (47)
k' ¢k

Similarly, Pg(k)C'ﬁ = 0xCX, mod H_y. Thus the left action of H on H<y/H_y in the
basis (CK,CX, CX,, C%) is given by

2F o 0 0 0 0 0 0
(k) 0O 0 0 0 () o [2IF 0 0
PPl o o0 o P27 0 0 2 o (48)
0 0 o [2 o 0 0 0
If m is odd, this verifies condition (ii) of Definition 5.1.

If m is even, we also need the following, immediate from the definition of C in (46),

Pla = [2ka, P = &= 0 mod He,,
PPe, = &.= 0 mod He,,, PHe, = [2]k.
The claim that * = 1°P is straightforward. O

5.2. Cellular algebras are well-suited for studying specializations. For this, we need some
additional definitions from [12]. Let M) be the left H-module that is the submodule of
Hcy/H.y with R-basis {C%; : S € T()\)} for some T' € T ()); this basis is independent
of T and we denote its elements by C2 = C3r, S € T(\).

Definition 5.4. For A € A, the bilinear form ¢, : My, x M, — R is defined in the
basis {C3 : S € T(\)} as follows. For S,T € T(A) let ¢,(C3,C3) be the element of R
determined by

CirsCpy = ¢(Cs,C2)Chy mod Hey,
where U and V' are any elements of T ().
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Proposition 5.5. The bilinear forms ¢,k € Ao, for the cellular algebra R,%Zm(,k) of
Proposition 5.3 are given in the basis (CX,C¥) x (Ck, CX) by

(Met-a) (5 25 ). (49

Proof. By (48), the action of PQ(k) (Pl(g))j on My in the basis (CF, CX) is given by

0 0
0.12<J+1 [Q]kaij :

It follows that C3%C5 = [2]* [T (0k — 0 )C5y mod Hey, which accounts for the (2,2)
entry of the matrix in (49). The other entries are computed similarly. O

Now suppose that R is a field. Let rad(M,) = {x € M, : ¢x(z,y) = 0 for all y € M, }.
Define A’ = {\ € A : ¢, # 0}.
Proposition 5.6 (Graham-Lehrer [12]). Maintain the notation of the general setup of
Definition 5.1. Let X € A. Then
(i) rad(M,) is an H-submodule of M,.
(ii) If ¢x # 0, the quotient Ly := M,/ rad(M)) is absolutely irreducible.
(iii) If ¢x # 0, rad(M)) is the minimal submodule of My with semisimple quotient.
(iv) The set {Ly: X € A’} is a complete set of absolutely irreducible H-modules.

Definition 5.7. The decomposition matriz of a cellular algebra H is the matrix (dy,)aea, peas,
where d),, is the multiplicity of L, in M.

We next compute the decomposition matrix of the specialization ,%Zw(,k) lu=1. For k € A,
the residue of k, denoted r(k), is the unique integer in

{tm+ad77  jkj:t € Z,a € {1,-1}}n{0,1,..., (213} if k € SComp,, 4,
{tm+ %2 +aX)_ jkj:t€Z,ae{l,-1}}n{0,1,...,[22]} if k' € SComp,, ;.

It is convenient to define r(é,) = r(é-) =0 and r(&) = r(é&) = F.

Proposition 5.8. Maintain the notation of Proposition 5.3. Suppose that m is odd, Ay
is totally ordered, and R = C with A* — R given by u — 1. Then for any A € A,

2 if X is the mazimal element of A with its residue and r(\) # 0,

1 if X is the maximal element of Ay with residue 0,
oy has rank . 5

1 if A=¢€_,

0 otherwise.

The decomposition matriz of %Vf/k)\uzl is given by

o ) = ) and O £ e,
: 0 otherwise.
Proof. This follows from the computation of ay|.—1, ag|.=1 in (32), Proposition 5.5, (48),

and (15). In the case ¢ has rank 1 (k € Ay), a direct computation shows that My has
¢_ as an irreducible submodule with quotient Ly = €. U
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Remark 5.9. Proposition 5.8 does not apply to the u = 1 specialization if m is even
because oy|,—1 can be 0. It is not difficult to modify the cellular basis to obtain a result
similar to Proposition 5.8, which we do below. This will show that the conclusions of
cellular algebra theory do indeed not hold in this case, so the assumptions of Proposition
5.8 are necessary, not an artifact of our choice of basis.

Proposition 5.10. Suppose that m is even and otherwise maintain the setup of Propo-
sition 5.8. Let C' be the same as C in (46) with the following modifications

Kk k k

Ch = Pl(k) Hk’gk(,PZ(IIC) — o),
Kk

Clyy = 732( )Hk'gk(Pl(z) - 0124)-

Then C' is a free R-basis of H = R%Zm(/k). Let M; = XM (w;) as in Theorem 4.1. Then
the left-representation afforded by {C7%, CIk

(s isomorphic to M) lu=1 if r(k) € [n],
has a submodule isomorphic to é_ with quotient ¢, if r(k) =0
| has a submodule isomorphic to & with quotient &  if r(k) = %

While the left-representation afforded by {C%, C'k

(is isomorphic to M, () |u=1 if r(k) €

[n],
has a submodule isomorphic to é_ with quotient é, if r(k) =0,
| has a submodule isomorphic to & with quotient & if r(k) = 5.
Proof. The proof is similar to that of Propositions 5.3 and 5.8. O

Corollary 5.11. The mazximal semisimple quotient %Vf/k)\uﬁ/rad(%bm(,k”u:l) is iS0mor-
phic to CW.
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