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1 Introduction

In this paper we study the behavior of the Neumann eigenvalues of an elliptic
operator corresponding to a composite medium with periodic microstructure.
Initially we assume that  C R? is a convex, bounded domain and we analyse
the following eigenvalue problem

-V -a(z/€)Vv. = Ave in (1)

a(z/e)Vve-v =0 on o ,

where v is the outward unit normal, a(y) = (ai;(y)) is a symmetric positive
definite matrix, and each a;;(y) is a smooth (C°°) periodic function with period
Y. For simplicity we take Y = (0,1) x (0,1). Corresponding to (1) is the
homogenized eigenvalue problem

-V -AVv=Xv inQ (2)

AVv-v =0 on 0N

Ay = L air(y) (5kj - Z—;i(y)) dy
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where




is a constant, positive definite symmetric matrix and %’ is the Y-periodic (smooth)
solution to

V- a(y)Vx’ = 8y, %) (3)

one of the so called “cell functions”. If A is an eigenvalue for (2) then it is well
known (see [3] or [14]) that there exists a family of eigenvalues for (1), A, such
that

Ae — A as € — 0.

Formally, we may write an asymptotic expansion for A,
Ae= A+ €A + ...
If the eigenfunctions for (2) corresponding to A are in H%(Q) then
IAe — Al < Ce.

The main goal of this paper is to characterize the possible first order corrections
A1, that is, to characterize the limit points of the ratio

Ae — A

€

(4)

as € — 0. The value 0 is a trivial eigenvalue for (2) (as well as for (1)), we shall
only consider corrections to the nontrivial (positive) eigenvalues.

The first attempt to study the asymptotic magnitude of the term A, — A is to
the best of our knowledge found in [6] and [7], however this work does not appear
to recognize the fact that the ratio (A. — A)/e may possibly have many different
limit points (and not just a single limit) as € tends to zero. The problem of char-
acterizing (all possible) first order eigenvalue corrections of Dirichlet eigenvalues
was discussed extensively in [15] and [11]. A particular representation formula
was given for the limit points of the ratio (4); this formula is valid for any simple
eigenvalue A and for any curvilinear polygonal domain in which the correspond-
ing homogenized eigenvector is in H27%({) for some w > 0. In the case when the
domain Q was a (classical) convex polygon whose sides have rational (or infinite)
slopes, it was possible to derive a much more explicit formula for the limit points
of (4). This latter formula demonstrates that with Dirichlet boundary conditions
there may frequently not just be one correction A;, but a whole continuum of
corrections. That is, the limit of (4) may depend on the choice of a particular
(sub)sequence ¢, — 0.

In order to obtain the general representation formula for the first order Dirich-
let eigenvalue corrections, it was necessary to first establish certain error estimates
for the corresponding elliptic source problem. We then used an error estimate for
the convergence of the eigenvalues of a sequence of compact operators (due to Os-
born [14]) to obtain the representation formula. In case of Neumann boundary
conditions, the same procedure yields a general representation formula for the



limit points of (4) similar to the one for Dirichlet boundary conditions. Just as
in the Dirichlet case, this formula involves certain boundary corrector functions.
In the Dirichlet case the boundary corrector functions could be rather explicitly
characterized when the domain was a convex polygon with rational (or infinite)
slopes. A similar characterization is possible for the Neumann case but it is
somewhat more complicated to establish. To simplify matters as much as possi-
ble we make extensive use of the duality between the (two dimensional) Dirichlet-
and Neumann problems and we make use of the analysis already carried out in
[11]. In the end we find a quite explicit formula for the possible A; when the do-
main is a (classical) convex polygon whose sides have rational (or infinite) slopes.
This formula reveals the same phenomenon as in the Dirichlet case, namely the
possibility of a continuum of corrections depending on the interaction between
the periodic microstructure and the domain boundary. This may be viewed as
somewhat surprising, since in one dimension the Neumann eigenvalues converge
with rate O(e?); that is, in one dimension the first order Neumann eigenvalue
correction is always zero.

The paper is organized as follows. In Section 2 we prove some error estimates
for the Neumann source problem. Since we will apply these results to eigenfunc-
tions associated with non-smooth domains, it is necessary to derive these esti-
mates with minimal regularity requirements. In Section 3 we describe Osborn’s
eigenvalue approximation estimate and apply it to our problem. Using the error
estimates from Section 2, we then obtain a general representation formula for
the limit points of (4), valid for any convex domain for which the correspond-
ing homogenized eigenfunction is in H27%({2), w > 0. In Section 4 we compare
the Neumann case and Dirichlet case in one dimension. We show that the one
dimensional first order Neumann eigenvalue correction is always zero, while we
know from [15] that this is not so with Dirichlet boundary conditions. In Section
5 we return to two dimensions and thoroughly discuss case where the domain
is a convex polygon whose sides have rational (or infinite) slopes. We use the
results from [15] and [11] about boundary corrector functions to find the limits of
the expression obtained in Section 3. This yields a formula for the possible limit
points of (4) that can be computed rather explicitly. In Section 6 we compute
these possible limits for a simple example where the domain is a square and the
coefficient depends only on one variable. This example shows how the first or-
der correction A; may change depending on the interaction of the microstructure
with the domain boundary. Section 7 contains a discussion and some concluding
remarks about an open, interesting problem.

2 Error estimates related to homogenization

In this section we establish certain estimates for the Neumann source problem.
In the following section we shall use these estimates in the case when the right
hand side (the source) is an eigenfunction for the homogenized problem. To be



quite precise we estimate the error between the solution to
—V-a(z/e)Vu.=f inQ (5)

a(z/e)Vuc.-v =0 on 09

and the solution to the corresponding homogenized problem
-V -AVuyy=f inQ (6)

AVug-v =0 on 9Q

where f is a given function in L?(Q) with [, f dz = 0. The solutions u, and u are
uniquely determined by the additional requirement that [, u. dz = [, uo dz =
0. It is well known that u, — wug in L%*(2), but we need much more precise
estimates of the rate of convergence. Throughout this section we shall assume
that the domain Q is bounded and convex with a boundary that is a curvilinear
polygon of class C* in the sense of Definition 1.4.1.5 of [5]. By a slight abuse
of notation we shall refer to such a domain as a convex, curvilinear polygon of
class C*. Since Q is not assumed to be globally smooth (later we shall restrict
our attention to classical convex polygons) it is important that our estimates
do not require the homogenized solution to be very regular. The procedure for
obtaining these estimates is somewhat analogous to the procedure we used for
the Dirichlet problem [11] and represents a nontrivial extension of the method
developed in [3]. As in the Dirichlet case, we need a boundary corrector function
to appropriately adjust the boundary data. In the Neumann case, however, it
is quite a bit more difficult to prove that this boundary corrector exists and
is of order O(€) in L%(2). The proof of these facts extensively uses the duality
between this Neumann boundary corrector function and a corresponding Dirichlet
boundary corrector function.

We rewrite (5) as a first order system and proceed with the same asymptotic
expansion as in the proof of Proposition 1 of [11]. We define

. Ou
ui(z,y) = —x’(y)a—z?
J

(vo(z,9))i = (aij(y)—“ik(y)g—i)%

ou
J

J_auo

vi(z,y) = r(y)V, 02;

where 7/(y) is Y-periodic and solves

(Vyr) = —Aij + Ai(y) (7)



We note that the matrix A4;; is symmetric, but that this is generally not the case
with A;;(y). The symbol L indicates a 90 degree rotation counter clockwise, i.e.
Vi= (—%, %). The problem (7) has a periodic (smooth) solution due to the

facts that 8%/, (—Aij + A”(y)) =0and fy(_Aij‘l‘Aij(y)) dy = —Aij—l—Aij(y) =0.

Since ) is convex it follows from a combination of Theorem 3.1.3.3 and Theo-
rem 3.2.1.3 in [5] that ug is in H*(Q) with [luo||g2(q) < C||fllz2(q) (the 0th order
term in [5] is irrelevant as far as regularity is concerned). For the same reason
we also get that u. € H(Q). If we let

ze(2) = ue(2) — uo(z) — eur(z,z/€) € H'(Q)
e(z) = a(z/€)Vue(z) — vo(z,z/€) — evi(z,2/c) € L*(Q)
then it follows just as in the proof of Proposition 1 in [11] that
V-g=0 inQ (8)

and
lla(z/€)Vze — mel| 22 (@) < Celluollm2() - (9)

To adjust the Neumann data, we define the boundary corrector function B, €
H(Q) through the variational equation

1
/ a(z/e)VB, - V¢ de = / “n.-Védz forall ¢ ¢ HY(Q). (10)
Q Q€
We note that the equation for B, is the natural weak formulation of

—V-a(z/e)VB.=0 inQ (11)

a(z/e)VB, -v = 17}6 ‘v on Q.
€

This observation is consistent with the fact that for any field, (. € L%(Q2), with
V -{. = 0in Q2 we may define (- v € H_l/z(ﬂ) in a weak sense by means of the
formula

/ CE'V¢dUI/CE'V¢d£ forall ¢ € HY(Q) .
o0 Q

Then we also have
1 - ¥l zr-112(00) < CliCellz2(q) -
In the particular case of the field a(z/€)V B, this estimate becomes

la(z/€)V Be - v||gr-1/2(00) < Cl|Bella(q) - (12)

To make B, unique we impose the additional requirement that [, eB. dz =
Jq ze de = —€ [y u1 dz . Note that with this “convention”

‘/ eB, dz
Q

< Celluol|lg1(q) - (13)




Proposition 1 Let ug denote the solution to (6), let ui,n. be defined as above,
and let B, be the solution to (10). There exists a constant C, independent of ug
and € such that

[[ue(-) = wo() = ewa(:, -/ €) = €Be( )l (a) < Celluollm2(a)

Proof Given g € L*(Q) with [, g dz = 0, we define ¢. € H*(Q) to be the

solution to
La(w/e)VgﬁE -V de = /Qg¢ dz forall ¥ € H(Q). (14)
Using this equation for ¢. and the symmetry of the matrix a(z/¢), we have
/Q(ZE —€B)gde = /Q a(z/€)V(z. — €Be) - Vo, da
= /éa(a:/e)VzE Ve dz — 6/5 a(z/€)VB, - Vo, d
= [ a9V V6. de~ [ 5.V, do |

where in the last step we also used (10). In combination with (9) these identities
yield

‘f (ze — €Be)g dz
Q

| (a(z/9Vz ~ 1) V6. do

< lla(z/€)Vze — nel| L2 ()| V @ell L2 ()
< Celluollm2llgllz-1a) > (15)

where we use H ! to denote the dual of H! , and not of H} (as is customary).
Since [, €B. dz = [, z. d this implies

l|ze — €Bel|r1(a) < Celluolla2(a)

exactly as desired. O

Consider the vectorfield a(z/€)VB.. This has divergence zero in 2, and so
there exists, for each ¢, a function C, € H!(Q) such that
V+C. =a(z/e)VB. inQ . (16)

Here we used that Q is simply connected (since it is assumed to be convex). We
note that at this point C. is only defined up to a constant. Let ¢ denote the

matrix
0 -1



representing a rotation by 90 degrees counter clockwise. The function C, then
satisfies

V-Q'a'(z/e)QVC.=0 in Q .

Define

i(2/e) = Q'a (/9 . (17)
Since we are assuming that £ is a curvilinear polygon of class C*°, 9 consists
of m “corners” and m open smooth curves I'1, ...I',;, connecting these “corners”.
Let p be an interior point of I'; and suppose for a brief moment that we have
f € HY(Q). If w denotes a sufficiently small neighborhood of p, then standard
elliptic regularity theory ensures that ug is in H3(Q N w). It now follows that 7.
is in H1(Q Nw), and so its normal component 7, - v is in HY/%(T; N w). From
standard elliptic regularity theory it now follows that B, is in H%(Q Nw) in any
slightly smaller neighborhood, for simplicity also denoted 2 N w. The identity

(16) now immediately givess that C. is in H%(2 N w). By taking the traces on
T'; Nw it also follows that C, € H3/2(I‘i Nw), VB, € Hl/z(I‘i Nw) and that

oCe
or

where 7 = Qv denotes the counter clockwise unit tangent to 0Q2. On I'; N w we

—a(z/e)VB.-v on I;Nw ,

may calculate

a(z/e)VB.-v = 17;5 ‘v
€

1 *
= ——vyV—v] "V
€

J_auo
o .
31:]

= —AVuO v— —A(:z:/ )Vug v — iV

N VA .
B GVyr y(‘?:z:j " © O v
_ 3 8”0

B 37'( 31:]) '

The extra regularity of VB, and 7. - v (which is assured by the extra regularity
of f) guarantees that all terms in the above calculation make sense as functions
(in H'/?) on T; N w. By combining the past two identities (for all p € T;) we
conclude that there exists some constant d; such that

C’E:—rj(:c/e)%—l—di on T; .
j

Since we know that C. € H'(Q), its trace is in H'/2(8Q); similarly, since 7
is smooth and ug is in H?(Q), the trace of the function r/(z/€)%% is also in
Tj

H'Y%(3Q). As a consequence the trace of the function C. + r9(z/e )8—“;’ is in

Hl/z(aﬂ). This trace equals the constant d; on I';, and since jump discontinuities



are not permitted in H'/%(99) all the d;’s must have the same value, d. As noted
earlier, C, has only been determined up to an additive constant. We now make
the choice of C, unique by requiring that [, C. ds = — [, r’(a:/e)gim‘; ds, which
means that d = 0. In summary we thus have

Ouo

C.= —rj(z:/e)az.
J

on 0% (18)

provided f is in H'(Q). The mapping
f— uo — Celag

is continuous
3(Q)n {/ fde =0} — H(Q) — H*(99) ,
Q

and so is the mapping
3”0

Since H*(Q2) N { [, f de = 0} is dense in L*(Q2) N {J, f de = 0} it follows that
(18) holds true even for f that are only in L?>. We now return to assuming that

f is an L? function. Based on the previous discussion it follows that the function
C. solves

f— ug — —rj(:c/e)

V-a(z/e)VCe=0 in Q (19)
. Oug
— _pd
C.=—r'(z/e) 3z, on 0Q.

Note that C. is a function similar to the boundary corrector for the Dirichlet
problem. In fact, if we let x’(y) 7 = 1,2 be the cell functions corresponding to
the coefficient matrix a(y), that is, we let x7, j = 1,2 be the periodic solutions
to

- i 0 .
Vy : a(y)VyXJ = a—yiaij ’

then the functions 77 are just linear combinations of these cell functions. To prove
this we calculate

Vy-a(y)Vyr' = V,-Q'a'QVyri =V, Q'a 'V 1

0 9vi
= (9—yk l(Qta—l)ki(ail(ﬁlj — 6_;(”) _ A”)‘|

0 5y
T om l(Qta_la)k’(‘s’j - 3—2(,[) - (Qta—lA)k,-] .

Since 9vi
J .
(Q'a ' a)m(81; — 3—2;) ==V (¥ — X))k



it follows that

Vy-&(y)Vyrj = - 0 (Qta_lA)kj
Oyr
a .

where in the last step we used the fact that Q7! = Q* = —Q. Hence we obtain
- ;0
Vy a(y)Vyr’ = 5 —aki(QA)ij
Yk

which means that, up to an additive constant,

ri(y) = X' (4)(QA); - (20)
Lemma 1 Let v/ be defined by (7) and let ug € H*(Q) be the solution to (6).
Then 9
. u _
HTJ(J:/G)B—JHHI/Z(W) < Ce P luo|| g2 ).

Proof Suppose the vectorfield F = {Fj}§=1 isin H}([;)fori=1,...,m ( F is
defined on all of 02 and vanishes at the corners). We then have

I7(2/€)Fjllz2rsy < ClFllzery
; C
Ir(z/e)Fill myrsy < _IFllapes -

By interpolation it now follows that for any F € H, 01({ (1)

”Tj(w/e)FjHHéoﬂ(I‘;) < 05—1/2‘ (21)

Bl -

The space Hégz(I‘i) consists roughly speaking of those elements of H/%(T;) that
may be “extended to zero beyond I'; and still be of class H/2 ”; we refer to [9]
Section 11.5 for the exact definition of this space and for the above interpolation
result.

Since the vectorfield AVug is in H(Q), since AVu - v = 0 on 9Q it follows

from Theorem 1.5.2.3 in [5] that the boundary trace of AV is in Hééz(I‘i),
i=1,...,m, and that it satisfies the estimate

;HAVUOHH(}OH(F,.) < Cl|AVug|| 1 (q)

Due to the fact that A is a constant, invertible matrix we also get that Vug is in
Hégz(I‘i), t=1,...,m and that the above estimate holds with Vug in place of
AVuy, i.e.,

; HVUOHH(}O/Q(R') < C”VUOHHl(Q) i (22)



From the proof of Theorem 1.5.2.3 in [5] it also follows that
”¢”H1/2(ag) < C; ”¢”H30/2(1‘ )

for any ¢ with ¢ € Hl/z(I‘i), i=1,...,m
A combination of this last estimate with ¢ = r7(z/€)2“, the estimate (21),
J
with F = Vug, and the estimate (22) now yields

. ou Bu
HT’(J’/G)G—;HHuz(aQ) < CZHT’ (z/€) OHHm r)
J

=1

< MY Vg,
=1

< Ce_l/2HVu0HH1(Q)

This concludes the proof of the lemma. O

The previous lemma in combination with (19) implies that
IClar1 () < Ce 2 luolm2a
Due to (16) (the definition of C¢) and (13) this immediately yields

Lemma 2 Let ug € H*(Q2) be the solution to (6) and let B, be as defined previ-
ously. Then
leBel z1(a) < C€2luoll 2 (o)

We use this lemma to prove a corresponding L? estimate for €B..

Lemma 3 Let the hypotheses be as in Lemma 2. Then
lleBel|L2() < Celluol|g2(0)
Proof Let g be given in L?(2) with integral zero and define ¢, by (14). Then
/;26369 de = /Qea(a:/e)VBE -Vo. de .
Now define ¢g,¢1, and B? to be analogous to ug,u;, and B, but corresponding to

right hand side g (instead of f). Since § is convex we know that ¢ is in H?(Q2),
with [|¢ol|z2(0) < C||g]|z2()- From Proposition 1

|¢e — ¢po — €d1 — €BY |1 () < Celldol|mr2(0)

10



and hence, by use of Lemma 2,
|/ €B.g dz| < |/ ea(z/€)VB, - V(¢o + €p1 + eBY) de|
Q Q

+C €/ |uo |20 b0l a2y - (%)

We bound the three terms in the above integral separately, starting with

‘/Q ea(z/€)VB. -V de

/ eVLiC. -V de
Q

_ 9¢o

= - eC, o ds‘

— / erj%% ds
aq  Oz; 0T

Celluol| 2oyl b0l m2(0) - (24)

IN

The second term

‘/ ea(z/€)VB, - V(epq) de| < ‘/ ea(z/€)VB, -v (e¢1) ds
Q N
< |lea(z/€)V B, - V”H—1/2(aQ)H€¢’1”H1/2(89) (25)
Since 84
— %0
b= (/)G

we get, by the analogue of Lemma 1,
1l 172 (a0 < C€ |0l 20 -
Due to Lemma 2 and the inequality (12)
lea(e /)T B  Vllg-1r2(om < O/ uollaray -

In combination with (25) the last two estimates yield the following upper bound
for the second term of the integral in (23)

‘/{D2 €a(z/€)V B - V(ep1) dz| < Celluo|| g2 ()l ol 2 (0)- (26)

Finally, concerning the third term, an application of Lemma 2 and its analogue
for eB? gives

[ cale/ )V B.9(eB2) de| < Cellualzrsco ol (27)

From (23),(24),(26), and (27) it follows that

‘/ €B.g de
Q

IN

Celluoll 2ol ol 2 ()

A

< Celluollgz(a)llgllz2(0)

11



and thus
lleBellz2(n) < Celluollm2(q)

Note that for this last estimate we also use the fact | [, eBe de| < Cel|uol|g2(q)
(from (13) it actually follows that this integral is bounded by Ce[|uo[|g1(q)). O

Corollary 1 Let the hypotheses be as in Proposition 1. Then there exists a
constant C, independent of ug and € such that

llue — wollzz(n) < Celluoll g2 (q)

and
Je(-) — o) — eus (-, /&)l mri() < C€/*||uol|zr2(a)

Proof This follows directly from Proposition 1, Lemma 2, Lemma 3 and the fact
that u; is bounded in L?(2) independently of e. O

We now assume that our solution ug of (6) is in H*(2) and proceed with an
asymptotic expansion analogous to that in the proof of Proposition 2 of [11]. We
maintain the definitions of w; and vy given earlier in this paper and complement
the expansion with
82’11,0

31%3@7

uy = X (z/e€)

where x* is Y-periodic (smooth) and satisfies

N 9 .
Vy - a(y)Vyx"” = Ay — Aij(y) + 5 —(arix’) -

Oy
In place of v}, we define
y 0*u
_ ik 0
(va(e )i = 94(0) g
where L
ox™

T (y) = —ani(y)x (9) + anl(y)
Y
As in [11] we also define
'U2(£7 y) = (Vmp(wa y))J_
where p(z,y) is a Y-periodic (smooth) solution to

(Vyp)J_ = vl(w,y) - ’Uf(w,y) - W(Z}) + E(J}) :

12



If we let
Ye(2) = uc(e) — uo(z) — euy(z, ¢ /€) — us(z,z/e) € HY(Q)

t(z) = a(z/€)Vu(z) — vo(z,z/€) — evi(z,z/€) — €va(z,z/e) € L*(Q)
then it follows just as in [11] that

V=0 inQ , (28)
la(z/€) Ve — Ecllz2(a) < C€lluollms(a) - (29)
It is again necessary to adjust the boundary data. Let 6. € H'(Q) satisfy

/ a(z/€)V0. -V dz = 1/ £ -Véde forall gc HYQ) .  (30)
Q € JQ

Proposition 2 Assume the solution ug to (6) is in H3(Q), and let u;,us, and
& be as defined earlier. Let 6. be the solution to (30). There exists a constant C,
independent of ug and €, such that

[[ue(+) = uo(-) — eus (-, -/€) = €'ua(", +/€) — 0e()| () < C€ ol 2

Proof The proof is exactly the same as the proof of Proposition 1, with z.,7.,
B, replaced by v.,&, 0. respectively. O

Our goal now is to get an estimate, better than that which we could immediately
derive from Proposition 1, for the expression

l|lue(-) — wo(*) — €us (-, -/€) — €Be(")[|z2(0)
when the homogenized solution is in H3({2). Note that
05 = Be + Re

where R, satisfies
1
/ a(z/€)VR, -V de = E/ (6.—m.)-Véde forall geHY(Q) . (31)
Q Q

We make R, (and therefore f.) unique by requiring that [, R. dz = 0.

Lemma 4 Let { and . be as defined previously and let R, satisfy (31). There
ezxists a constant C, independent of ug and €, such that

| Bellr2 () < C€/?||uol (g

13



Proof Let g be given in L?(Q) with integral zero, and let ¢. be the solution to
(14). Also define ¢ and ¢; to be the homogenized solution and the first order
(interior) corrector corresponding to right hand side g. From Corollary 1 we know
that

() =g0(-)—€1(-, /)l r2(00) < Cllge()=o(-)=€br(-,-/larsa) < Ce/*lollm(ay

and since
lleda(- -/l zrraany < Ce*lldollm2a),
(the analogue of Lemma 1) it follows that

16 = Goll 1200y < Ce2l1d0llm(a
Therefore there exists some ¢, such that

ell 2210y < Ce/2lIgollzr2(n)
and )
¢5:¢5_¢0 on 00 .
We now calculate

¢ (&) Vo~ po)dal = I [ (€~ n) Vi da

|[2(vf — —evz)(w,w/e)-nge dz|

Clluoll 2 (el Gell 1 o)
Ce2||uo| 2 (g l| b0l 20y - (32)

VAN VAN

In order to estimate the L? norm of R, we consider the integral fQ R.g dz. Use
of the equations for ¢. and R, gives

/Reg de = /a(a:/e)VRE-ngE de
Q Q

= = [ &)V do

€

= L[ € -n)Vovde+ [ (€~ n)- V(6. ) da .

€

The last term is, due to (32), bounded by Cel/zﬂuoﬂﬂs(g)H(,boHHz(Q). The first
term equals

[ oo de = [ i - v - cwn)(a,z/0) Vo de

/é('vf —v)(z,z/€)- Vg de —e/;lvz(a:,a:/e)-ngo de

14



where the last integral is bounded by Ce||uol|z3(q)ll¢ollg1(q)- In summary, we
have shown that

[ Rade = [ (o~ v)(@,2/0) Voo do -+ O oo | olr20)) (33)

We proceed to estimate the integral on the right hand side of (33)

/( —v)(z,z/€)Vg da

/5( aiégizg%)“j(“’/ e)aijgil%_ el )aigiig_i)) &
(s g e S
(s S s ek e S
(e emer g o e e )
N T e e I C0

The periodic functions 7* were defined, by (7), only up to additive constants. We
now choose these constants such that

= _ci2l

A simple computation (see pp. 9-10 of [11]) yields

cidk — _ oikj

so that
ri=ci12 and =0 .

In the last identity there is no summation. We now define a (smooth) Y-periodic

function H; by
AyH; = —r" — ¢t
We substitute this into the first term in the above integral, (34), and integrate

by parts once

. 0%uy 09 8%*uy 0¢
ot 221 0 _0 — 2 . 0 _0
/Q( ™ —c )(:c/e)(%:iaaj2 92, dz /Qe AzH@(w/e)aaziazz 92, dz

32u0 (9¢0

o [ VeHi(e/9) ¥ (am-ama—wl de
] 9* Uo 3¢0

v [ VHilz/e) vy pgth d

O(el|uoll @)l poll z2(0)) -
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Since the periodic function in each term of (34) has cell average zero, we can
bound these terms similarly to obtain

| [ (41 = 02) 60 dal < Cellualrso 0] (0

Combining this with (33) we get

[ Reg de| < O ol ol
< CEeugl sy llgllzaqe)
which immediately gives the desired estimate . a

For up € H3(Q) a combination of Proposition 2 and Lemma 4 gives

llue — uo — €ur — €Bel|2(q)

IN

Ce|[uollmsa) + € lluallzz(a) + €l Rell2(a)

063/2HUOHH3(Q) : (35)

IN

Consider the bounded linear operator
Ac(ug) = ue — ug — €ug — €B,

from H?(Q)N {AVyg-v = 0 on 90} into L?(Q) . Observe that even the terms
ue and B, depend linearly (and continuously) on the homogenized function wug.
From Proposition 1 and the previous estimate

[Ae(uo)lz2 () < Celluollg2(a)

and
[ Ae(o) |22 () < C€/2||uol| ars(a)

By interpolating between the spaces Hz( JN{AVug-v =0 on 80} and H3(Q)N
{AVuy-v =0 on 0} using the subspace interpolation result in Section 14.3 of
[9] we arrive at the estimate

1Ae(uo)l|z2(a) < C€7 [luo]|mataa
for ug € H2T*(Q)N{AVug-v =0 on 89}, 0 < w < 1. We have thus verified

Theorem 1 Let Q C IR? be a bounded, convex curvilinear polygon of class C>
and let ug denote the solution to (6). Suppose ug € H?T%(Q) for some0 < w < 1.
Set ui(z,y) = —Xj(y)a""( ) and let B, € H*(Q) denote the solution to (10).

There exists a constant Cw, independent of ug and €, such that

ue() = uo(-) — eur(:,/€) = €Be()l|z2(a) < Cut™* % |Juo]| 2400
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Remark

We note that if Q is a bounded, convex classical polygon (with sides that are
line segments) and if f € H'(Q) then it follows from Theorem 5.1.3.5 in [5] that
ug € H***(Q) for some w > 0. Here we use that all the interior angles satisfy
0 < a; < m. Theorem 1 therefore automatically guarantees that

[[ue(+) = wo(*) — eur(+,-/€) = €Be(:)llL2 () = ofe) -

We expect that an analysis very similar to that in [5] would give ug € H2t¥(Q),
for some w > 0, even when 2 is a bounded, convex curvilinear polygon. As a
consequence we expect that the above estimate would remain valid (for f € H()
without any explicit assumptions on ugp). O

3 Application of Osborn’s Formula

We will first state an eigenvalue approximation result due to Osborn [14], and
then we proceed to use this result to derive a representation formula for the first
order eigenvalue correction. The procedure here is virtually identical to that for
the Dirichlet problem, and we refer to [11] for more details.

Suppose X is a Banach space and T}, : X — X is a sequence of compact linear
operators such that 7}, — T pointwise, where T is also a compact linear operator
from X to itself. Suppose furthermore that the sequence {7} is collectively
compact in the sense that the set {T).,f : ||f|| < 1 n = 1,2,...} is precompact.
Finally, suppose that the adjoints 7)) — T pointwise and that the sequence {7}
is also collectively compact.

Let ¢ be a nonzero eigenvalue of 7' of algebraic multiplicity m. Under the
above assumptions it is well known that, for n large enough, there exist m eigen-
values of T, u?,...ur, (counted according to algebraic multiplicity) such that
K — pasn— oo, foreach1 <j<m.

Let E be the spectral projection onto the generalized eigenspace of T' corre-
sponding to the eigenvalue p. The space X can be decomposed in terms of the
range and the null space of E: X = R(E) @N(E), i.e. any f € X can uniquely
be written as f = g+ h, g € R(E), h € N(E). For ¢* € R(E)* (the dual space
of R(E)) we extend ¢* to all of X by ¢*f = ¢*Ef.

Theorem 2 (Osborn) Let ¢1,¢2,...¢m be a basis for R(E) and let ¢5, ¢35, ...¢d%,
denote the corresponding dual basis (each ¢; extended as above ). There exists a
constant C such that

m n 1 m %
ln— Ezjzlﬂj - Ezjzl < (T —Tn)¢;, ¢; > |
<CIT - To)|r@ll - I(T™ = To)|rEn (36)

17



We now use this theorem to derive a formula for the first order eigenvalue cor-
rections. Let X be the real Hilbert space L*(Q) = {f € L*(Q) : [, f dz = 0}.
For a given f € X, we define T.f = u. € H'(Q) to be the variational solution to

~-V-a(z/e)Vu.=f nQ , a(z/e)Vu.-v=0 on o , (37)

normalized by [, u. dz = 0. Similarly, we define T'f = ug to be the variational
solution to the homogenized problem

-V -AVuys=f inQ , AVuy-v=0 ond , (38)

normalized by [, uo de = 0. The operators T, and their limit 7" are compact,
self adjoint operators and they satisfy all of the hypotheses of the theorem for
any sequence €, — 0 (according to Corollary 1, and the fact that [lug||g2(q) <
C||fllz2(q), we actually have that 7. converge to T in the operator norm). It
is easy to see that A is a nonzero eigenvalue for (2) if and only if 1/X is an
eigenvalue of T'. Similarly, A, is a nonzero eigenvalue for (1) if and only if 1/, is
an eigenvalue of Tk.

For the remainder of this section we assume that A is a simple, nonzero eigen-
value for (2) and we assume that the corresponding eigenfunction v is in H2T%(Q)
for some 0 < w < 1. Let v be normalized by the requirement that [|v||zz(q) = 1.
We use the same notation as above, only with f replaced by v, so that uy = Tv

and u, = T.v; since Tv = %v we note that ug = %'v. Osborn’s formula yields

1 1 9
|X IS <ug — e, v > | < Cllug - “eHL?(Q) ) (39)
where ). is the family of eigenvalues of T, that converge towards A (it makes no
difference that T, is parametrized by a continuous parameter). From Corollary 1
it immediately follows that
1 1
X—}\—E—<UO—UE,’0>|§C€2 . (40)
Since we assume that wug is in H27%(Q) for some 0 < w < 1, we may use Theorem
1 to estimate the term < ug — u.,v >

< Uy — U, ¥ > = /(uo — U + €u; + €Be)v dz — /(eul + €B.)v de
Q Q

= —/(eul—l—eBE)v dz 4+ 0(et?) .
Q

The cell functions Xj(y) have only been determined up to an additive constant;
for simplicity let us now select them to have integral zero over a period cell. In
this case one may find (smooth) Y -periodic functions &/(y) that satisfy A,b/(y) =
X’(y), and therefore

/éulv de = —/(;Xj(z:/e)%v de

J
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= —AezAmbj(w/e)g—Zv de
= e/ eV b (z/e)-V %'v da:—e/ eV bj(a:/e)-z/%'v ds
N q Oz ; 2 313j '

J

It follows that

< Uy — Ue, ¥ >= —/ €B.v dz + O(€1+%) .
Q

In combination with (40) this gives

%— )\% —}—6/(;351) dz = O(e!*?)
that is

Ae— A= —e)\e)\/ Bev de + O(e11%) |
Q
From Lemma 3 it now follows that
Ae — Al < Ce .

Inserting this into the previous identity and using Lemma 3 once more we get

Ae — A

€

- —AzféBEv dz + O(%) . (41)

The first order corrections, that we seek to determine, are therefore simply all the
possible limit points of the expression —A? [, B.v dz. Remember that uy = %v
and that ug was used to define B.. Notice also that the above formula is similar
to that derived for the case of Dirichlet eigenvalues (cf. [11]).

4 Eigenvalue Corrections in One Dimension

In [15] we started our study of the first order corrections to the Dirichlet eigen-
values with a detailed analysis of the one dimensional case (with @ = (0,1)).
This case served as a simple illustration of what occured in two dimensions for a
convex polygon (see [15] and [11]). Given a sequence ¢, — 0 with

1
— = M+ 6, M integer, 0<dp <1
€L
and
(5k—)(50 .

we showed that the first order correction to any Dirichlet eigenvalue A has the

form
k

A; = lim Aey — A

ek—>0 Ek

= 2A[x(8o) — x(0)] ,
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where x is the (single) periodic cell function defined by (3).

Generically this

correction depends on the sequence ¢ (more specifically it depends on the value
of &p). There is not a single correction, but a multitude of limit points.

We shall now consider the first order corrections to the nontrivial, homoge-
nized Neumann eigenvalues in the one dimensional case. The problem (1) reduces

to

—(a(z/€)v]) = Aeve in Q = (0,1)
v(0) =v(1) =0,
with the corresponding homogenized problem

—a~1 V" =Xv inQ=(0,1)
v'(0) =v'(1)=0 .

Any nontrivial, homogenized eigenvalue has the form A = a~
integer » > 1, and as a corresponding eigenfunction we have

v=12cosnrz .
In line with our earlier notation we let u. denote the solution to
—(a(z/e)ul) =v in Q= (0,1)
W(0) = (1) =0 ,
with fol ue de = 0. We are able to compute u. explicitly
(a(z/€)ul) = —V2cosnre

a(z/e)u. = —Esinmm:—l—ce.

The boundary conditions u.(0) = u.(1) = 0 imply c¢. = 0, so

2 [%si
w(z)= Y2 [T g

nr Jo a(z/e€)
For ug (the limit of u.) we correspondingly have

V2 — [*
—-——a

nw 0

uo(z) = sinnre de 4+ dy .

Using Osborn’s eigenvalue estimate (Theorem 2) we get

1

1
I3~ Sl <uwo—u,v> |+ Clluo — wellF2 (0,1
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According to our previous calculations

V2 \/_ Zsinnwe

uo(z) — ue(z) = - a” : sinnrz de —|— a(z/e) de + dy — d.
V2 :
- Xz - de + dy — de

o { (z/e) — ]smmr:c z+ dy

Define 2
_ -1 oy
a2 (y) —a™t,

so that

Zgb(z/e) = a7 (z/e) —a7T

and therefore

< UY — Ue, V> = / / € —b (z/€)sinnme de cosnwz dz
2 d? 1
= — [ €&—=b(z/e )smmr:c/ cosnmz dz de
nr Jo  dz? z
2 [, d
= _nzwz/o d—b(:z:/ €)sin’ nrz de .
After integration by parts twice
2 1
< —U,v>=—— [ €e¥b(z/e ) [2 sinnmz cosnwz| de (43)
nw

since all the boundary terms vanish. We thus have
< g — u,v>=0(e) .

Noting that Corollary 1 also holds in one dimension, we conclude by a combina-
tion of (42) and (43) that

and hence

Ae— A = 0(&) .

This implies that the first order corrections to all Neumann eigenvalues are zero,
independent of the sequence ¢, — 0. The phenomenon that occured for the
Dirichlet eigenvalues does not occur for the one dimensional Neumann eigenval-
ues. Numerical computations demonstrate this difference. We used a shooting
method to compute the eigenvalues for the two problems for a specific choice of
a(-) (Figures 1 and 2). Our coefficient, a(-), is defined as the periodic extension
of the step function
1 0<y<1/2
o(y) = { 3 1/2 i y </1
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The small dots in the figures represent a “generic” sequence ¢, that is, one for
which 6 does not have a limit. The other symbols each represent a sequence
with fixed 8 = 8o (for different values of §y). In Figure 1 one clearly sees the
different slopes of the lines (the different values of the first order correction) for
different values of 4.
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Figure 1

By contrast, we see the quadratic convergence of the Neumann eigenvalues in
Figure 2.
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Figure 2

One might expect that the first order Neumann eigenvalue corrections are
somehow always zero, also in higher dimensions, but this is not the case. In
the following section we show that, for a two dimensional convex polygon with
sides of rational (or infinite) slope, the Neumann corrections display a behaviour
much like that of the Dirichlet eigenvalue corrections. That is, the values of the
corrections depend crucially on the interaction of the microstructure with the
boundary.
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5 The Case of Convex Polygons

In this section we obtain an explicit formula for the first order eigenvalue cor-
rection when the domain Q C IR? is a classical, convex polygon with sides that
have rational (or infinite) slopes. We exploit the duality between the Neumann-
and the Dirichlet boundary corrector functions, and then we we use a theorem
from [11] (and [15]) about the L? limit points of the Dirichlet boundary corrector
functions.

Since we are restricting attention to convex polygons in two dimensions, it is
well known that the eigenfunctions of (2) are more regular than H2. It follows
from Theorem 5.1.3.5 of [5] with homogeneous Neumann boundary data and
right hand side Av that any Neumann eigenfunction of (2) is in H2t¥(Q) for
some 0 < w < 1. It is absolutely essential here that the polygon be convex; w
depends on the interior angles of the domain, and in general it approaches zero
if any angle approaches 7. Suppose now the homogenized eigenvalue A is simple.
The above type of regularity is exactly what is required for the formula (41) to
hold, therefore we have

Ae — A

€

= —)\2/ Bev de + O(e?)
Q

where B, is the solution to the Neumann boundary value problem (11) with
u = v (f =v).

We wish to obtain a quite explicit formula for the limit points of these ratios.
At this point it becomes essential for our analysis that we assume that the sides of
the polygon have rational (or infinite) slopes. Consider the functions C. defined
by the Dirichlet boundary value problems (19) with uy = %v. These functions are
quite similar to the the boundary corrector functions for the Dirichlet eigenvalue
problem. Indeed, it follows directly from the proof of Proposition 3.1 in [15] that,
given any arbitrary sequence, one may always extract a subsequence ¢ so that
the funtions C., converge in L%(2) to a function C., which (is in H'(Q2) and)
solves a boundary value problem of the form

V-AVC.=0 in Q (44)

j 3u0 ]_ ] 3'0

— = ——pJ —
* Oz A "0z
We also refer the reader to Theorem 5 in [11]. Going back to (19) and (20) we
can rewrite the boundary condition for C¢

Ci=—r on 0Q . (45)

9 . )
Ce=ri(e/g, = ~X(e/9QuAi,’

= —Xi(z:/e)Qil m(AVug) -7

= ¥(z/e)vi(AVuy) -7 on dQ (46)
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where ¥ are the standard cell functions corresponding to the coefficient a(y) =
Q'a"1(y)Q. In the second equality we have used that AVug-v = 0 on Q. The
boundary condition for the limit C = lim,, _,q C,, may now also be written

C. = X«(AVuy) -7 on 0Q , (47)

a form which is very similar to that of Theorem 5 in [11]. We should note that
in the results in [15] and [11] the function uy = $v is a Dirichlet eigenfunction,
whereas here it is a Neumann eigenfunction, but that is of absolute no relevance
to the proofs. The constant matrix A is the homogenized matrix corresponding
to coefficient a(y). The ri’s and Y. are constant on each side of the boundary
of . In order to describe the exact values of the constants associated with the
r2’s and ¥, we need some more notation, which we now briefly introduce. This
notation is completely identical to that of section 4 in [11], the reader may consult
that paper for more background material.

Let I' be a particular side of Q with unit outward normal v, and let N = (p, q)
denote the minimal outward normal with integer entries. Such a normal exists
since I' has rational (or infinite) slope. Functions that are periodic in z with
period € are periodic with period €(p? + qz)l/2 = €T in the rotated coordinate
system with basis vector » and v, in particular they are periodic with period €T
on I'. Suppose the line on which I lies is given by v -z = s, and let the fractional
part of a number ¢ be defined by §(¢t) = ¢ — [t], where we briefly have used [-] to
denote the integer part. The remainders §. = T'§(_%) will play a special role in

determining rJ. Namely, suppose that the subsequence ¢ is such that, for each
side of 02, there exists a 0 < §y < T such that

0, = 60 as e — 0 . (48)

The value of §; changes from one side of 02 to another. We note that, given any
arbitrary sequence, this kind of limiting behaviour may be obtained by extraction
of a subsequence. Let P denote the halfplane

P={y: -v-y>0},
with boundary 0P ={y : —v-y =0}, and let G denote the semi infinite strip
G={y: —v-y>0,0<—vt-y<T} .

Corresponding to each side I' we define functions w;, j = 1, 2, by the requirements
that w; be periodic, with period T, in the v+ direction and satisfy

Vy-a(y+ 6ov)Vyw; =0 in P (49)
w; =7(y +6wv) on OP , (50)
and 9
e7<—”'y)% cI¥G) i=1,2 , (51)
Y
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for some 7 > 0. The existence and uniqueness of such solutions w; is well known
[8]; it is also known that the w; has a constant limit as —» - y approaches 4o

[11]. The value of r{ on the side T is exactly that constant

rir=_ lim w;(y) .

The value of x, on the side I' is given by

Clr— I ’
Xelp=_ lim w(y)
where w is the solution to (49)—(51) when r/(-) is replaced by ¥(-)v;. Since the
functions 7/(-) and X'(-) are related by r/(-) = X*(-)(QA);; it is not difficult to
see that '

)2*|I" = T'3<|F£] )

where ; are the coordinates of the vector £ = —A~!7. The 7"1|1“’S and X.|r may
be expressed as integrals over G and its vertical boundary, ¢f. the appendix in
[11]. For x.|r one obtains for example

Clp = 1 1/T
X*F_<Ay,z/> T Jo

ox'
Xlajm(@nl—(9 Jivivily —_s, | dys
Ym

1
—|——/ a(y + bov)Vw - Vw dy ) , (52)
T Je

where w again is the y} periodic solution to (49)-(51) when 7/(-) is replaced by
%'(-)v;. Here we have used the notation y} = —v -y, y4 = —v* -y for a new set
of rotated coordinates. When X.|r is decomposed as (52) the first term may also
be written as

o
X' @ (8t — ﬁ)ViVle] (z/ex)lr -

m

weak lim

e, —0

The boundary value problem (44), (45) (or (44), (47)) with all possible 7 (or
X«) inserted, characterizes the limit points of the functions C. (taking different
subsequences ¢, — 0). We shall devote the rest of this section to finding a simple
expression for the first order eigenvalue correction
Ao, — A )
A= lim === X lim [ B, vde (53)
e, —0 €L ex.—0 ./

in terms of C and the eigenfunction (or rather in terms of their Dirichlet bound-
ary data). In doing so we shall always assume that (48) is satisfied for all sides
of 2. As a first step in this direction we prove the following lemma
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Lemma 5 Suppose § is a convez polygon with sides of rational (or infinite)
slopes. Let C,, be a convergent sequence of solutions to the boundary value prob-
lem (19), and let C, be the solution to the corresponding boundary value problem
(44), (45). Then ]
a(z/e)VC, — AVC,

in [H™1(Q)]%.

Proof Let F be given in [H&(Q)]z and let ¥’ be the cell functions for the
coefficient a(-), then

. P % aC.
/Qa(a:/e)VCE-F de _/Q(a” ajkay )(a:/e) F de
.o BC
T @t gy, (@ /)3% . (54)

Since

o (.. . o B
7z, ((az‘j - ajk%)(w/e)) =

for each %, integration by parts yields

=z 3x
[ @5 - 855y 9 5
Q
The boundary terms disappear since F is zero on 0. We know that

. ox .
(@i; — ajka—yk)(a:/e) — Ajj

.. ox F;
_/Q(aij_ajka—wc)(w/e)ceawj dz . (55)

weak* in L°(f2) as € — 0, and we also know that C, — C. (strongly) in L*(0).
The integral (55), which is exactly the first term on the right hand side of (54),
therefore converges to

- F .
—/ a0 %k da::/ AVC, Fdz |
Q Oz; Q

along the sequence €. In order to complete the proof of this lemma it only
remains to prove that the second term on the right hand side of (54) goes to zero
as ¢, — 0. Towards this end we have

~ BX 80 _ . i"i@ 6% ; Al
/éajk(w/e) ” (z/e€ )3% r = e/Qagk(J:/E)aka( /)BJ:'Ed

= o anle/95, 50 (xi@/em) dz
e [ (el g K /05

~ € ~p BE
= —e/Qa]k(a:/e)aij (w/e)awk T,
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where we have used the equation for C, and the fact that F; — 0 on 01 to derive
the last identity. Recall that

[Cellmr(ay < Ce™/2,

and so the second term on the right hand side of (54) is clearly bounded by Cel/?,
in particular it goes to zero with e. a

As stated previously the first order corrections to the Neumann eigenvalues are
the limit points of the expression

—)\2/ B.v dz
Q

as € — 0. As before ug = Tv(= }v) is the solution to (6) with right hand side
f = v, and thus

/ B.v dz = / VB, - (AVw) dz . (56)
Q Q

We now use a result from [1] to give us the existence of a vector field G € [H()] 2

satisfying

V-G = 0 in Q
G = AVuyg on 00 .

The existence of G follows immediately from Theorem 6.2 in [1] (with s = 2 and
2
p = 2) since AVuyy € [Hl/z(aﬂ)] and AVuyg -v = 0 on J€). Note that since G

has divergence zero and G - v is zero on the boundary, G is orthogonal to any
gradient (in L?). This, in combination with (16) and (56), now gives
/ Bovdz = / VB, - (AVu, — G) dz
Q Q
= / aY(z/e)V*IC. - (AVuy — G) dz .
Q
From the definition of &
a Nz/e)VEC, = (a(z/e)VC,)*t

and since (AVup — G) is in [H(Q)] ? we can now use the previous lemma to get

lim [ B,vde = / (AVC.)*t - (AVuy — G) de
Q Q

ek—>0

/(Avc*)L (AVuo) de —/(Avo*)L .G de . (57)
Q Q
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Since

V-AVC,=0 inQ ,
there exists some function D € H!(Q2) with

(AVC.)t =VD .

This implies that the second integral in (57) is zero, and hence

A, — A ~
lim =% = -\ lim [ B, vdz= —>\2/(Avo*)L -AVug dz . (58)
€ —0 €L e —0 ./ 9]
. . 0 -1 =
Lemma 6 Let Q) be the rotation matriz Q) = 1 0 and let A and A be the
homogenized matrices for a(z/€) and a(z/€) respectively. Then

AQA = Q.
Proof From the definition (7) of r/(y) and (20) we know that
Vi (R @)(QA4):)], = Ari(y) — Ak

or
3 ~1
Qkpi(QA)ij = Ar;(y) — Ar;.
O0yp

Multiplying both sides by Q'a™'(y) we get

amp@)g—;i(czmij = Quala ) (Ari(y) - Ar)

which gives us

@A) Bli) g (@A)
= —@mi(y)(QA)ij + Qunla™in(y)(Ari(y) — Axj)

—Ani(®)(QA); = —(Q'a ' (¥)Q)mi(QA)i; — (Q'a™ (¥)A)mj
+Qum (a7 )i(y) Ari(y) -

The first two terms on the right hand side cancel, so

. B oI
~Ani(®)(QA); = Qunla™ (v |awp(v)dps — arn(v) -
D
ox?
= le6lp6pj_le6lpa—% )
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and consequently .
. ax’
~Ani(y)(QA)ij = Qjm — Qpm — -
Yp
By taking Y-averages of both sides we get
—AQA=Qt .
Transposition of this identity finally leads to
AQA= —AQ'A = (-4QAy=q ,

as desired. O

From the above lemma,
A(AVC,)* = AQAVC, = Ve, |
which in combination with (58) and (45) gives

A — A
A = lim 2% _ —)\2/ Vi, - Vu, dz
Q

€, —0 €L
8”0

-2 C,— d
o0 or s

zﬂﬁw%%@
an “Oz; Or

 Ov Qv
_ j
B /é;Q " Oz; 0T ds . (59)

If we take the alternate form, (47), of the boundary condition for C, and insert
this into (58) we arrive at

N o= a9 g
5Q or
= —)\2/ X+« AVug - T
N

BUO
o &

= —/%m )Z*AV’U'T% ds . (60)

Simple algebraic manipulations give that

AVvy -1 = ar, y)% ,
with
AT, T >< Av,v > — < Av, T >?
a(r,v) =
< Av,v >
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In combination with (60) this yields

. 2
A1 = lim Ao A _ —/ X a(r,v) [3—v] ds . (61)
a0 0

ek—>0 Ek T

This clearly demonstrates the similarity between the first order Dirichlet and first
order Neumann eigenvalue corrections. For the first order corrections, AP, to a
simple Dirichlet eigenvalue we proved in [11] that

2
P
o) P

v

)\?:/ X« < Av,v >
a0

where v is the (normalized) homogenized Dirichlet eigenfunction, and x. is
defined exactly as X. only with a(y) replaced by a(y) and %'(y) replaced by
X'(y).

6 A Simple Example

In this section we present a simple example which demonstrates that the first
order Neumann eigenvalue correction is not always zero. In fact, we observe the
same phenomenon as in the Dirichlet problem, namely that (for a polygon with
sides of rational or infinite slope) the correction depends on the interaction of the
periodic microstructure with the boundary. We choose as our domain

Q=(0,1)x(0,1)

and take our periodic coefficient matrix to be isotropic and to depend only on
one variable, i.e., a is a scalar function of the form

a=a(y1)

= x%(y1), and

Alw) = ( 0 () )

so that the homogenized eigenvalue problem becomes

Clearly, x? = 0, x

——1& L)

1
a a

) )

Oz; Oz3

with the boundary condition
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In view of the special form of 2 these boundary conditions translate into

Ov v Ov v
8—$1(0,$2) = 3—131(1’;62) =0 and 3—132(1:1’0) = 8—z2($1, ]_) =0 .
Consider

¥V = 2COSTE] COS L.

One easily checks that v satisfies the equation and the boundary conditions, and

hence is a Neumann eigenfunction, corresponding to A = a1 Lr2 + an?. Indeed
A is the smallest eigenvalue with a corresponding eigenfunction that is truly a
function of two variables. It is not difficult to see that that if @ # (kz—l)aTl_l, for
all integer k, then A is simple. For the remainder of this section we suppose that
this assumption holds true. Note that we have chosen v so that [|v||z(q) = 1. We

now use the formula (59) to compute the possible corrections A; = lim,, o /\s’e‘k .
Denote the right edge of 2 by S;, and label the other edges Sz, 53,54 in the

counter clockwise direction. Each r{ is constant on any edge of dQ; we denote
the constant on the edge S; by r7;.

We know that 5?7“1 =0on 57,53 and 8‘% =0 on 52,54. We also know that ; =0
on 51,53 and 75 = 0 on S55,54. The expression for A; simplifies to

We may compute

ov .
/ (=—)?ds = 47r2/ cos? rzq sin? wzy deo
S1 B:BZ S1

1
471'2/ sin?rzy dey = 272
0
In fact, each edge integral in (62) has this same value, and thus
A= (rl —rls — 1y + )20 (63)
From the definition of 77, (7), it is in this case easy to see that ! =const, and
that r? = r(y;) is a function of y; alone, satisfying
d
—r=aly1)—a .
dy1 (1)
Suppose now that = = My, + &, My integer, 0 < &, < 1 with 8 — §p as

€k
1

e — 0. Since r! =const it follows immediately that rl, = rl,. Let us consider
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72,. The function w, defined by (49)-(51) is now simply ws = r(§o) and therefore

72, = r(8p). For the case of 725 the corresponding function, ws, is also constant,

namely wy = 7(0), and so rZ; = r(0). Inserting these values of r/; into (63) we

finally arrive at
A= lim 2 =2

ek—>0 Ek

k = (r(6o) — 7(0))2n>

This correction clearly depends on 4y, that is, it depends on the interaction
between the microstructure and the macroscopic boundary (more specifically,
the piece {z; =1, 0 < 2y <1}).

7 Discussion

We have derived formulas for the first order corrections to the (simple) homog-
enized Neumann eigenvalues in two dimensions ((53), (59) and (61)). Whereas
the first order Neumann eigenvalue corrections are always zero in one dimension,
our formulas clearly show that this is not (always) the case in two dimensions:
if the domain is a convex polygon with sides of rational (or infinite) slope then
one encounters the same phenomenon as for the Dirichlet eigenvalue corrections.
That is, one discovers that the exact value of the first order correction to any
simple eigenvalue depends on the interaction between the microstructure and the
macroscopic boundary. We refer to [10] for a heuristic explanation of the differ-
ence between the behavior of the Neumann corrections in one dimension and in
two dimensions. Such a difference is not seen for the Dirichlet eigenvalue correc-
tions. We also refer to [15] and [10] for numerical computations of the boundary
corrector functions associated with the eigenvalue corrections. That part of our
work which leads to the most explicit formulas for the first order eigenvalue cor-
rections, (59) and (61), is currently limited to polygonal domains whose sides
have rational or infinite slopes (integer normals). It would be very intersting to
investigate to what extent this work may carry over to polygons with sides of
irrational slope and to more general (smooth) domains. In particular it would
be very interesting to see if it is still possible to have many different first order
corrections when the domain is smooth and without any straight boundary parts
of rational slope. There are some heuristic arguments that might suggest this is
not the case, and that the first order correction is unique (¢.e., independent of the
sequence ¢;) for such domains. However, it should be emphasized that nothing
rigorous is known to this effect.
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