Available online at www.sciencedirect.com

sc.euce@mew DISCRETE
MATHEMATICS

3
ELSEVIER Discrete Mathematics 294 (2005) 225—239

www.elsevier.com/locate/disc

Gap-free compositions and gap-free samples
of geometric random variables

Pawet Hitczenk®?, Arnold Knopfmachét?

@Departments of Mathematics and Computer Science, Drexel University, 3141 Chestnut Str., Philadelphia,
PA 19104, USA
bThe John Knopfmacher Centre for Applicable Analysis and Number Theory, Department of Computational and
Applied Mathematics, University of the Witwatersrand, P.O. Wits, 2050 Johannesburg, South Africa

Received 5 February 2004; received in revised form 17 February 2005; accepted 23 February 2005
Available online 7 April 2005

Abstract

We study the asymptotic probability that a random composition of an inteigayap-free that is,
that the sizes of parts in the composition form an interval. We show that this problem is closely related
to the study of the probability that a sample of independent, identically distributed random variables
with a geometric distribution is likewise gap-free.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

A composition of a natural numbaeris said to begap-freeif the part sizes occurring
in it form an interval. In addition if the interval starts at 1, the composition is said to be
complete
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Example. Of the 32 compositions of=6, there are 21 gap-free compositions arising from
permuting the order of the parts of the partitions

6,3+3,3+2+1,24+2+22+2+1+1,24+14+1+1+41,
1+14+1+1+1+1

and 18 complete compositions arising from permuting of the order of the parts in

3+24+1,242+1+1,24+1+14+1+1,14+1+1+1+4+1+4+1.

The sequence enumerating the number of gap-free compositiomsfdr 2, 3. .. is

1,2,4,6,11, 21,39, 71, 141 276,542, 1070 2110 4189 8351, 16618 33134,
66129 131937... .

The corresponding sequence enumerating the number of complete compositions for
n=1223...is

1,1,3,4,8,18 33 65 127, 264 515 1037, 2052 4103 8217, 16408 32811,
65590 131127... .

In both the cases it is apparent that titke entry is quite close to the valuéZ. Since,
as is well known, there aré*2! compositions of, this leads to the following conjecture:

Conjecture 1. The proportion of gap-free or of complete compositions of n ten(%sas
n — oQ.

This conjecture will be established below. In fact we establish a more quantitative version
of this result. Namely we prove the following.

Theorem 1. The proportion of gap-free or of complete compositions of n is
1 4+ 0dlog¥?n//n)
asn — oQ.
We remark that the analogous problem of enumerating gap-free partitions and gap-free
set partitions has been studied i and[6], respectively.

The following elementary computation shows that it is sufficient to study the case of
complete compositions.

Proposition 1. Let g(n) be the number of gap-free but not complete compositions of n.
Theng(n) = O(¢") asn — oo, where¢ ~ 1.6180denotes the golden ratio

Proof. Forn>1, g(n) <h(n) whereh(n) is the number of compositions nfwith no ones.
Now
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whereF, denotes thaeth Fibonacci number. From Binet's formula {6}, F,, = O(¢"), as
n— oo. U

It will be convenient to adopt a probabilistic viewpoint. That is, rather than think of

proportion of complete compositions we will equip the set of all compositionswith
the uniform probability measure and will be interested in the probability that a randomly
chosen composition af is complete. In that setting, compositionsrodire closely related
to the special casg = % of geometric random variabless shown ir{8,9] and again in the
next section. This led us to consider the same question for samples of geometric random
variables. Specifically, Idt1, I'2, I3, ..., be independentidentically distributed geometric
random variables with parameteithatis,P(I'i=j)=pqg/ 1, j=1, 2, ..., with p+¢g=1.
We will be interested in the probability that a random sampla sfich variables is gap-
free. Once again we can restrict our attention to the probabilitthat a sample of length
n is complete, since the probability that a geometric sample of lendtas no ones is
exponentially small.

In the casep =  this probability turns out to be exactly. The case op # } is more
interesting. In fact, in that case the sequegg does not have a limit, but exhibits small
oscillations. An asymptotic expression fay in the case op # % is derived in Section 3.

Some of the previous studies relating to combinatorics of geometric random variables
are as follows. 1116] the number of left-to-right maxima was investigated in the model of
words(strings)az, . . ., a,, Where the letters; € N are independently generated according
to the geometric distribution. Hwang and his collaborators obtained further results about
this limiting behaviour if3]. The two parameters ‘value’ and ‘position’ of thin left-to-
right maximum for geometric random variables were considered in a subsequert3per
Other combinatorial questions have been considered by Prodinger [d&18]

The combinatorics of geometric random variables has gained importance because of
their applications in computer science. We mention just two asddglists[4,15,19]and
probabilistic countind5,12].

The rest of this paper is organized as follows. In the forthcoming section we will show
how to reduce the case of compositions to that of samples of geometric random variables.
This is the main step in the proof of Theorem 1. In Section 3 we obtain a recurrence relation
(3.1) for the probability that a samplefieometric variables with paramefeis complete.

Since forp = % this recurrence can be trivially solved, the proof of Theorem 1 is complete
once this recurrence is derived. The rest of Section 3 is devoted to the analysis of the
recurrence (3.1) fop # % We close with a short Section 4 containing a few remarks and
comments.

2. Reduction to geometric samples

The starting point is the following representation of compositions (dee e.g[2]).
Consider sequences oblack and white dots subject to the following constraints:

(i) the last dot is always black,
(i) each of the remaining — 1 dots is black or white.
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Then there is a 1-1 correspondence between all such sequences and composiiions of
Namely, part sizes in a composition correspond to “waiting times” for occurrences of black
dots. For example, the sequence

® O ¢} ® O e o ® O ® O [}
e — e e S S e e
1 3 2 1 1 2 2

represents the composition of 12 into paits3, 2, 1, 1, 2, 2). As discussed e.g. if8,9]
this leads to the following representation of random compositionSpI;en‘—zl and define

T=1,=inflk=21:T1+T2+4+ -+ T>n}.

Then a randomly chosen compositiomf n has distribution given by
-1 oL .
K= rl,rz,...,rf_l,n—z rj|=ra....,I).
j=1

Furthermorez has known distribution, namely,
214 Bin(n—1,1),

where Binim, p) denotes a binomial random variable with parameteasdp and2 stands

for equality in distribution. Hence; is heavily concentrated around its mean. Specifically,
since vatr) = var(Bin(n — 1, 1/2)) = (n — 1)/4, for everyt > 0 we have (sefl, Section
A.1])

22
P(r—Er|>2t)<2expy—— ¢ .
n—1

In particular, fors, ~ +/cnInn,
1
P(M - ET| >t,) =0 (?) )
n
foranyc > 0.

Let P(x € %) be the probability that a random composition is complete. We proceed by
series of refinements. First, we have

P(KG%):P({KG%}ﬂ{|r—Er|<tn})+O(%>. (2.1)
Indeed, the upper bound follows from
Pke6)=P(Hxe@é}N{t—Et|<t,}) + P{x e €} N{t — Et|>1,})
<P e 6 nie—Ed <nh+0( 3 ),
and since clearly

Pk e €)>P({k € €} N{|t — Et| <1,}),
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the lower bound holds, too. We now sef andm;' to be

_ n+1 n n+1
my=| = =t |, mi=| ot

We will argue that with overwhelming probability,is complete if and only if the firsiz,;
of its parts are complete. Let, = {|t — Ez| <#,} and for anym >1 let V,» be a (random)
set of values taken by the finstof I'’s. That is

V(@) ={j>1:31<k<m : Tk (o) = j}.
We will show that

+
my

- - In3/2n
P(ke6)nA)=P|{ketina,n (| TieV, ) +o< 7 ) (2.2)

k=my +1
This again follows by intersectinge € ¥} N A, with the set
my

(| ke,

k=my; +1
and its complement and arguing that the latter intersection has negligible probability. To
this end, note that

eV, Yl ¢V, _q)
and that on the set

0

Ay ={m, <t<m,

we havel'; = I'; for j <m;, sothat, omA,, V, - ;= Vu; —1 Where

my —

Vn(w) :=={j=21:31<k<m : I't(w) = j},

is the set of values taken by the fimtgeometric variables. Hence,

P ({K €e6INA,N U (I} ¢ Vm&} (2.3)
k=m, +1

m+

<P {m;<r<m:}ﬂ U {fkgéVm;}
k=m, +1

<P( U e¢v,)
my <k <m;f
my
< Y. Pdw gV, _p), (2.4)
k=mj; +1
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and it remains to estimate the probability{df; ¢ V- 1} Let

We first show that with high probability the SEf-_1 contains all the integers 1 through
Indeed, if this is not the case then there exists@j Xk ¢, such that for every £k <m,,
I'i # j. The probability of this happening is

¢, m,—1 Uy m,; =1
P@Ej <ty Yi<my, I; # j)<P (U () T ;éj}) < Z P ( () (i aéj})

j=1 i=1 i=1
2 2 mnxl &y 1
=Y PTL#E )= (1 - —) exp{ }
j=1 j=1 ]:1
o0 - _ 1 o - 1
P e Rt
k=0 k=1

o exp{—(m;, —1)/2') _O<g)
C1—exp—(my,; —1)/20) ’

N

with our choice of,,. LetBn_ﬂ 1l € V-1l we have just shown th@t(Bg):O(n—l).
Intersecting the sey ¢ Vi 1} with B, and its complement we once again see that

P ¢V, ) =PUlc¢V, 11N By +0n™). (2.5)
onB,, I'y¢ V,,—_y implies thatl'y > ¢, which in turn implies thafy > ¢, since for all
k>1, Ty <I.Thus,

- 1 In Inn
PATc ¢ V,,- 1} NB)<P{Tk >} N By < 5 o =0 - (2.6)

Substituting (2.6) into (2.5) and the result into (2.4) and summing uplofrem m; + 1
tom; shows that (2.3) is bounded above by

m+ 1 |nn In3/2

This justifies our claim (2.2). Combining (2.2) with (2.1) yields

iy ~ - In3/2p
P(KG%):P({KG%}ﬂ{mn<‘E<m:[}ﬁ ﬂ {eran})—i-O( 7 )
k=my +1
We now note that on the set
y
{m, <‘t<mj[} N m {fk € erj}
k=my +1
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K is complete if and only ifI"y, I, ..., Fm;) is complete. This is because on that set

©>m;, sothatl’; =T'; for 1< j <m;, and the remaining; do not contribute new values.
This means that

i
Plikedynim, <t<miin (| TieV,)
k=m, +1
my
=P {T'1.....T,, ) e €} n{m, <t<mSin (| TxeV, )
k=m, +1

Finally, using again virtually the same argument as before we obtain that the latter probability
is

p @)+ 0 In3/2 5
(@1, T,) €6) + <ﬁ>

which proves that

p p In3/2 5
(ke¥) = ((Fl,...,an)e%)+O( NG >,

thereby reducing the problem to samples of geometric random variables.

3. Geometric samples

Considerl’ = (I'1, I'2, ..., I';) a sample oh i.i.d. geometric random variables with
parametemp. Let p, = P(I" € %) be the probability thatl'1, ..., I';) is complete. To
obtain a recurrence relation we condition on the numbdr g that are equal to 1. Since
being complete implies that there is at least one 1 among the valugspby the law of
total probability we find that

Pn=. P({refg}m {Z Ir[=1=j})
j=1 (=1
= Z P(Fe(m” Z[rz:lzj) P(Z Ifgzlzj)-
j=1 =1 =1

We now observe that, given thjatut of n I';’s are one, the sample is complete if and only if

the remaining: — j variables take on all the values between 2 and their maximum. This is
the same as to say that the samdlg — 1) of lengthn — j is complete, given that all — j

of them are at least 2. But, by the memoryless property of geometric random variables, the
conditional distribution of ", — 1 given thatl"; > 2 is just that ofl";. Since those of ;’s

that are at least 2 remain independent, this just means that

n
Z IF@:].:].) = Pn—j-

(=1

P(Fe‘é
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Fig. 1. Plot ofp,, for p = 1 and 1<» < 1000.

Since

(5 )

substituting these two expressions and changing the order of summation byiletting ;,
we obtain the following recurrence for,’s

1 if n=0;
_Jn-1
Pn = : Z Pk( ) k n —k if n>1 (31)

Before continuing with the analysis of this recurrence, let us observe that the proof of
Theorem 1 can be immediately completed by noticing that# 1/2 then the sequence
po=1andp, =1/2 fork>1is a solution of (3.1). Indeed, proceeding inductively we get

NI W E S NWE S

k=0 k=0

The case ofp # 1/2 is more interesting. In fact, in that case the sequé&pge does not
have a limit, but exhibits small oscillations. As illustratedHigs. 1-3 both the period and
amplitude of the oscillations vary with the sizemf

To treat this case we will follow an approach that became quite common in the analysis of
certain algorithms (see e.g. numerous examplg¢s0rR0)). In our presentation we follow
[11] where functional equations similar to (3.2) below were studied. We Poissonize the
problem by considering the Poisson transform of the sequgngeanalyse its asymptotics,
and then we de-Poissonize to recover the asymptoti¢s,0f To carry out this program let
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Fig. 2. Plot ofp,, for p = % and 1< 7 < 1300.
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Fig. 3. Plot ofp,, for p =0.99 and 1< n < 1000.

P(z), for zcomplex, be the Poisson transform(ef,). That is

n—1

P(z) = anfez—poe +Z de” Zm( ) fprt

o n-1 00 n—t n—t

_ q-z°p Z
=° zzz(:)m 0 — )

n=1
o [ S n—_{ n—{
_ _ z z
—etret Y pig p(n—ﬂ)'
=0 Ton=0+1 ’
X gt
P 4 —Z z
—eite sz—ﬂ (e’ — 1}
=0
X gt
— 4 qz y 24
—e e Zpg—e‘ {1—e 77
=0

=e '+ (1-eP)P(q2).

233
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HenceP(z) satisfies the following functional equation

n._n

q"z
n!

P(z)=P(qz) +e*—€e P*P(qz)=P(qz) +e*—¢e*¢ Z Pn
n=0
= P(qz) — T(2), (3.2)

whereT (z) = €% > 1 pa(g"z"/n!), and since it is clear from (3.1) and the binomial
formula that < p, <1, the series converges absolutely for everyloreover, forx € R,

T (x)=0(x) asx — 04 andT (x) has exponential decay as— oco. Thus Mellin transform
of T(x) exists in the strig—1, co) := {s € C: —1 < R(s) < oo}. By direct iteration we
obtain for everyn >0

m

P(z)=P(qz) —T() =Pg" ') = > T(q'2),
j=0

and by passing to a limit witm,
e .
P(2)=1-) T(q'2).
j=0

Letting Q(z) = P(z) — 1= —Zj?io T (¢/z) and taking Mellin transform we obtain

Sl T*(s) T*(s)
* — ]s * — —
Q@—qu T@—lfrfwﬂ_y

provided that series converges. Since this happer® oy < 0, 0*(s) will exist in a strip
(—1, 0). Inverting Mellin transform yields

c+ioco

1 B
Q(x)=—2 / Q*(s)x~*ds,
i Joi

—loo

for any —1 < ¢ < 0. This integral can be evaluated with the aid of the residue theorem.
Letting Cy g denote the rectangular contour with vertiees iM, andR = iM, R >0,
M ¢ Z and accounting for the fact that the integral is taken clockwise we get

0*(s)x~* ds = —2ni Z Res—, (0*(s)x™),
V4

Cm.R

where the sum is taken over all residues enclosed .. Splitting the left-hand side as

c+HM
(/ +[ )Q%nxm,
c—iM CM,R

and noting that in view of the asymptotic formula

IT(x +iy)| =O(ly[* Y2 ™/2) as|y| — oo,
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the second term becomes negligibleMas— oo, R > 0 is fixed, ande — oo (see e.g[14,
Section 5.2.2for more details) we get

Q(x) ~ =) Res—,(Q*(s)x™*).
X

Now, x ¥ Q*(s) = x*T*(s)/(¢g~° — 1) has simple poles whenever* = 1, i.e. at
7 = 2kmi/In(1/q), k =0,+1, £2, ..., with corresponding residues equal to

X ST* —IkT*(, w T
lim (s — z) ) _ AT _ (2) 0
Sk g =1 g %In(l/q) In(1/q)
The main term comes frorh = 0 and the remaining residues will contribute oscillatory
terms of relatively small amplitude.

In order to complete the proof we will need to de-Poissonize this result. Once this is done
we will conclude that

pn~ Pn)=0m) +1

T*(0) 2 o0 ~ .
~In(l/g) In(l/q) R (kgl explyx In(g/m)}T (@)) :

X

The valuesT'*(y,) are given by

T* () = M ( E p, 7 ,xk) E pJ //(z’e )
- = >r<xk+j>
— . .t
= Ez F(7k+])—]§1qu TG+

Since the series converge geometrically fast, they can be evaluated numerically with the aid
of (3.1). For example, setting= 0 gives the main term
7*(0)
n@/o) ~~ In/g) ; Pi;

Its plot as a function op is given inFig. 4.

To de-Poissonize we use the fact tfat) satisfies (3.2) which is a special casg2,
Theorem 10.5[see als¢10]) with y,(z) = 0, y,(z) = 1, andr(z) = —T (z). Thus we need
to verify conditions (10.28)—(10.32) ¢§20]. But this is straightforward: (10.28) holds for
anyp >0, (10.29) holds as well, since

1@ =IT@)I<le” Z|2pn

n=1

—%)Z a"lzl" |Z| <o ROgll
n=1

which is bounded by 1 provide®t(z)/|z| > ¢, which holds in a cone

={z=rd?: cosl>q).
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0.8
0.6
0.4

0.2

0.2 0.4 0.6 0.8 1

Fig. 4. Plot of the non-oscillating limit term fags, for 0< p < 1.
(10.30) is trivial and (10.31) holds outside the cone since 1y, N(z) < «|z| for some
o < 1. Finally, (10.32) is true since

" 1
< gzl <= ezl
3 1

0 n

g _ q"|z

7 @)™ <e™Dez 3 py
n=1 :

as long ag <« < 1 and|z| is large enough.
4. Further remarks

(i) Since the number of compositions pfgrows exponentially, a direct enumeration of
the number of complete compositions for 20 is not practical. However, by using the
fact that a complete composition ofarises as a permutation of the parts in a complete
partition ofn, it is possible to extend the exact enumeration of complete compositions
quite a bit further.

The following graph of the difference between the probability that a compositioirsof
complete anc% forn =21, ..., 70, shows what appears to be an interesting oscillating
behaviour of the error that awaits further study. Moreover, tiiled/?n//n) error

term we obtained cannot be significantly improved by our method. The picture suggests,
however, that the error is of much smaller ordeig( 5).

(i) As shown above the special cage= % does not have oscillations. This also follows
from the asymptotic formula fg, in view of the fact that fop = % andy, =2kni/In 2,

o0

1 I'(pe+Jj) 1 2ikn 2ikm
T* 22 - AT 42wy (=D ) =0,
) o] 2L TG +1) 2( ) In2
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Fig. 5. Plot of the completeness probability miréjsﬁor 21<n<70.
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Fig. 6. Plot ofp,, for p = 0.499 and K n < 1000.
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Fig. 7. Plot of the amplitude of the fluctuations fe 0.5.

for k =+1, 42, 43, ... . To see this, notice that

FOu+7) _

rg+1

237

i+ — D! i1 5 .
G+ ):(Xk_l)!<Xk+j] ):(xk—l)!<]’.c")(—l)’-

Jj!
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Fig. 8. Plot of the amplitude of the fluctuations fog> 0.5.

Thus

> 1 - S (- D!
P00 =Y e 1)!( J’k) v/ =B 1y a- 12
j=1

= M [-14+2%]=0.

(i) It is interesting to investigate the amplitude of the oscillations on either side of the
critical valuep = % As shown inFig. 6 these become very small near to the critical

value. For X p < % the amplitude of the fluctuations increase steadily up until around
p =0.48 and then decrease rapidly to zero. EQI% the amplitude of the fluctuations

increase steadily and in general are orders of magnitude larger tryatdc%r(Figs. 7
and8).
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