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FUNDAMENTAL THEOREM OF ALGEBRA

Below is Gauss’s proof of the Fundamental Theorem of Algebra (refer-
ence: “Differential and Integral Calculus” by Grigory Fichtenholz).

Theorem. Every polynomial

f(z) = a0 + a1z + · · ·+ an−1z
n−1 + zn

with complex coefficients has a complex (or real) root.

Proof. Write f(z) = P (z)+ iQ(z), where P and Q are real-valued. Let
z = r(cos θ + i sin θ). Then zk = rk(cos kθ + i sin kθ), so that

P = rn cos nθ + . . . , Q = rn sin nθ + . . . ,

where the omitted terms are of lower order in r. We are going to show
that P 2 + Q2 is zero for some r and θ.

Consider the function U = tan−1(P/Q). We have

Ur =
PrQ− PQr

P 2 + Q2
, Uθ =

PθQ− PQθ

P 2 + Q2
,

where the subscripts denote partial differentiation. It follows from these
expressions that the mixed partial derivative Urθ is of the form

a continuous function of r and θ

(P 2 + Q2)2
.

Let I1 and I2 be the iterated integrals

I1 =

∫ R

0

∫ 2π

0

Urθ dθ dr, I2 =

∫ 2π

0

∫ R

0

Urθ dr dθ.

Here R is a positive parameter. If P 2 + Q2 was never zero, then the
integrand Urθ would be a continuous function. Therefore, by a theorem
in integral calculus, the iterated integrals would be equal, I1 = I2 for
every R. However, we will now show that for large R the equality
cannot hold, thus establishing the theorem.

First, observe that I1 = 0. Indeed, since U is 2π-periodic, Ur is also
2π-periodic and the inner integral disappears:∫ 2π

0

Urθ dθ = Ur

∣∣∣∣θ=2π

θ=0

= 0.
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Next, examine I2. The inner integral is∫ R

0

Urθ dr = Uθ

∣∣∣∣r=R

r=0

.

Because Pθ = −nrn sin nθ + . . . , Qθ = nrn cos nθ + . . . , and P 2 +Q2 =
r2n + . . . , we have

Uθ =
−nr2n + . . .

r2n + . . .
.

In this expression the omitted terms are the lower powers of r with
coefficients which are bounded functions of θ. Therefore, as r increases
without a bound, Uθ approaches −n uniformly in θ. Since for r = 0
both Pθ and Qθ are zero, we also have Uθ = 0. So the inner integral of
I2 tends to −n as R → ∞, uniformly in θ. It follows that I2 < 0 for
large R. This shows impossibility of I1 = I2. �


