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Hyperbolic Functions

Hyperbolic cosine: cosh t =
et + e−t

2
Hyperbolic sine: sinh t =

et − e−t

2

The following equations are easy to check:

cosh t+ sinh t = et cosh t− sinh t = e−t

(cosh t)′ = sinh t (sinh t)′ = cosh t

(cosh t)2 =
e2t + 2 + e−2t

4
=

e2t + e−2t

4
+

1

2
=

cosh(2t) + 1

2

(sinh t)2 =
e2t − 2 + e−2t

4
=

e2t + e−2t

4
− 1

2
=

cosh(2t)− 1

2

(cosh t)2 − (sinh t)2 = 1 sinh t cosh t = 1
2
sinh(2t)

If sinh t = x, then cosh t =
√
x2 + 1 and t = ln(x+

√
x2 + 1).

If cosh t = x and t ≥ 0, then sinh t =
√
x2 − 1 and t = ln(x+

√
x2 − 1).

Examples of substitution

Hyperbolic functions are great for dealing with radicals
√
x2 ± a2.

Let x = cosh t. Then
√
x2 − 1 = sinh t, dx = sinh t dt, and we have∫ √

x2 − 1 dx =

∫
sinh2 t dt = 1

2

∫
(cosh(2t)− 1) dt = 1

4
sinh(2t)− 1

2
t+ C

= 1
2
x
√
x2 − 1− 1

2
ln(x+

√
x2 − 1) + C

Let x = sinh t. Then
√
x2 + 1 = cosh t, dx = cosh t dt, and we have∫ √

x2 + 1 dx =

∫
cosh2 t dt = 1

2

∫
(cosh(2t) + 1) dt = 1

4
sinh(2t) + 1

2
t+ C

= 1
2
x
√
x2 + 1 + 1

2
ln(x+

√
x2 + 1) + C


